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The model describing the contraction of an ensemble of interacting

muscular fibers has been developed on the basis of the continuum

theory of dislocations. In the framework of this model, the

evaluation of a strained state of the principal element of the

cardiovascular system, the aortic ventricle of heart, has been

carried out, and its qualitative interpretation has been made.

Introduction

The muscle is known to be an ensemble of muscular

fibers. A muscular fiber consists of fibrils, which contain

a certain number of macromolecules. Accordingly, when

studying the structure of muscular tissue, the sequence

of spatial scales is considered: the size of the muscle, L,

the characteristic size of a fiber, l, etc.

On the spatial scale, whose unit of measurement �x

satisfies the condition

l << �x << L; (1)

the phenomenological theory is actual. Then, the zero-

order approximation with respect to a small parameter

l=�x is taken into account, which brings us to a

continuum model, where the thickness of the fiber l

should be considered as an infinitesimal value.

Both the phenomenological [1, 2] and microscopic

[3�5] approaches are applied when studying the muscular

contraction. The main feature of the earlier publications

on the muscular contraction is that the object of research

in them was an isolated fiber or a fibril. However, in

a real system, namely muscular tissue, fibers are not

isolated. They interact with one another, and therefore

their contractions should occur in coordination. How

will this circumstance affect the deformation of muscular

tissue? This work is devoted to the search for the answer

to this question.

1. Construction of a Muscular Contraction

Model

1.1. Emergence of Dislocation Loops upon the

Contraction of Muscular Fibers

The basic idea of the work consists in considering the

contraction of a muscular fiber as the emergence of some

defect. This idea brings us to the necessity for using the

continuum theory of defects [6]. We shall take advantage

of the considerations that are traditional to this theory

in constructing a physical model which would describe

the contraction of muscles.

Consider an isolated fiber A (Fig. 1). Let the size of

the section ac, after the contraction which occurs owing

to some biochemical processes, become equal to ac0 (Fig.

1,a). Such a change in the size can be considered as the

removal of a section � = ac�ac0 in length from the fiber

(Fig. 1,b) and the following glueing of the cut edges (Fig.

1,c). As a result, the volume of the fiber decreases and

its density grows.

Now, let fiber A try to contract, being surrounded by

other fibers. In accordance with Fig. 1, the contraction is

reduced to the procedure of �removing the material plus

glueing the edges of the cut�. But the recurrence of this

procedure (Figs. 2,b and c) results in the appearance

of an edge dislocation with a Burgers vector ~�. The

dislocation line is closed, i.e. such a procedure results in

the emergence of a dislocation loop [7] which surrounds

fiber A. A displacement, which would arise in an isolated

fiber owing to the contraction induced by biochemical

processes, will be designated further by ~W .

1.2. Continuous Distribution of Dislocations in

Muscular Tissue

The structure of the system in the accepted

approximation will be characterized by the field of a

director ~n(~r), i.e. a unit vector, whose direction coincides

with that of the axis of a fiber at the given point. The

displacement ~W (~r) is expressed as

~W (~r) =W (~r)~n (~r) : (2)
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Fig. 1. Diagram of the contraction of an isolated muscular fiber

Fig. 2. Diagram of the contraction of a muscular fiber surrounded

by other fibers

The dislocation loop, whose emergence is represented

in Fig. 2, collapses to a point in the zero-order

approximation mentioned above. Then, it is natural

to turn to a continuous distribution of dislocations

by introducing the dislocation density tensor which is

connected to the tensor of incompatibility � [8].

It is essential that the continuum model introduced

here allows the interaction of muscular fibers with one

another to be taken into account. Consider first an ideal

situation, where the interaction between the fibers of

the ensemble is absent. The contraction results in the

appearance of the field ~W (~r) in such a system. It is

obvious that, after switching on the interaction between

the fibers, the field of displacements does not remain

equal to ~W (~r) but has to change, because, generally

speaking, the tensor of incompatibility �, which must

be equal to zero for a continuum, is not zero in this case

for an arbitrary field ~W (~r); namely,

� = �Rotq 6= 0; (3)

where qik is the strain tensor, whose components are

determined by the known expression

qij =
1

2

�
@Wi

@xj
+

@Wj

@xi

�
; (4)

and the operator Rot is defined as

Rotmnij = rotmirotnj ; rotik � eijk
@

@xj
; (5)

eijk being the antisymmetric unit tensor.

In the framework of the continuum model introduced

here, the influence of the interaction between fibers will

be taken into account, if the real field ~U(~x) is found, for
which the condition

Rot" = 0; (6)

where

"ij =
1

2

�
@Ui

@xj
+

@Uj

@xi

�
: (7)

is satisfied. This field preserves the continuity of the

system after the contraction of the fibers, which,

provided that the latter are isolated, is determined by

the function ~W (~r).

2. An Example of the Model Application:

Calculation of the Strained State of the

Aortic Ventricle of Heart

2.1. Simulation Model of the Ventricle: the

Cylindrical Field of the Director and the

Emergence of a Wedge Disclination

In accordance with [9], the ventricle can be regarded in

calculations as a thick-walled pipe. Let r0 and R be,
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à b

Fig. 3. a � appearance of the wall of edge dislocations upon the reduction of the director lines; b � appearance of a wedge disclination

respectively, the internal and external radii of the

pipe. We introduce the cylindrical coordinates (r; '; z),
with the z-axis directed along the axis of the pipe.

The lines of the director are assumed to have the

form of the concentric circles located in a plane

perpendicular to the z-axis. The contraction of the

material occurs under identical conditions, i.e. the

corresponding relative contractions along the director

have the same value designated as �. The emergence of

the field of displacements ~W (r; '; z) results in a decrease

of the length of the corresponding line of the director by

the value b = 2�r�. This result can be considered as a

consequence of the appearance of the edge dislocation

with a vector b~e'. Considering each line of the director

in a similar manner, we come to the conclusion that,

owing to the contraction, a wall of edge dislocations

arises along the pipe radius (Fig. 3,a). According to [8],

the dislocation wall is equivalent to a wedge disclination

(Fig. 3,b). The contraction of the pipe can be therefore

regarded as a result of the appearance of the wedge

disclination with the angle 
.

2.2. The Strained State of the Pipe with a Wedge

Disclination: Linear Theory

The elastic field of a wedge disclination was calculated

in [10]. The displacements Ur, U' and the stresses �rr,

�'', and �zz are described by the following formulae:

Ur =



4�

�
1� 2�

1� �

�
r ln

r

R
+

�
ar +

b

r

�
;

U' =

'

2�
r; (8)

�rr =
�


2�

1

1� �

"
ln

r

R
�

�
1� r2=R2

�
(1� r2

0
=R2)

�r0
r

�2
ln

r0

R

#
;

�'' =
�


2�

1

1� �

"
1 + ln

r

R
+

�
1 + r2=R2

�
(1� r2

0
=R2)

�r0
r

�2
ln

r0

R

#
;

�zz =
�


2�

�

1� �

"
1 + 2 ln

r

R
+

2 (r0=R)
2

(1� r2
0
=R2)

ln
r0

R

#
; (9)

where � is Poisson's ratio, and � is the shear modulus.

2.3. The Strained State of the Pipe with a Wedge

Disclination: Nonlinear Theory

In real systems, the deformation is of the order of unity,

which demands the application of a nonlinear theory. In

the present work, we use the following approximation.

The reference and actual configurations of the system

are known to be distinguished in a nonlinear theory.

We designate the position of a small particle of the

system, which corresponds to the first configuration, by

~�0. For the particle position in the second configuration,

we introduce the notation ~�. The vector of displacements
~U is defined, correspondingly, as the difference:

~U = ~�� ~�0: (10)

We consider the transition from the reference

configuration to the actual one as a sequence of steps,

every step corresponding to a small increase ~U . The

actual configuration obtained at the end of every step is

regarded as a reference one for the following step, which

makes eligible the application of the formulae of the

linear theory of infinitesimal deformations, including (8)

and (9), to the calculations carried out at every step.
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In so doing, we consider the material of the wall to be

quasilinear.

According to this approach, the calculation

procedure is presented as a sequence of the following

steps:

1. The complete angle of the wedge dislocation is

divided into N equal parts of the size ! so that the

condition N � 1 be satisfied.

2. The initial thickness of the pipe wall h = R � r0
is divided into M equal intervals with the thickness

�h = h=M : [0; h] = [0;�h] [ : : : [ [h ��h; h], M � 1.
Let us designate the radius-vectors of the edges of each

interval by ri, i = 1�M . The stresses �rr(ri), �''(ri),
and �zz(ri) and the displacements, which arise owing to

the occurrence of the wedge disclination with the angle

!, are calculated according to formulae (8) and (9) at

each of the ri points.

3. The obtained values of the displacements are used

to calculate new internal and external radii of the pipe,

as well as new positions and new thicknesses of the

intervals, so that R ! Rd, r
0
! rd

0
, [0; h] ! [0; hd] =

[0;�h1] [ : : : [ [hd ��hM ; hd], ri ! rdi .

4. The stresses, which were calculated in item 2, are

recalculated for the new positions of the interval edges in

the framework of the formalism of the nonlinear theory

of elasticity according to the formulae

�rr
�
rdi
�
= �rr (ri)

ri

rdi
;

�''
�
rdi
�
= �'' (ri)

�h

�hi
;

�zz
�
rdi
�
= �zz (ri)

ri

rdi

�h

�hi
: (11)

5. The operations described in items 2�4 are

repeated iteratively N times, the obtained stresses being

summed up.

2.4. Results of Calculations

On the basis of the algorithm described in items 1�

5, the computer program in the programming language

PASCAL for the automatic calculation of the stress

fields arising in the wall of the aortic ventricle of heart

has been developed. The numerical values of the used

parameters are listed in the table.

The results of calculations, which represent the

distribution curves of the stress tensor components along

the thickness of the pipe wall, are shown in Fig. 4.

a

b

c

Fig. 4. Stress distributions along the thickness of the pipe wall:

�rr (a), �'' (b), and �zz (c)
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Numerical values of the parameters used for calculations

Shear modulus � � 10
�5

, Pa 5

Internal radius of the ventricle r0, cm 2.5

External radius of the ventricle r0, cm 3.5

Complete angle of the wedge disclination 
, rad 1.027

Conclusions

In this work, the model, which allows one to describe

the behavior of an ensemble of interacting muscular

fibers contracting due to biochemical processes has

been suggested for the first time. The capabilities

of the model were demonstrated by calculating the

field of stresses which arise in the wall of the

aortic ventricle of heart. The results of calculations

lead to the conclusion that compressive stresses

arise in the sections which are adjacent to the

internal surface of the ventricle. The obtained

result, in the authors' opinion, is worth to be

noted for the following reasons. An important

factor for the ventricle's normal functioning is a

sufficient level of the oxygen supply, which is

provided by means of the hemoglobin deoxygenation.

The rate of this reaction essentially depends on

pressure. Therefore, the significant value of the

compressive stresses can essentially worsen the blood

supply of those sections which are adjacent to the

internal surface of the ventricle. As is known from

physiology, such a situation can cause a myocardial

infarction in some pathological modes of the heart

functioning.
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ÄÈÑËÎÊÀÖIÉÍÀ ÌÎÄÅËÜ Ì'ßÇÎÂÎÃÎ ÑÊÎÐÎ×ÅÍÍß

Ë.À. Áóëàâií, Þ.Ô. Çàáàøòà, Ñ.Â. Ñåâåðèëîâ

Ð å ç þ ì å

Íà îñíîâi êîíòèíóàëüíî¨ òåîði¨ äèñëîêàöié ðîçðîáëåíà ìî-

äåëü, ùî äîçâîëÿ¹ îïèñàòè ñêîðî÷åííÿ êîëåêòèâó âçà¹ìîäiþ÷èõ

ì'ÿçîâèõ âîëîêîí. Çà ¨¨ äîïîìîãîþ çðîáëåíî îöiíî÷íi ðîçðà-

õóíêè íàïðóæåíîãî ñòàíó îñíîâíîãî åëåìåíòà ñåðöåâî-ñóäèííî¨

ñèñòåìè � ëiâîãî øëóíî÷êà ñåðöÿ � i ïðîâåäåíî ¨õ ÿêiñíó ií-

òåðïðåòàöiþ.
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