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Interrelation between a location of the binodal point on a phase
diagram and the energy parameters of the theory is established.
The decomposition dome for the Cu—Rbh system is calculated near
the critical point.

The statistical theory of alloy decomposition (see [1]) is
developed now insufficiently. For example, the theory
results in the conclusion that a dome of decomposition
on the diagram 7" — ¢ is symmetric. On the real phase
diagrams, the dome of decomposition is, as a rule,
asymmetric. A point on the binodal is moved to high-
melting component, which has smaller compressibility
and higher modulus of elasticity. In the given paper,
the following model is used for the research of a binodal
point. The free energy is calculated within the framework
of the Bragg-Williams approximations; the potentials of
the interatomic interaction in a vicinity of the critical
point are considered as linear functions of concentration.
The purpose of the paper is to establish the interrelation
between a location of the binodal point on the phase
diagram and the energy parameters of the theory.

1. Ternary Alloy. Conditions at the Critical
Point

Let’s consider a ternary substitution A—B—D alloy. The
alloy has a fcc or bee lattice and can be in a biphase state.
The numbers of atoms of the first and second phases are
equal to N7 and Ns, respectively. The complete number
of atoms is equal to N = N; + Ns. The concentrations
of a component a (a = A, B, D) in the first and second
phases are designated, respectively, as p, and ¢,. The
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average concentration of the a component in the alloy is
cq- The parts of atoms of the first and second phases are

(1)

Eight parameters p,, qa, V1, V2 are connected by five
equations:

V1+V2:17 leA+V2QA:CAa

mpp +veqp =¢p, pa+ps+pp =1,

(2)

As independent concentrations, we consider p4, pp, and
ga- The concentration gp can be derived from (2) as

ga+qs+qp =1.

CD —PD
qp = ————
CA —PA

(ga —pa) +pp. (3)

The concentrations ¢, (a = A, B, D) are considered
given. The free energy of a homogeneous phase with
the concentrations cy4, cg, ¢p will be a function of two
concentrations: F' = F(ca,cp). Further, we designate
the variable set (ca,cp) by one index ¢ = (ca,cp).
Then we have ¢ = p = (pa, pp) for the first phase and
¢ =q = (qa,qp) for the second one. The free energy of
a homogeneous phase per atom is

z
F(c) = i[wABcAcB +wapcacp + wppepep|+

4
+§[UAACA + vppcp + ’UDDCD] - TS,
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S =—kglcalncqg +cplnecp+

+(1—ca—cp)In(l —cqa —cp)|,

where z is the number of the nearest neighbours in a
lattice;

1
Wab = Vab — E(Uaa + Ubb)- (5)

Further, we take kg = 1. The concentration of atoms at
the critical point is designated as r = (ra,rp).

X-rays data and the results of the approximation
of coherent potentials show the expressed concentration
dependence of the parameters of interatomic interactions
in Fe—Al alloys [2]. The account of the parameters
of interatomic interactions for the Cu—Fe system is
done in [3]. The concentration dependence of interaction
potentials in [3] was chosen linear. We consider that the
energy v, depends on the concentration of atoms A and
D in the given phase as

Vab = Vap + Aap (ca —74) + Dap (cp — D) (6)
or

Vab = Uap + Aabca + Dapcp,

where

Uab = Vab — Aapma — DapTD-

Equation (5) is now of the form

Wab = Uab + GabCa + dapcp, (7)

where

1
Uagp = Ugp — i(Uaa + Ubb)7

1

Qgp = Aab - §(Aaa + Abb);

1
dap = Dgp — i(Daa + Dbb)-
With regard for (7), expressions (4) read (keeping only

the non-linear contribution in the concentration in F', as
the linear contribution is insignificant further):

F(c) = a1 + axc’cp + azcach + asch+
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+b1¢% + bacacp + bzch — TS. (8)
Here,

z
a1 = _§G/AB7

z
as = 5(—dAB —aAB +aap — aBD),

z
as = 5(_dAB +dap —dBp —aBp),

z
Ay = _idBDa

z
b1 = =(aaB — uaB),

2
2
by = §(dAB +app —UBD),
2
bs = §(dBD —uBD). 9)

The chemical potentials of components of a ternary
alloy are defined by

pa(@) = Fle) + (1= en) 5D - e 21,
up(c) =F(c) — cAa;;f) —¢p 6;;(;),
() = F(c) — ca a;;ff) . CD)aaFcEJC)'

When T < Ty, the condition of balance of two phases
with the concentrations p and ¢ has the form

ta(p) — ta(q) = 0. (10)

Designating the left part of relation (10) through f,, we
get the system of three equations

fa(p,q,T) =0. (11)

Differentiating (11) with respect to pa, we obtain the
system of equations
Ofa 8ga | Ofa Opp

094 Opa  Opp Opa

O fa

0fa OT _ _
Opa

Ofa
oT Opa A

dqp

(12)
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As we will be further interested in the limit T — Ty
(p = r, ¢ = r), we use relation (A5) (see Appendix) in
(12). At the critical point, we have

or _

13
aTA ( )
Relation (12) yields
oT Ay
= - _= 14
= (14
where

Ofa  0fa  Ofa
dga  Opp oT
A= | 28 0 Ofp
— | 994 Opp oT |’
9fp  9fp dfp
dgqa  Opp oT
) d d d
il i R
0 0 0 0
n-| g g
8fp  dfp  dfp + 9fp
8ga Opp  Opa 9qp
The following decomposition takes place near r:
Ofa _ 0fa | fa
Dpa ~ Dax + 7, (Pa — qa),
Ofa _ 0fa  0°fa
Zda _ - . 15
Ss = G+ gy~ o) (15)
In view of (15), it is possible to write down
dfa ofs dfp
A=A A A 1
vor T ar T (16)
0? 0?
Ay = A [V fa_OTals,
opy, 0q3
0? 0? Pfp  0?
+A2[>\2 J;B ——J;B]6+A3{>\2—f2 9nl,
opp 0q3 opy, ¢ 7
(17)

where § = ga—pa. In (17), we use relation (A6). We note
that the determinants Ay, A2, A3 have a finite value as
T — Tp. By (A7), the determinant A has the order .
Thus, since the right part of equality (14) turns in zero
as T — Tp, the expression in square brackets in (17)
should turns in zero in this limit as well. The analysis
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of these expressions shows that it is necessary that the
conditions

0*fa
lim —5-
p—r Op%

2
7

=0.
q—r 8qA

(18)
be satisfied. Analyzing three first relations in (A8) in the
same limit as in (18), we find

O*F O*F PF

=0, 75 =0, ———>=0.

1
or3 orpor? (19)

or%
Similarly, we obtain from three last relations (A8) that

OF
Or A0r3,

O3F

Toory,

0°F

WOR =0.
or3

(20)
The equality of the mixed derivative of the free energy
(8) in (19) and (20) to zero leads to as = as. Let’s

designate a = as = as. Then relations (8), (19), and
(20) yield the system of five equations

1 1
6a1ra + 2arp + 2b; + 1o (— + 7) =0,
1—rq—1rp

1 1
6asrp + 2ar 4 + 2bs + Tp <—+4 ) =0,
l—ra—-rp

1
6 To | —— =0
“*“( %*u—m—mv> ’
6ay + T, + ! =
“ 0 2 (1=ra—rp)?) ’
2a + Ty =0. (21)

(1—ra—rp)?

2. Analysis of the Conditions at the Critical
Point

If the coordinates of the critical point (r4,rp,To) are
considered known, the energy parameters a, a1, a4, b1,
b3 can be found from (21). Equations (19), (20) impose
no restriction on the parameter b,. We write three last
equations in system (21) as

to=(1—ra—rp)?

t
—3:1—3(1’{,

=1- 3aj,
ra

0
— 22
2 (22)
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Fig. 1. Plots of r 4 vs a}. Solid line — a}} = 0.1, dashed — a}} = 0.33,
dotted — aj = —0.4

Fig. 2. Plots of rp vs a]. Solid line — a} = 0.1, dashed — a}} = 0.33,
dot —ay = —0.4

where tg = —g—g, ai = %, a; = % Tt is seen from (22)

that to > 0 and af < %, a} < £. Relations (22) yield

1
rA =
1+y++/1-3a;

'D = Yra,

to = [1 = (1 +y)ral’, (23)

where y = 1:231 The dependences 74, rp, to on aj
4

are shown in Figs. 1, 2, 3 at various values of aj. It is seen
from Fig. 1 that r4 increases up to 1 as af approaches
1/3. When a} grows, r4 decreases. It follows from Fig. 2
that rp decreases to zero, when ai approaches 1/3.
When aj grows, rp increases. From Fig. 3, we see that
to decreases to zero as aj — 0. Thus, the value aj=1/3 is
the special point for parameter af. Similarly from system
of the equations (23), one can make a conclusion that the
value a;=1/3 is the special point for the parameter aj}.

1016
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Fig. 3. Plots of rg vs a}. Solid line — a} = 0.1, dashed — a3 = 0.33,
dotted — aj = —0.4

1,5

Fig. 4. Plots of Tp/ | a2 | and ¢ vs k. Solid line — T/ | a2 |,
dotted — ¢

3. Binary Alloy

One of the widespread methods of construction of the
phase diagrams of ternary alloys is a method based on
the use of the phase diagrams of boundary binary alloys.
We execute the comparison of the above-stated theory
to the experimental data on binary alloys.

Let’s consider a binary substitution A—B alloy. The
alloy has a fcc or bece lattice and can be in the biphase
state. In this case according to (8), the free energy of the
alloy per atom is

F(c) = asc® + azc® — TS,

S=—{clnc+(1—-¢)In(l —¢)}, (24)

where ¢ is the concentration of the B component in the
alloy;

App— A
az =z BBfAA—W-F(l-FC())U , a3 = —zu,

ISSN 0503-1265. Ukr. J. Phys. 2004. V. 49, N 10



INVESTIGATION OF THE BINODAL POINT

C T T
0,6
04+ .2 -
i ] 1
1300 1350

Fig. 5. Decomposition dome for the Cu—Rh system. Solid line —
theory, dotted line — experiment

1
W =Vyu — §(VAA - VBB),

1
u=Asa - §(AAA — AgBg).

Taking r4 = rp = ¢o in (22), we obtain

1 1 1\2 , 3
§]‘_E+ (]‘_E) +Z’k>07 (25)
co =
' -l -1’43 k<o
3 k k k|’ )
T
=0 = (1 + keo)eo(1 — o),
as

where k = %3 The dependences of ¢y and If_gl (a2 < 0)
on k are shown in Fig. 4. Let’s notice that, at k = 0 (i.e.,
a3 = 0), relation (25) yields that ¢g = 0.5, as it should
be in the absence of the concentration dependence of
interatomic potentials.

The equality of the chemical potentials of
components in the first and second phases allows us
to calculate a dome of phase decomposition. The result
of calculations of a dome of phase decomposition for
the Cu—Rh system is shown in Fig. 5. The a> and as
parameters in the free energy (24) were adjusted to the
coordinates of the critical point (cp, Tp). Thus, the values
of these parameters in terms of kg are as = —2.026-103,
a3 = —456.3 (for the Cu—Rh system). The agreement
with experiment is satisfactory.

It is possible to make the following conclusions.
The account of the concentration dependence of the
potentials of interatomic interaction allows executing
the adequate research of a decomposition dome near
the critical point and to connect the coordinates of
the critical point with the energy parameters of the
theory.
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Fig. 6. Decomposition dome near the critical point

APPENDIX

1. The equilibrium diagram of a separating ternary alloy represents
a dome in space (ca,cp,T). Let’s consider the section of a
decomposition dome by a plane ¢p = rp (see Fig. 6). The function
T = T(c4) may be expanded in a serious in a vicinity of 74:

1
T =T+ 5T”(7"A)(CA —ra)’+

-I—éTW(T‘A)(CA —TA)3—|—.... (Al)

As T — Ty, it is possible to be limited in (A1) by the second
degree with respect to (c4 —r4). Then, the curve T'(c4) (see Fig. 6)
will be a parabola. Hence, the following equalities will hold:

qA —TA =TA —PA,

or

qa —pa =2(ra —pa).

Similarly, we prove the following equality:

¢p —pp =2(rp —pp).

From relation (3), which is written down for ¢ = r, we find
dp _rp —PD {QA —pa 1}

Opa  ra—palra—pa ’

which gives, with regard for (A2),

9gp
Opa

_ TD —PD
TA —PA
Let’s assume that

. D —PD
A= lim ———
T—To—-0rga —PA
Then, as T' — Tp, we get
o]
29D _ . (A5)
Opa

The parameter A is determined by the energy parameters of the
theory, i.e., by a;, bg (9). Relations (A2) and (A3) yield
I 9D —PD
im ——=
T—To—0ga —pa

=\ (A6)
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2. Consider the derivative with respect to T'.

Ofa _ Opalp)  Opale) — T[S(q)
oT oT oT

- S(p)l+

+T(1 = ca)[S4(q) — Su(p)] — Tep [Sp(g) — Sp ()],

where S/ (¢) = BBST(QC). The values in square brackets have the order
d. The similar estimate takes place for the derivatives fp and fp
with respect to T'.

Thus, we obtain

Ofa s, (A7)
oT
3. Consider the derivative with respect to the concentration:
fa _ 8°F(qg) 9°F(q) 9°F(q)
=5 —(1—4qa) 3 D 2
6l 6l 0qy 0qpdq;
»*fp _ 9°F(q) d°F(q) & F(q)
oy 04 9¢% P 94pogy
02 f 9%2F(q 93F(q 93F(q
b _OF@ 0, BT g,y PP
9q4 9q4 g3 dqpdqy
9 fa BF(p) 9°F(p) 8 F(p)
5 = (1—pa) 5 = 5~ —PD—FH53 >
Opph OpAOpy, Opph Opyp,
*fp BF(p)  9*F(p) 8*F(p)
5~ = —PA > 5 —PD 3 s
/N Opadp}, O pp
1018

?fp _ F(p)  9°F(p)

= —pa 9*F(p)
ap% dpadpy,  Opi

8p3D

+ (1 -pp) (A8)
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JTOCJIIPKEHHSA KPUTUYHOT TOYKU BIHOJIAJII
JABO- 1 TPUKOMIIOHEHTHUX CIIJTABIB

FO.B. Illlepcmennuros

Pesmowme

BcraHOBIE€HO B32a€MO3B’SI30K MiXK MOJIOXKEHHSAM KPUTUIHOI TOUKH
6imogasti Ha miarpami cTaHiB 3 €HEPreTHYHHMHK HAPAMETDAMH Te-

opii. /Ina cucremu Cu—Rh po3paxoBaHO KyIlOa po3lIapyBaHHS II0-
6/1M3y KPUTUIHOI TOUKH.
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