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A theory of exciton condensed phase formation in 2D systems

is developed with regard for the temperature of a system and

different lifetimes of free excitons and excitons in the condensed

state. It is shown that the condensed phase in 2D systems consists

of exciton islands. The mean radius of such an island increases

with both lifetimes, the exciton creation rate, the temperature

of a system, and the surface energy of condensed excitons. The

dependence of the mean radius of 2D condensed islands on the

lifetime, temperature, exciton creation rate, and mean distance

between exciton islands is presented.

Introduction

Low-dimensional electron-hole and exciton liquids are

of increasing interest now [1�6]. In particular, there

were many attempts to observe the condensed phase

in such a system [1, 7]. An interesting system in

this respect is a quasi-two-dimensional system of

indirect excitons in coupled quantum wells [1, 8, 9].

In such a system, an electron and a hole are spatially

separated, so the recombination processes are difficult

to occur, the exciton lifetime is large, and one can

make a concentration which is adequate to observe

the condensed phase. In a series of works, there were

attempts to find the Bose�Einstein condensate [1, 8,

10] in such systems.

It is necessary to explore the relation between the

level of irradiation and the condensed phase parameters,

as well as the role of fluctuations in 2D systems.

So far, there is no unambiguous observation of the

Bose condensation, though there are many theoretical

investigations and experimental indications of it [4, 6,

10].

In the present work, by assuming that the system

temperature is larger than the supposed temperature

of the Bose condensation and the creation of the

condensed phase is a phase transition of the first order,

we investigate the dependence of the main parameters

of the 2D islands of condensed excitons (similarly

to 3D droplets investigated in [11]) on temperature,

the exciton creation rate, exciton lifetime, surface

energy of exciton islands, and kinetic parameters of the

system.

1. Model and Basic Equations

The size of exciton islands (a condensed phase structure

inside the domain of free excitons) is determined by four

processes: the capture of excitons from the environment,

escape of excitons from an island, creation of excitons

due to external irradiation, and their decay due to

light emission and different destructive processes. Let

fn denote the distribution function of n, the number of

excitons in an island. Taking into account the processes

mentioned above, a kinetic equation for the distribution

function can be presented in the following form:

@fn

@t
= �jn+1 + jn; (1)

where jn is the probability current

jn = (2�Rn�1c(Rn�1)Win(Rn�1) +K(n� 1)S0)fn�1�

�(2�RncinWout(Rn) +
n

�1
)fn; (2)

Rn is the radius of the island with n excitons, c(Rn) and
cin are the concentrations of excitons on the border of

the island and inside it, respectively (cin = 1=S0, where
S0 is the area occupied by a single exciton inside the

island), Win(Rn) and Wout(Rn) are, respectively, the

probabilities of the particle transitions from the outside

of the island into it and in the opposite direction per

unit length, K is the creation rate, i.e., the number of

excitons created in unit area per unit time, and �1 is the

exciton lifetime inside the island.

As a consequence of the detailed balancing principle,

we can obtain the relation for the probabilities Win(Rn)
and Wout(Rn)

Wout(R)

Win(R)
=

Wout(1)

Win(1)
exp

��
R

�
; (3)

where Wout(1) and Win(1) are the probabilities

in the case of a plane boundary between phases,
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Wout(1)=Win(1) = cin=c(1), c(1) is the equilibrium

concentration of excitons for a plane boundary

between the condensed and gas phases, c(1) =�
m�T=2�~2

�
 exp(��=�T ), � is the condensation

energy per exciton, m is the effective exciton mass, 

is the exciton state degeneracy, �=R = (2S0�)=(�TR) is
the change in the surface energy on changing the number

of particles by 1, and � is the surface tension.

By generalizing the analysis presented in [11] on a

2D system, we obtain the radius distribution function

in the stationary case as

f( ~R) =

= f0 exp

2
64

~RZ
0

w[~c( ~R)� ~c1e
�=R] +

~R
2
(~cK � 1)

w[~c( ~R) + ~c1e�=R] +
~R
2
(~cK + 1)

4� ~Rd ~R

3
75 ;
(4)

where we have introduced the following dimensionless

variables:

~R =
R

S
1=2
0

; ~c(R) = c(R)S0;

w =
Win(R)�1

S
1=2
0

; ~cK1 = KS0�1; ~t = t=�1: (5)

2. Spatial Distribution of Excitons. Concentra-

tion of Islands

The diffusion equation for the exciton concentration can

be written as

@c

@t
= D�c� c

�2
+K; (6)

where D is the diffusion coefficient, �2 is the lifetime of

a free exciton (outside an island).

A steady-state solution of Eq. (6) has the form

c(r) = cK2 +
X
i

BiK0

� jr� rij
lD

�
; (7)

where ri is the position of the i-th island, lD =
p
D�2

is the diffusion length, cK2 = K�2, �i are constants

which are determined by the boundary conditions for

every island, and K0 is the zero-order second-kind

modified Bessel function. In the vicinity of any island,

the exciton concentration field depends on the island

under consideration and all other islands. Due to a

large distance between islands, the concentration field

created by other islands at the place of the island

under consideration may be assumed to be uniform. For

example, let us consider the concentration field in the

vicinity of an island with ri = 0. We designate this island

by i = 0. Then we have

c(r) = c0 +BK0

�
r

lD

�
; (8)

where

c0 = cK2 +
X
i6=0

BiK0

�
ri

lD

�
: (9)

At large values of the parameter lD, terms of the sum

in (9) decrease very slowly with increase in the distance

between the i-th island and the island with i=0. This

means that, in the vicinity of the island with i = 0, the
contribution to the concentration distribution is given

by many islands. In this situation, we may substitute ai
in the sum by the mean value �a and replace the sum by

an integral. As a result, we have

c0 = cK2 + �Bl2Dn; (10)

where n is the concentration of islands, n = N=S, N and

S are the total number of islands and the system area,

respectively.

The second term in (10) describes the influence of

islands on the exciton density. As seen, the value �B is

negative, and the presence of islands results in decreasing

the exciton density.

To obtain the boundary condition for the

concentration on the border of an island, we use the

conservation particle law

2�RD
@c

@r
= 2�R(Winc(R)�Woutcin) =

= 2�RWin(c� c1e
�=R): (11)

From (3), (8), and (11), we obtain the following

condition:

B0 =
Win(c0 � c1e

�=R)

D[ @
@R

K0(R=lD)]�WinK0(R=lD)
: (12)

To find �B, we take the mean value of the both sides

of Eq. (12). We suggest that the radius distribution

function has a sharp maximum at R = �R. Later we will
show that this approximation is valid. As a result, we

have

�B =
Win(cK2 � c1e

�= �R)h
� D
lD
K1( �R=lD)�WinK0( �R=lD)�Winl

2

Dn)
i : (13)
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Finally, we get the formula for the exciton concentration

on the border of an island as

c(R) = cK2 + �Bl2Dn+B0K0(R=lD); (14)

where B0 and �B are given by Eqs. (12) and (14),

respectively.

Further, we substitute c(R) given by (14) in Eq. (4)

and obtain the expression for the radius distribution

function f at a fixed value of the concentration of islands

n. This function is given below in dimensionless units,

but the mark �tilde� is omitted:

f = f0 exp(F (n;R)): (15)

Here,

F (n;R) =

=

2
4 RZ
0

 
w[c(R) � c1e

�=R] + R
2
(cK1 � 1)

w[c(R) + c1e�=R] +
R
2
(cK1 + 1)

!
4�RdR

3
5 :
(16)

The term c1e
�=R for a nondegenerate 2D exciton gas

can be expressed as

c1e
�=R =

�
mk

2�~2


�
S0Te

� 1

T

1

k ('�
�

~R
): (17)

The probability for the system to haveN islands with

radii R1, R2, . . . , RN is given by

W (N;R1; R2; : : : ; RN ) = exp

 
�
X
i

Fn(Ri)

!
: (18)

After the integration over the radii of islands, we obtain

the probability for the system to have N islands as

W (N) = W0 exp(��(N)); (19)

where

�(N) = �N ln z

�
N

S

�
;

z

�
N

S

�
=

1Z
0

exp

�
�F

�
N

S
;R

��
dR: (20)

The most probable concentration of islands is

determined by the condition

d

dN
�(N) = 0: (21)

In the vicinity of a distribution function maximum, the

function F (n;R) can be expanded in a power series in

(R� �R) as

F (n;R) = F (n; �R) + b(R� �R)2 + : : : (22)

In this case,

�(N) = N

�
F

�
N

S
; �R

�
� 1

2
ln(�=b)

�
: (23)

3. Calculations and Discussion

Since islands capture excitons form the environment,

two islands cannot be too close each to other (the exciton

resources are limited). Also they cannot be too far each

from other because, in this case, there would be a high

probability of the creation of a new island between them.

So the function �(N) has maximum at some value of N .

The most probable state is the one corresponding to this

maximum. The analysis of properties of the structure of

islands was carried out by numerically solving Eq. (21).

The main results are presented below; the unit of length

is the distance between excitons in the condensed phase

(S0 � 10�12 cm2), the temperature is presented in

Kelvin degrees.

At the chosen parameters, the Bose condensation

in islands does not take place. Really, at an exciton

concentration of 109 � 1010 cm�2,  = 4, and m =
0:12m0, where m0 is the free electron mass, the

temperature of the Bose condensation is less than 1 K

according to the Kosterlitz�Thouless formula [12]. We

have studied the system at higher temperatures. In

islands, the Bose condensation may be realized, but we

need only two energy parameters, � and �.

Fig. 1 shows the dependence of the mean radius on

temperature for different values of pumping. It is seen

that islands become larger with increase in temperature.

It is seen from Fig. 2 that the critical pumping value

exists. If the pumping is less than this value there is no

exciton condensation. We note that this critical value

grows with increase in the temperature.

With the increase in the pumping, the fraction of

the condensed phase (the ratio of the area occupied by

islands to the whole area) becomes larger (Fig. 3).

Fig. 4 shows that the mean radius of islands grows

with increase in the lifetime of excitons in islands, and

their concentration goes down (Fig. 5). We note that, as

compared to a 3D system ( [11]), the radius distribution

functions are broader, and the distance between disks is

smaller.
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Fig. 1. Dependence of the mean radius �R on temperature T for

different values of pumping: ~CK = 0:01 (1), 0.02 (2), 0.03 (3),

0.04 (4), 0.05 (5)
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Fig. 2. Dependence of the mean radius �R on pumping ~K for

different temperatures: T = 5 (1), T = 6 (2)
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Fig. 3. Dependence of the fraction of the condensed phase in the

system on the pumping
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Fig. 4. Dependence of the mean radius �R on the lifetime of excitons

in an island �1 for a fixed value of ~�2: ~�2 = 1 (1), ~�2 = 0:5 (2)
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Fig. 5. Dependence of the concentration of islands n on the lifetime

of excitons in an island �1 for a fixed value of ~�2: ~�2 = 1 (1),

~�2 = 0:5 (2)
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It is seen from Fig. 6 that the dependence of the mean

radius on the surface energy is a non-linear monotone

increasing function.

Conclusion

The paper presents the dependences of main parameters

of the exciton condensed phase (the distance between

islands of the condensed exciton phase, their mean

radius, the fraction occupied by excitons in the

condensed phase) in a 2D system on the pumping,

temperature, lifetime of excitons in and outside islands,

and energy parameters. It is shown that the mean

radius becomes larger with increase in temperature, the

pumping, and lifetime of excitons, and the concentration

of free excitons goes down with increase in their lifetime.
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ÄÎÑËIÄÆÅÍÍßÊÎÍÄÅÍÑÎÂÀÍÎ� ÅÊÑÈÒÎÍÍÎ� ÔÀÇÈ

Ó ÄÂÎÂÈÌIÐÍÈÕ ÑÈÑÒÅÌÀÕ

Î.Â. Íàçàðåíêî, Â.É. Ñóãàêîâ

Ð å ç þ ì å

Âèêîíàíî ðîçðàõóíêè ôîðìóâàííÿ êîíäåíñîâàíî¨ åêñèòîííî¨

ôàçè ó äâîâèìiðíèõ ñèñòåìàõ ïðè ðiçíèõ òåìïåðàòóðàõ i ÷à-

ñàõ æèòòÿ âiëüíèõ åêñèòîíiâ i åêñèòîíiâ ó êîíäåíñîâàíié ôàçi.

Äîñëiäæåíî îáëàñòü ñïiâiñíóâàííÿ êîíäåíñîâàíî¨ i ãàçîâî¨ åê-

ñèòîííèõ ôàç. Ó öüîìó âèïàäêó äâîâèìiðíà êîíäåíñîâàíà ôà-

çà ÿâëÿ¹ ñîáîþ ñóêóïíiñòü îñòðiâöiâ ó âèãëÿäi äèñêiâ. Ðîç-

ãëÿíóòî âèïàäîê, êîëè ùiëüíiñòü åêñèòîíiâ ó ãàçîâié ôàçi

(ïîçà îñòðiâöÿìè) íèæ÷à çà ùiëüíiñòü, íåîáõiäíó äëÿ áîçå-

êîíäåíñàöi¨. Çíàéäåíî çàëåæíiñòü ñåðåäíüîãî ðàäióñà êîíäåí-

ñîâàíèõ îñòðiâöiâ âiä ÷àñó æèòòÿ åêñèòîíiâ (ÿê âiëüíèõ, òàê

i åêñèòîíiâ ó êîíäåíñîâàíié ôàçi), øâèäêîñòi óòâîðåííÿ åê-

ñèòîíiâ, òåìïåðàòóðè ñèñòåìè i ïîâåðõíåâî¨ åíåðãi¨ åêñèòîíiâ

êîíäåíñîâàíî¨ ôàçè. Âèçíà÷åíî òàêîæ êîíöåíòðàöiþ åêñèòîí-

íèõ îñòðiâöiâ ÿê ôóíêöiþ ÷àñó æèòòÿ åêñèòîíiâ i ÷àñòêó åêñè-

òîíiâ, ùî ïåðåáóâàþòü ó êîíäåíñîâàíié ôàçi, ÿê ôóíêöiþ íà-

êà÷êè.


