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A theory of exciton condensed phase creation in a two-dimensional
system is presented. The consideration takes into account the
mutual influence of exciton condensed phase islands through
exciton concentration fields. For the solution of the problem the
kinetic and FokkerPlanck equations are applied. The theory is
applied to explain the appearance of the periodical fragmentation
which was observed last years in luminescence from the ring
around a laser spot in a crystal with double quantum wells. The
dependence of the radius of condensed phase islands and the
distance between islands is obtained as a function of temperature.
The influence of fluctuations on the periodical structure is studied.

The electrons and holes of indirect excitons in
semiconductor coupled quantum wells are localized in
different wells, and, as a result, the excitons have
long lifetime. Such a system presents interest for the
study of exciton condensation phenomena [1]. Recently,
the interesting experiments were fulfilled for indirect
excitons in AlGaAs and InGaAs crystals with coupled
quantum wells. In works [27], the authors have
observed a ring structure in the emission of indirect
excitons outside a laser spot. The distance between the
ring and the excitation spot center grows with increasing
the pumping and can reach several hundreds of microns
that is much larger than the exciton diffusion length.
At a low temperature (T  2 K), the external ring is
fragmented into a periodical structure over macroscopic
lengths. The mechanism of the luminescence ring
formation was proposed in [6, 7]. The origin of the
fragmentation along the ring is unclear. In the present
work, the appearance of this fragmentation is explained
by the creation of islands of exciton condensed phases
along the ring. In [8, 9], it was shown that a highdensity exciton system is unstable in the presence of
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an attractive interaction between excitons relative to
the appearance of a periodical structure. To obtain the
spatial dependence of the exciton generation rate, we
shall use the suggestion of works [6, 7] that, in the
absence of the light irradiation, a quantum well contains
electrons, and holes created by light are captured by
a quantum well more effectively than electrons. As a
result, the charge separation takes place from a positive
charge value at the center of a laser spot to a negative
one far from the spot. The emission of light occurs
from the ring where the product of the electron and
hole densities has maximum. For the determination
of the density distribution, we have used the system
of equations similar to that investigated in [6, 7], but
we added the equation for the exciton density. Lets
ne ; nh ; n designate the well densities of electrons,
holes, and excitons, respectively. These values satisfy the
following kinetic equations:
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Here, De, Dh and D are the diffusion coefficients,
e , h and  are the lifetimes for electrons, holes,
and excitons, respectively, W is the electron-hole
recombination rate, Ke(Kh) is the electron (hole)
creation rate in the well, and G is the exciton production
rate (G = qW nenh; q  1).
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Fig. 1. Dependence of electron, hole, and exciton densities on the
distance from the center

Fig. 1 shows the result of calculations of the electron,
hole, and exciton densities for the following values of
parameters: De = 200 cm /s, Dh = 50 cm /s, D = 10
cm /s, W = 150 cm /s , q = 0:9, e = h = 10 s,
 = 10 s, the spatial distribution of the pumping
was approximated by the Gaussian curve with a width
of 60 m and Kh = 2Ke. The qualitative picture of
the behavior of ne; nh as a function of r is similar to
results obtained in [6, 7]. The position of the exciton
density maximum determines the ring luminescence in
experiments. We use the obtained value of exciton
density to study the fragmentation of the exciton
condensed phase. It is suggested that the condensation
occurs due to the exciton-exciton interaction, and it
is not the BoseEinstein condensation in the wave
vector space with k=0. We have estimated the van
der Waals attraction using the well-known formula of
quantum mechanics and showed that the van der Waals
interaction between two indirect excitons in coupled
quantum wells exceeds the dipole-dipole interactions
in the range of distances between excitons of order
of several exciton radii (see Appendix). The attractive
interaction may cause the existence of the exciton
condensed phase. Some models of phase transitions
in a system of indirect excitons were studied in [10].
Afterwards, we suggest that the condensed phase exists,
and it is described by some parameters which will be
determined later.
Due to a finite value of the exciton lifetime, the
sizes of exciton condensed phases are restricted. As a
result, the condensed phase in the two-dimensional case
must exist as a system of islands similar to electron-hole
drops in bulk semiconductors. In the studied system, the
islands should be localized on the ring where the exciton
density has maximum.
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Fig. 2. Position of exciton condensed phase islands around a laser
excitation spot

Under the following consideration, we shall apply the
theory of creation of exciton condensed phase islands
in the two-dimensional case [11] to the studied system
with nonuniform pumping. Firstly, we study the system
of condensed phase islands periodically situated along
the ring with the maximum of the exciton density at
r = r (Fig. 2). 'm = 2m=N is the angle of the mth island on the ring. Afterwards, we shall show that
deviations (fluctuations) from periodicity are small. Let
us consider the formation of some island, for example,
the island with m = 0. We introduce the distribution
function fn which determines a probability for the island
with m = 0 to have n excitons. The size of disks is
determined by four processes: the creation of excitons
by pumping, capture of excitons from the environment,
escape of excitons from the disk, and the exciton decay.
The kinetic equation for the distribution function has
the form
0

@fn
@t

= jn + jn ;
(4)
where jn is the probability current,
jn = 2Rn Wfi (Rn )c(Rn )fn
2RnWif (Rn )cifn Rnfn= + Rn Gn fn ;(5)
Rn is the radius of the disk with n excitons, Wfi (Rn ) and
Wif (Rn ) are probabilities for the exciton to be captured
by the disk and to escape from theR disk per unit length
of the circle, respectively, Gn = G(r)dSn =Rn is the
mean value of the exciton pumping over island area,
c(Rn ) and ci are the concentrations of excitons on the
circle of the disk and inside the disk (ci = 1=so, so is
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the area per single electron-hole pair in the island). The
exciton concentration c(r) differs from n (r) presented
in Fig. 1 due to the presence of islands which perturb the
exciton concentration field around them. The following
condition between the transition probabilities Wfi and
Wif takes place due to the detailed balancing principle:
a 
Wif (R)
Wif (1)
=
exp
:
(6)
Wfi (R)
Wfi (1)
R
Here, Wfi(1) and Wif (1) are the transition
probabilities in the case of a straight line
boundary between the condensed and gas phases,
Wfi (1)=W if (1) = ci =c1 , c1 is the equilibrium
concentration of excitons for the straight line boundary
between the condensed and gas phases,
c1 = c exp( '=T );
(7)
' is the condensation energy per exciton, c
=
(mT =2~ ), m is the effective exciton mass, is
the degeneracy of the exciton state, a = also=T , al is
the energy per unit of the disk length.
The connection between islands occurs due to the
dependence of the exciton surface concentration of the
considered island c(Rn) in the kinetic equation (4) versus
the presence of other islands. We suggest that the
distance between disks is larger than the disk radius and
the concentration field created by some island slowly
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(8)

where K (x) is the modified Bessel function, l is the
diffusion length of a free exciton. The coefficients a are
determined by boundary conditions on every disk: the
current of excitons to an island should be equal to the
difference between the number of excitons captured by
the island and the number of excitons which escape from
the island:
(9)
2RD @c (R) = 2R(W c (R) W c ):
0

ex
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Due to the system symmetry, all islands have equal
parameters: a = a for every . Further, we introduce
the radius distribution function f (R) = fndn=dR =
2Rfn=so. In the steady case at n  1, the solution
of Eq. (4) has the form
~ N ) = f exp( F (R;
~ N );
f (R;
(10)
where
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Here, wephave introduced the dimensionlessp variables
~ = R= so, c(R~) = c(R)=so,  = Wfi  so, nG =
R
 o , ' and a are expressed in (10) and (11) in units
Gs
of temperature. The most probable radius is determined
from the condition
~ N)
@F (R;
(13)
~ = 0:
@R
The mean radius depends on the number of islands,
 = R(N ). The probability for the system to have N
R

0

K0 r0

+ R~ (1 + n~G) + 4~c
(12)

K0 r0

changes in the limits of a size of the considered island.
As a result, the exciton concentration on the disk with
m = 0 may by presented as
c (R) = n
 (r ) + a K ((R=l)+
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By integrating over the radii of the disks, we obtain the
probability for the system to have N islands on the ring
as
W (N ) = exp( (N ));
(15)
where

(N ) =

N

Z0

ln z(N ); z(N ) = exp( F (R~(N ); N )dR:~
1

(16)
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q

an island along the ring which equals d = r ' . It
is seen from Fig. 3 that the relative shift d=d is small
(d=d  1 ) and increases only in the vicinity of the
temperature, at which the condensed phase disappears.
By a similar way, theqrelative fluctuations of the island
number (N=Ns = (N Ns) =Ns) were calculated
using (15). This value is much less than unity. For
example, we have N=Ns = 7  10 at T =2 K. Thus,
the studied system has perfect periodicity. These results
explain the periodical fragmentation observed in [2].
We suggested that the exciton gas is nongenerated
outside islands. For the considered parameters, the
exciton density at the surface of the disks outside them
equals 7:2  10 cm and is significantly lower than the
critical BoseEinstein condensation density. Inside of
islands, the exciton density is significantly higher and
may be important with regard for the Bose statistics.
But the presented theory did not consider the model
of condensed phase and needs only some parameters of
the condensed phase: the energy and occupied volume
per electron-hole pair and the surface energy. Moreover,
the condensed phase may present the electron-hole liquid
phase.
In the paper, the binding energy per electron-hole
pair in the condensed phase was chosen as (' = 10 K=
0:8 meV). This value gives the critical temperature of
the fragmentation disappearance (2.16 K) close to the
experimental value (2 K).The value of ' is less than
the width of the fragment emission line (1.3 meV [2]),
and the emission line spectral positions of a free exciton
and the fragment coincide practically. Even there is
a very small (much less than the width) shift of the
fragment emission to the blue side (see Fig. 2,c of [2]).
But mechanisms that determine the width (scattering
by the fluctuation potential, phonons, between excitons,
and others) give different contributions to the shapes
of the emission spectra (including the shift of lines)
for free excitons and the exciton condensed phase. So,
if the exciton binding energy to the condensed phase
is less than the bandwidth, the physical information
from the comparison of the shapes of the emission
spectrum of free excitons and of the condensed phase
can be obtained only together with the analysis of line
broadening mechanisms for these states. For that, the
detailed theory of the condensed phase is needed.
This research work was supported partially
by INTAS grant N 03-51-5266 and by the
Ukrainian Ministry of Education and Science (project
N 02.07/147).
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Fig. 3. Dependence of the island radius R, the distance between
islands d, and the ratio of the island fluctuation shift to the
distance between islands d=d on temperature

The number of islands is determined by the condition
@
= 0:
(17)

@N

The formulae (13), (17) determine the mean radius
and the number of islands. Since islands of the condensed
phases receive excitons from the same source, two islands
cannot be situated closely each to other. Moreover, the
distance between islands cannot be large, because, in this
case, the exciton density between them becomes greater
than the critical value and, as a result, a new island
may appear. So, there is the specific interaction between
the condensed phases through the exciton concentration
fields. As a result, the dependence (N ) (17) has
minimum at some value N = Ns that determines the
number of islands on the ring. We have calculated some
parameters of the islands on the ring using Eqs. (10)
(17). The exciton parameters and the parameters of
pumping are the same as the parameters in Fig. 1.
The following parameters of the condensed phase were
chosen: m = 0:37m , ' = 10 K, a = 18 K, so =
10 cm . It is seen from Fig. 3 that the distance
between islands (d = 2r =Ns) increases with a rise of
temperature, whereas the island radius changes slowly
with temperature. For the considered parameters, the
condensed phase exists up to 2.16 K.
To estimate the island position fluctuation, we
studied the shift of some island versus the angle '
along the ring at a fixed position of all other islands
(similar to the Einstein model for crystal oscillations).
In this case, the function (N ) in (13) depends on
~ N) !
' ( (N ) !  (N; ')) and the function f (R;
~ N; ') determines the angle distribution function.
f (R;
Using them, we calculated the mean fluctuation shift of
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Fig. 4. Dependence of the sum of the van der Waals and
dipole-dipole interaction energies between two excitons in coupled
quantum wells on the distance between excitons for the different
values of the distance between wells Æ. E0 and a are, respectively,
the energy and radius of an exciton in the crystal bulk
APPENDIX

To estimate the van der Waals interaction between two excitons,
let us use the well-known formula
j h0; 0 j Udd j i1 ; i2 i j2 ;
U =
(18)
vdw

X

i1 6=0;i2 6=0

Ei1 ;i2

E0;0

P2 3P1 R125P2 R12 is the operator of the dipolewhere Udd = P"R1 312
"R12
dipole interaction between excitons, R12 is the distance between
excitons, j0; 0 > and ji1 ; i2 > are the ground and excited states
of a system with two excitons. The formula Udd can be used if
the distance between excitons is larger than the exciton radius. In
calculations, we have used the following model. An electron and
a hole are localized in different wells. The distance between wells
is equal to Æ. For the estimation, we took into account only the
ground state and two lowest excited states, the dipole transition
matrix element of which from the ground state to the excited one
does not equal to zero. The wave functions of such a type have
the form
j0i = A0 exp( 0 r); j1ai = A1a r cos ' exp( 1a r);
j1bi = A1b r sin ' exp( 1b r);
(19)
r is the distance between an electron and a hole in an exciton in the
plane of wells, 0 ; 1a ; 1b are variational parameters. The results
of calculations of the dipole-dipole and van der Waals interactions
(h0; 0jUdd j0; 0i+Uvdw ) are presented in Fig. 4 for different values of
Æ. The energy of a bulk exciton is chosen as a unit of energy, radius,
of bulk exciton (the value of order of 50 
A) is the unit of length.
At a large distance, the interaction between excitons is dipoledipole repulsive. But the attractive van der Waals interaction
exceeds the dipole-dipole repulsion at distances less than 36
exciton radii, and the total interaction is attractive. Taking into
account the other higher excited intermediate states in (18) should
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lead to increasing the presented estimations of the van der Waals
interaction. So, the van der Waals interaction is really larger.
At small distances between excitons, the exchange interaction
becomes important, also the approximation of the dipole-dipole
interaction becomes inapplicable. As a result, the total interaction
is repulsive at small distances.
It should be noted that the attractive interaction may
be significant at low temperatures when the condensed phase
is created. At higher temperatures, excitons are distributed
uniformly over a crystal, the mean distance between excitons
exceeds the region of attraction, and the main contribution to the
exciton-exciton interaction is given by the dipole-dipole one.
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ÔÎÐÌÓÂÀÍÍß ÏÎÐßÄÊÓ Â ÑÈÑÒÅÌI ÎÑÒÐIÂÖIÂ
ÊÎÍÄÅÍÑÎÂÀÍÎ ÔÀÇÈ ÅÊÑÈÒÎÍIÂ
Ó ÊÂÀÍÒÎÂÈÕ ßÌÀÕ
Â.É. Ñóãàêîâ

Ðåçþìå
Íà îñíîâi òåîði¨ ôîðìóâàííÿ êîíäåíñîâàíî¨ ôàçè åêñèòîíiâ
ó äâîâèìiðíié ñèñòåìi ïîÿñíþ¹òüñÿ óòâîðåííÿ ïåðiîäè÷íèõ
ñòðóêòóð, ÿêå áóëî âèÿâëåíî â îñòàííi ðîêè â ñïåêòðàõ
ëþìiíåñöåíöi¨ íàïiâïðîâiäíèêiâ ç ïîäâiéíèìè êâàíòîâèìè ÿìàìè. Îáëàñòi êîíäåíñîâàíî¨ ôàçè åêñèòîíiâ ïåðiîäè÷íî ðîçìiùåíi ó âèãëÿäi îñòðiâöiâ âçäîâæ êiëüöÿ, óòâîðåíîãî íàâêîëî ëàçåðíî¨ ïëÿìè. Çíàéäåíî òåìïåðàòóðíi çàëåæíîñòi ðàäióñà
îñòðiâöiâ, âiäñòàíi ìiæ íèìè (ïåðiîäó ñòðóêòóðè) òà ôëóêòóàöié âiäñòàíi.
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