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A general approach to the description of amplitude-phase

regularities of the spectra for the normal reflection from and

the transmission of light by plane transparent three-layer

structures with the use of the coefficients for the extrema

of Fabry�Perot interference bands as enveloping contours is

proposed. The correlations between the structure parameters

and the reflectivities, transmittances, and phase relations for the

corresponding waves are established.

Introduction

Despite the fact that the Fabry�Perot interferometry
principle was discovered quite a long time ago [1], is
considered to be well-investigated, and forms the basis
of the well-known methods of non-destructive control
over optical parameters of plane-parallel media [2�4],
a number of recently carried out works [5�19] testifies
to that this problem remains generally to be topical.
First of all, it is conditioned by the 2�-uncertainty,
which is related to the necessity to determine the exact
value of the absolute order of an interference band.
That is why, the method of envelopes seems to be of
considerable interest [9,11,13], due to which not only
a new approach to the description of the hardware-
based properties of Fabry�Perot interferograms was
suggested, but the method of reconstruction of the phase
of a reflected wave and of the wave passed through the
interferometer in terms of the reflectivity R and the

transmittance T obtained experimentally was grounded
in [18, 19]. Within this approach, it is suggested to
determine the contour width not on the half of FWHM
(the Full Width at a Half-Maximum), but at the level
of the values 1

2
(Rmax +Rmin) and

1
2
(Tmax + Tmin).

In this work, the authors have generalized the
application of the method of envelopes to the analysis of
the data of Fabry�Perot amplitude-phase spectroscopy.
This allows one not only to express the parameters of
the media forming three-layer plane-parallel structure
in terms of the values of R and T at the maxima and
minima of interference bands, but also to ground the
assumptions made earlier in works [18, 19]. Here, we
do not go beyond the consideration of the geometry
of a normal transmission of the interface of contacting
transparent media by a ray. The influence of absorption
and oblique reflection will be studied elsewhere.

Results and Their Discussion

As known [3], if a ray of light falls on a three-
layer structure [the semibounded medium (index 1)
with refractive index n1 � interferometer Fabry�Perot
(index 2) of d in thickness and with refractive index n �
the semibounded medium (index 3) with refractive index
n2], then the amplitudes of the Fresnel reflectivity and
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transmittance are equal to, respectively,

~r =
r12 + r23 exp (�i Æ)
1 + r12 r23 exp (�i Æ)

; (1)

and

~t =
t12t23 exp (�i Æ=2)
1 + r12r23 exp (�i Æ)

(2)

due to the Fabry�Perot interference. Here, Æ = 2nd
c0

!

is the phase thickness of a plane-parallel layer, and
~t12;23 = 1 + ~r12;23 according to the boundary conditions
of the amplitude. It is also known that the reflectivity
R = ~r � ~r�, the phase tangent of the reflected wave
tg � = Im ~r=Re ~r, transmittance T = n2

n1
~t � ~t�, and the

phase tangent of the wave passed through the structure
tg' = Im~t=Re ~t, are equal, respectively, to

R =
�212 + �223 + 2�12�23 cos (�12 � �23 + Æ)

1 + �212�
2
23 + 2�12�23 cos (�12 + �23 � Æ)

; (3)

tg� =
�23

�
1� �212

�
sin (�23 � Æ)

�12 (1 + �223) cos�12 + �23 (1 + �212) cos (�23 � Æ)
;

(4)

T =
n2

n1

�
1 + �212 + 2�212 cos�12

� �
1 + �223 + 2�223 cos�23

�
1 + �212�

2
23 + 2�12�23 cos (�12 + �23 � Æ)

;

(5)

tg' = �
sin (Æ=2) + �12�23 sin (�12 + �23 � Æ=2)

cos (Æ=2) + �12�23 cos (�12 + �23 � Æ=2)
; (6)

where we take the complex amplitudes in the form
~r = � exp ( i �) and ~t = � exp ( i ').

Our approach is based on that the right parts
of relations (3)�(6) should be expressed in terms
of the reflectivity and transmittance at the extrema
of interference bands. To this end, we use the
transformation well-known in mathematics, namely

cos� =

(
2 cos2 �

2
� 1;

1� 2 sin2 �

2
:

(7)

In this work, we analyze only structure-forming
transparent media. Therefore, the imaginary parts of
the amplitudes of r12;23 are Im ~r12 = Im ~r23 = 0, and
their real parts Re r12;23 = �12;23 cos �12;23 6= 0, where
the values �12;23 are equal to � or 2� depending on the
relations between n1; n, and n2. It is very convenient
to join the possible types of structures with arbitrary
relations between of n1; n, and n2 into three main groups

which have common regularities of the amplitude-phase
spectroscopy of reflection and transmission of light,
namely: asymmetric (n1 6= n2) structures such as group
1 with (n1

<
>n

<
>n2) and group 2 with (n1

<
>n

>
<n2) and

symmetric ones, group 3 with (n1 = n2
<
>n). For the

first group, �12 cos�12
<
>0 and �23 cos�23

<
>0. Therefore,

according to (3) and (7), their reflectivity is described
by the expression

RI = 1�
1�Rmin

1 + b2 cos2 ÆI
2

= 1�
1�Rmax

1� a2 sin2 ÆI
2

: (8)

Thus, under the above-mentioned conditions, the
reflection spectra of three-layer structures of this group
can be described by the relations, in which the functions

Rmax =
�

�12+�23
1+�12�23

�2
; Rmin =

�
�12��23
1��12�23

�2
are the

enveloping ones, a2 = 4�12�23
(1+�12�23)

2
; and b2 = 4�12�23

(1��12�23)
2
.

For the second group of structures, �12 cos�12
<
>0 and

�23 cos�23
<
>0. For them, we get the similar relation

RII = 1�
1�Rmax

1� a2 cos2 ÆII
2

= 1�
1�Rmin

1 + b2 sin2 ÆII
2

: (9)

For the third group of symmetric structures, we have
�12 cos�12

<
>0 and �23 cos�23

<
>0 and, because Rmin = 0

for them,

RIII = 1�
1�Rmax

1� a2 cos2 ÆIII
2

= 1�
1

1 + b2 sin2 ÆIII
2

: (10)

Thus, relations (8)�(10) describe the corresponding
spectra with the use of the enveloping values of the
factors in the extrema of interference bands. We note
that their lower indices I; II; III are of no physical
sense and show only the belonging of a structure to some
group.

Relations (8) � (10) yield

a2

b2
tg2

ÆI

2
=

Rmax �RI

RI �Rmin

;
b2

a2
tg2

ÆII

2
=

=
RII �Rmin

Rmax �RII

;
b2

a2
tg2

ÆIII

2
=

RIII

Rmax �RIII

: (11)

Their right parts are varied within the limits [0;+1]

going on through 1 at a certain frequency !�

Rmax �RI

RI �Rmin

=
RII �Rmin

Rmax �RII

=
RIII

Rmax �RIII

= 1: (12)

So, we have substantiated that the reflectivity on both
sides of a band maximum at this frequency !� is equal
to

R =
1

2
(Rmax +Rmin) = �R: (13)
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Exactly at this level, it was suggested to determine
the parameters of the contours for reflection and
transmission bands with the purpose to get a more
correct description of the hardware-based properties of
Fabry�Perot interferometers [18].

At the frequency !� for the first group of structures,
tg ÆI �

2
= 1+�12�23

1��12�23
, whereas tg

ÆII;III �

2
= 1��12�23

1+�12�23
for the

second and third groups, which allows us to determine
the phase thickness of interferometers at an arbitrary
frequency as

Æ = Æ�
!

!�
; (14)

where ÆI � = 2arctg b
a
; ÆII;III � = 2arctga

b
for the all

groups of structures.

Now we pass to the analysis of the phase spectra of
a reflected wave. According to (4) and (7), we get

tg�III = tg
ÆIII

2

� 1��2

2�
a2 sin2 ÆIII

2
p
Rmax �

1+�2

2�
a2 cos2 ÆIII

2

=

= ctg
ÆIII

2
=

1� �2

1 + �2
ctg

ÆIII

2
=

r
Rmax

RIII

� 1; (15)

for symmetric structures, whereas

tg�I = tg
Æ1

2

� 1��2
12

2�12
b2 cos2 ÆI

2
p
Rmin +

1+�2
12

2�12
b2 cos2 ÆI

2

=

= ctg
ÆI

2

� 1��2
12

2�12
a2 sin2 ÆI

2
p
Rmax �

1+�2
12

2�12
a2 sin2 ÆI

2

and

tg�II = tg
ÆII

2

1��2
12

2�12
a2 cos2 ÆII

2
p
Rmax �

1+�2
12

2�12
b2 cos2 ÆII

2

=

= ctg
ÆII

2

1��2
12

2�12
b2 sin2 ÆII

2
p
Rmin +

1��2
12

2�12
b2 sin2 ÆII

2

;

for asymmetric structures. Whence, by excluding Æ, we
obtain

tg�I =
1� �212
1 + �223

b

a

r
RI �Rmin

Rmax �RI

�1 +
�
a
b

�2q Rmin

Rmax

1 +
�
RI�Rmin

Rmax�RI

�q
Rmin

Rmax

;

(16)

tg�II =
1� �212
1 + �223

b

a

r
RII �Rmin

Rmax �RII

�1 +
�
b
a

�2qRmax

Rmin

1 +
�
RII�Rmin

Rmax�RII

�q
Rmax

Rmin

:

(17)

Thus, for symmetric structures at the frequency !�,
the phase tangent of a reflected wave tg�III � = 1, ànd,
for asymmetric structures, tg�II;III � 6= 1.

Now we consider the spectra of transmission.
According to (5), the energy factor of light transmission
by a three-layer structure is

T =
n2

n1

T12T23

1 + �212�
2
23 + 2�12�23 cos (�12 + �23 � Æ)

; (18)

where T12;23 = ~t12;23 � ~t�12;23. We see that the argument
(�12 + �23 � Æ) is lacking in the numerator, and,
taking into account that �12;23 = � or 2� and using
transformation (7), we get

TI =
Tmin

1� a2 sin2 ÆI
2

=
Tmax

1 + b2 cos2 ÆI
2

(19)

for the first group of structures,

TII =
Tmin

1� a2 cos2 ÆII
2

=
Tmax

1 + b2 sin2 ÆII
2

(20)

for the second group, and

TIII =
Tmin

1� a2 sin2 ÆIII
2

=
1

1 + b2 cos2 ÆIII
2

(21)

for the third one. Here, the parameters Tmax and Tmin

are defined with regard for the phase shifts �12;23 as
Tmax = n2

n1

T12
(1��12�23)

2
; Tmin = n2

n1

T23
(1+�12�23)

2
.

For the spectra of reflection and transmission, we get

a2

b2
tg2

ÆI

2
=

TI � Tmin

Tmax � TI
;

b2

a2
tg2

ÆII

2
=

TII � Tmin

Tmax � TII
;

a2

b2
tg2

ÆIII

2
= TIII � Tmin; (22)

analogously to relations (11). Based on the same
substantiation, we also obtain that, at the same
frequency !�, a condition similar to (13) is fulfilled
[18,19]:

T =
1

2
(Tmax + Tmin) = �T : (23)

The phase tangent of a wave which passed through
an interferometer is equal to tg'I = � 1��

12
�23

1+�
12
�23

tg ÆI
2

for the first group of structures, ànd tg'II =
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� 1+�
12
�23

1��12�
23

tg ÆII
2

for the second one. Therefore, the

condition tg'I � = �1 holds true for them at the
frequency !�. For symmetric structures, �12 = �23 = �

and tg'III = � 1+�2

1��2
tg ÆIII

2
. In the general case for

symmetric structures, tg � � tg' = �1, since the ratio
~r
~t
is an imaginary number [20].
The cases of complex dispersion and oblique

incidence of a light ray on a surface will be studied in a
separate work.

Conclusion

1. We have suggested an analytical algorithm of the
description of amplitude-phase spectra with the use
of envelopes in terms of the reflectivity Rmax;min

and the transmittance Tmax;min of light in three-layer
transparent structures at the maxima of Fabry�Perot
interference bands.

2. We have grounded the expediency to
describe the hardware-based properties of Fabry�
Perot interferometers at the level of reflection
�R = 1

2
(Rmax +Rmin) and transmission �T =

1
2
(Tmax + Tmin), at which the factors do not depend

on the phase thickness of an interferometer.
3. We have analyzed the correlation of phases of the

reflected light and that passed through an interferometer
with values of the reflectivity and transmittance at the
extrema of Fabry�Perot interference bands.

This work was partly supported by the International
NATO grant PST.CLG.980040
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ÌÎÄÅËÞÂÀÍÍß ÌÅÒÎÄÎÌ ÎÁÂIÄÍÈÕ

ÀÌÏËIÒÓÄÍÎ-ÔÀÇÎÂÈÕ ÑÏÅÊÒÐIÂ

ÔÀÁÐI�ÏÅÐÎ ÒÐÈØÀÐÎÂÈÕ ÏÐÎÇÎÐÈÕ

ÑÒÐÓÊÒÓÐ ÏÐÈ ÍÎÐÌÀËÜÍÎÌÓ

ÏÀÄIÍÍI ÏÐÎÌÅÍß

Ï.Ñ. Êîñîáóöüêèé, À. Ìîðãóëiñ

Ð å ç þ ì å

Çàïðîïîíîâàíî çàãàëüíèé ïiäõiä äî îïèñó àìïëiòóäíî-ôàçîâèõ

çàêîíîìiðíîñòåé ñïåêòðiâ âiäáèòòÿ i ïðîïóñêàííÿ ñâiòëà ïëîñ-

êèìè ïðîçîðèìè òðèøàðîâèìè ñòðóêòóðàìè ÷åðåç çíà÷åííÿ êî-

åôiöi¹íòiâ â åêñòðåìóìàõ ñìóã iíòåðôåðåíöi¨ Ôàáði�Ïåðî ÿê

îáâiäíèõ êîíòóðiâ. Âñòàíîâëåíî êîðåëÿöi¨ ìiæ çíà÷åííÿìè êî-

åôiöi¹íòiâ âiäáèòòÿ, ïðîïóñêàííÿ i ôàçè ç ïàðàìåòðàìè ñåðå-

äîâèù, ùî óòâîðþþòü ñòðóêòóðó.
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