
GENERAL PROBLEMS OF THERMODYNAMICS, STATISTICAL

PHYSICS AND QUANTUM MECHANICS

INVESTIGATION OF THE BINODAL POINT OF BINARY

AND TERNARY ALLOYS

YU. V. SHERSTENNIKOV

UDC 529.21:536.42

c
2004

Dnipropetrovsk State Financial-Economic Institute

(12, Arzhanova Str., Dnipropetrovsk 49083, Ukraine)

ISSN 0503-1265. Ukr. J. Phys. 2004. V. 49, N 10 1013

Interrelation between a location of the binodal point on a phase

diagram and the energy parameters of the theory is established.

The decomposition dome for the Cu�Rh system is calculated near

the critical point.

The statistical theory of alloy decomposition (see [1]) is
developed now insufficiently. For example, the theory
results in the conclusion that a dome of decomposition
on the diagram T � c is symmetric. On the real phase
diagrams, the dome of decomposition is, as a rule,
asymmetric. A point on the binodal is moved to high-
melting component, which has smaller compressibility
and higher modulus of elasticity. In the given paper,
the following model is used for the research of a binodal
point. The free energy is calculated within the framework
of the Bragg-Williams approximations; the potentials of
the interatomic interaction in a vicinity of the critical
point are considered as linear functions of concentration.
The purpose of the paper is to establish the interrelation
between a location of the binodal point on the phase
diagram and the energy parameters of the theory.

1. Ternary Alloy. Conditions at the Critical

Point

Let's consider a ternary substitution A�B�D alloy. The
alloy has a fcc or bcc lattice and can be in a biphase state.
The numbers of atoms of the first and second phases are
equal to N1 and N2, respectively. The complete number
of atoms is equal to N = N1 +N2. The concentrations
of a component a (a = A;B;D) in the first and second
phases are designated, respectively, as pa and qa. The

average concentration of the a component in the alloy is
ca. The parts of atoms of the first and second phases are

�1 =
N1

N
; �2 =

N2

N
: (1)

Eight parameters pa, qa, �1, �2 are connected by five
equations:

�1 + �2 = 1; �1pA + �2qA = cA;

�1pD + �2qD = cD ; pA + pB + pD = 1;

qA + qB + qD = 1: (2)

As independent concentrations, we consider pA, pD, and
qA. The concentration qD can be derived from (2) as

qD =
cD � pD

cA � pA
(qA � pA) + pD: (3)

The concentrations ca (a = A;B;D) are considered
given. The free energy of a homogeneous phase with
the concentrations cA, cB , cD will be a function of two
concentrations: F = F (cA; cD). Further, we designate
the variable set (cA; cD) by one index c = (cA; cD).
Then we have c = p = (pA; pD) for the first phase and
c = q = (qA; qD) for the second one. The free energy of
a homogeneous phase per atom is

F (c) =
z

2
[wABcAcB + wADcAcD + wBDcBcD]+

+
z

2
[vAAcA + vBBcB + vDDcD]� TS; (4)
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S = �kB

�
cA ln cA + cD ln cD+

+(1� cA � cD) ln(1� cA � cD)

�
;

where z is the number of the nearest neighbours in a
lattice;

wab = vab �
1

2
(vaa + vbb): (5)

Further, we take kB = 1. The concentration of atoms at
the critical point is designated as r = (rA; rD).

X-rays data and the results of the approximation
of coherent potentials show the expressed concentration
dependence of the parameters of interatomic interactions
in Fe�Al alloys [2]. The account of the parameters
of interatomic interactions for the Cu�Fe system is
done in [3]. The concentration dependence of interaction
potentials in [3] was chosen linear. We consider that the
energy vab depends on the concentration of atoms A and
D in the given phase as

vab = Vab +Aab (cA � rA) +Dab (cD � rD) (6)

or

vab = Uab +AabcA +DabcD;

where

Uab = Vab �AabrA �DabrD:

Equation (5) is now of the form

wab = uab + aabcA + dabcD; (7)

where

uab = Uab �
1

2
(Uaa + Ubb);

aab = Aab �
1

2
(Aaa + Abb);

dab = Dab �
1

2
(Daa +Dbb):

With regard for (7), expressions (4) read (keeping only
the non-linear contribution in the concentration in F , as
the linear contribution is insignificant further):

F (c) = a1c
3

A + a2c
2

AcD + a3cAc
2

D + a4c
3

D+

+b1c
2

A + b2cAcD + b3c
2

D � TS: (8)

Here,

a1 = �
z

2
aAB ;

a2 =
z

2
(�dAB � aAB + aAD � aBD);

a3 =
z

2
(�dAB + dAD � dBD � aBD);

a4 = �
z

2
dBD ;

b1 =
z

2
(aAB � uAB);

b2 =
z

2
(dAB + aBD � uBD);

b3 =
z

2
(dBD � uBD): (9)

The chemical potentials of components of a ternary
alloy are defined by

�A(c) = F (c) + (1� cA)
@F (c)

@cA
� cD

@F (c)

@cD
;

�B(c) = F (c)� cA
@F (c)

@cA
� cD

@F (c)

@cD
;

�D(c) = F (c)� cA
@F (c)

@cA
+ (1� cD)

@F (c)

@cD
:

When T < T0, the condition of balance of two phases
with the concentrations p and q has the form

�a(p)� �a(q) = 0: (10)

Designating the left part of relation (10) through fa, we
get the system of three equations

fa(p; q; T ) = 0: (11)

Differentiating (11) with respect to pA, we obtain the
system of equations

@fa

@qA

@qA

@pA
+

@fa

@pD

@pD

@pA
+
@fa

@T

@T

@pA
= �

@fa

@pA
�

@fa

@qD
�:

(12)
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As we will be further interested in the limit T ! T0
(p ! r, q ! r), we use relation (À5) (see Appendix) in
(12). At the critical point, we have

@T

@rA
= 0: (13)

Relation (12) yields

@T

@pA
= �

�1

�
; (14)

where

� =

�������

@fA
@qA

@fA
@pD

@fA
@T

@fB
@qA

@fB
@pD

@fB
@T

@fD
@qA

@fD
@pD

@fD
@T

�������
;

�1 =

�������

@fA
@qA

@fA
@pD

@fA
@pA

+ @fA
@qD

�

@fB
@qA

@fB
@pD

@fB
@pA

+ @fB
@qD

�

@fD
@qA

@fD
@pD

@fD
@pA

+ @fD
@qD

�

�������
:

Òhe following decomposition takes place near r:

@fa

@pA
=

@fa

@qA
+
@2fa

@q2A
(pA � qA);

@fa

@qD
=

@fa

@pD
+
@2fa

@p2D
(qD � pD): (15)

In view of (15), it is possible to write down

� = A1

@fA

@T
+A2

@fB

@T
+A3

@fD

@T
; (16)

�1 = A1

�
�2

@2fA

@p2D
�
@2fA

@q2A

�
Æ+

+A2

�
�2

@2fB

@p2D
�
@2fB

@q2A

�
Æ + A3

�
�2

@2fD

@p2D
�
@2fD

@q2A

�
Æ;

(17)

where Æ = qA�pA. In (17), we use relation (À6). We note
that the determinants A1, A2, A3 have a finite value as
T ! T0. By (À7), the determinant � has the order Æ.
Thus, since the right part of equality (14) turns in zero
as T ! T0, the expression in square brackets in (17)
should turns in zero in this limit as well. The analysis

of these expressions shows that it is necessary that the
conditions

lim
p!r

@2fa

@p2D
= lim

q!r

@2fa

@q2A
= 0: (18)

be satisfied. Analyzing three first relations in (À8) in the
same limit as in (18), we find

@2F

@r2A
= 0;

@3F

@r3A
= 0;

@3F

@rD@r
2

A

= 0: (19)

Similarly, we obtain from three last relations (À8) that

@2F

@r2D
= 0;

@3F

@r3D
= 0;

@3F

@rA@r
2

D

= 0: (20)

The equality of the mixed derivative of the free energy
(8) in (19) and (20) to zero leads to a2 = a3. Let's
designate a = a2 = a3. Then relations (8), (19), and
(20) yield the system of five equations

6a1rA + 2arD + 2b1 + T0

�
1

rA
+

1

1� rA � rD

�
= 0;

6a4rD + 2arA + 2b3 + T0

�
1

rD
+

1

1� rA � rD

�
= 0;

6a4 + T0

�
�

1

r2D
+

1

(1� rA � rD)2

�
= 0;

6a1 + T0

�
�

1

r2A
+

1

(1� rA � rD)2

�
= 0 ;

2a+ T0
1

(1� rA � rD)2
= 0: (21)

2. Analysis of the Conditions at the Critical

Point

If the coordinates of the critical point (rA; rD ; T0) are
considered known, the energy parameters a, a1, a4, b1,
b3 can be found from (21). Equations (19), (20) impose
no restriction on the parameter b2. We write three last
equations in system (21) as

t0 = (1� rA � rD)
2;

t0

r2A
= 1� 3a�1;

t0

r2D
= 1� 3a�4; (22)
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Fig. 1. Plots of rA vs a�1. Solid line � a�4 = 0:1, dashed � a�4 = 0:33,

dotted � a�4 = �0:4

Fig. 2. Plots of rD vs a�1. Solid line � a�4 = 0:1, dashed � a�4 = 0:33,

dot � a�4 = �0:4

where t0 = �
T0
2a
, a�1 = a1

a
, a�4 = a4

a
. It is seen from (22)

that t0 > 0 and a�
1
< 1

3
, a�

4
< 1

3
. Relations (22) yield

rA =
1

1 + y +
p

1� 3a�
1

rD = yrA;

t0 = [1� (1 + y)rA]
2
; (23)

where y =
q

1�3a�
1

1�3a�
4

. The dependences rA, rD , t0 on a�
1

are shown in Figs. 1, 2, 3 at various values of a�
4
. It is seen

from Fig. 1 that rA increases up to 1 as a�1 approaches
1/3. When a�

4
grows, rA decreases. It follows from Fig. 2

that rD decreases to zero, when a�
1
approaches 1/3.

When a�4 grows, rD increases. From Fig. 3, we see that
t0 decreases to zero as a

�

1
! 0. Thus, the value a�

1
=1/3 is

the special point for parameter a�1. Similarly from system
of the equations (23), one can make a conclusion that the
value a�

4
=1/3 is the special point for the parameter a�

4
.

Fig. 3. Plots of r0 vs a
�

1. Solid line � a�4 = 0:1, dashed � a�4 = 0:33,

dotted � a�4 = �0:4

Fig. 4. Plots of T0= j a2 j and c0 vs k. Solid line � T0= j a2 j,

dotted � c0

3. Binary Alloy

One of the widespread methods of construction of the
phase diagrams of ternary alloys is a method based on
the use of the phase diagrams of boundary binary alloys.
We execute the comparison of the above-stated theory
to the experimental data on binary alloys.

Let's consider a binary substitution A�B alloy. The
alloy has a fcc or bcc lattice and can be in the biphase
state. In this case according to (8), the free energy of the
alloy per atom is

F (c) = a2c
2 + a3c

3
� TS;

S = �fc ln c+ (1� c) ln(1� c)g; (24)

where c is the concentration of the B component in the
alloy;

a2 = z

�
ABB �AAA

2
�W + (1 + c0)u

�
; a3 = �zu;
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Fig. 5. Decomposition dome for the Cu�Rh system. Solid line �

theory, dotted line � experiment

W = VAA �
1

2
(VAA � VBB);

u = AAA �
1

2
(AAA �ABB):

Taking rA = rD = c0 in (22), we obtain

c0 =

8>><
>>:

1

3

�
1� 1

k
+

q�
1� 1

k

�2
+ 3

k

�
; k > 0;

1

3

�
1� 1

k
�

q�
1� 1

k

�2
+ 3

k

�
; k < 0;

(25)

T0

a2
= �2(1 + kc0)c0(1� c0);

where k = 3a3
a2

. The dependences of c0 and T0
ja2j

(a2 < 0)

on k are shown in Fig. 4. Let's notice that, at k = 0 (i.e.,
a3 = 0), relation (25) yields that c0 = 0:5, as it should
be in the absence of the concentration dependence of
interatomic potentials.

The equality of the chemical potentials of
components in the first and second phases allows us
to calculate a dome of phase decomposition. The result
of calculations of a dome of phase decomposition for
the Cu�Rh system is shown in Fig. 5. The a2 and a3
parameters in the free energy (24) were adjusted to the
coordinates of the critical point (c0; T0). Thus, the values
of these parameters in terms of kB are a2 = �2:026 �103,
a3 = �456:3 (for the Cu�Rh system). The agreement
with experiment is satisfactory.

It is possible to make the following conclusions.
The account of the concentration dependence of the
potentials of interatomic interaction allows executing
the adequate research of a decomposition dome near
the critical point and to connect the coordinates of
the critical point with the energy parameters of the
theory.

Fig. 6. Decomposition dome near the critical point

APPENDIX

1. The equilibrium diagram of a separating ternary alloy represents

a dome in space (cA; cD; T ). Let's consider the section of a
decomposition dome by a plane cD = rD (see Fig. 6). The function

T = T (cA) may be expanded in a serious in a vicinity of rA:

T = T0 +
1

2
T 00(rA)(cA � rA)

2
+

+
1

6
T 000(rA)(cA � rA)

3
+ :::: (À1)

As T ! T0, it is possible to be limited in (À1) by the second

degree with respect to (cA�rA). Then, the curve T (cA) (see Fig. 6)

will be a parabola. Hence, the following equalities will hold:

qA � rA = rA � pA;

or

qA � pA = 2(rA � pA): (À2)

Similarly, we prove the following equality:

qD � pD = 2(rD � pD): (À3)

From relation (3), which is written down for c = r, we find

@qD

@pA
=

rD � pD

rA � pA

�
qA � pA

rA � pA
� 1

�
;

which gives, with regard for (À2),

@qD

@pA
=

rD � pD

rA � pA
: (À4)

Let's assume that

� = lim
T!T0�0

rD � pD

rA � pA
:

Then, as T ! T0, we get

@qD

@pA
= �: (À5)

The parameter � is determined by the energy parameters of the

theory, i.e., by ai, bk (9). Relations (À2) and (À3) yield

lim
T!T0�0

qD � pD

qA � pA
= �: (À6)
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2. Consider the derivative with respect to T .

@fA

@T
=

@�A(p)

@T
�

@�A(q)

@T
= T [S(q)� S(p)]+

+T (1� cA)
�
S0
A
(q) � S0

A
(p)

�
� TcD

�
S0
D
(q) � S0

D
(p)

�
;

where S0a(c) =
@S(c)

@ca
. The values in square brackets have the order

Æ. The similar estimate takes place for the derivatives fB and fD
with respect to T .

Thus, we obtain

@fa

@T
� Æ: (À7)

3. Consider the derivative with respect to the concentration:

@2fA

@q2
A

=
@2F (q)

@q2
A

� (1� qA)
@3F (q)

@q3
A

+ qD
@3F (q)

@qD@q2
A

;

@2fB

@q2
A

=
@2F (q)

@q2
A

+ qA
@3F (q)

@q3
A

+ qD
@3F (q)

@qD@q2
A

;

@2fD

@q2
A

=
@2F (q)

@q2
A

+ qA
@3F (q)

@q3
A

� (1� qD)
@3F (q)

@qD@q2
A

;

@2fA

@p2
D

= (1� pA)
@3F (p)

@pA@p
2
D

�
@2F (p)

@p2
D

� pD
@3F (p)

@p3
D

;

@2fB

@p2
D

= �pA
@3F (p)

@pA@p
2
D

�
@2F (p)

@p2
D

� pD
@3F (p)

@p3
D

;

@2fD

@p2
D

= �pA
@3F (p)

@pA@p
2
D

�
@2F (p)

@p2
D

+ (1� pD)
@3F (p)

@p3
D

: (A8)
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ÄÎÑËIÄÆÅÍÍß ÊÐÈÒÈ×ÍÎ� ÒÎ×ÊÈ ÁIÍÎÄÀËI

ÄÂÎ- I ÒÐÈÊÎÌÏÎÍÅÍÒÍÈÕ ÑÏËÀÂIÂ

Þ.Â. Øåðñòåííèêîâ

Ð å ç þ ì å

Âñòàíîâëåíî âçà¹ìîçâ'ÿçîê ìiæ ïîëîæåííÿì êðèòè÷íî¨ òî÷êè

áiíîäàëi íà äiàãðàìi ñòàíiâ ç åíåðãåòè÷íèìè ïàðàìåòðàìè òå-

îði¨. Äëÿ ñèñòåìè Cu�Rh ðîçðàõîâàíî êóïîë ðîçøàðóâàííÿ ïî-

áëèçó êðèòè÷íî¨ òî÷êè.
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