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The polarized second-order Raman spectra of ZnO crystals have
been studied and interpreted on the basis of the group-theoretic

analysis of selection rules and critical points in the phonon

dispersion which had been obtained using the mathematical

apparatus of projective representations. The �, A, M , L, K,

H, �, �, and T points of the Brillouin zone have been studied.

The trend of the phonon dispersion curve in the � � A, � � � �

M (K �M � �) directions has been corrected. The manifestation
of the contributions of phonons from the � � T � K direction to
the second-order Raman spectra has been observed.

The paper is devoted to the study of second-order
Raman spectra in semiconductor crystals with a
structure of wurtzite. Multiphonon state spectra, Raman
spectra in particular, are important since they allow one
to estimate the density of vibration states in crystals
and to obtain phonon dispersion along all the directions
of the Brillouin zone, since phonons both from the
zone center and its edges take part in a multiphonon
scattering process.

Only phonons from the regions with high phonon
state density per unit wave vector take part in the
optical processes. Therefore, the information about the
so-called critical points, which accord to a maximum of
the phonon state density, is important. In particular,
this is true for two-phonon states. The phonon
frequency as a function of the wave vector shows
an almost vanishing in one or several directions at
the critical point of the dispersion branch. Therefore,
the role of critical points is in that they allow one
to estimate the contribution of certain regions of the
Brillouin zone to the scattering process, without detailed
specification of a complete function of the density of
states.

We tried to compose a logical algorithm to study
second-order Raman spectra, based on a combination of
experimental data and a common method of a group-
theoretic analysis of selection rules as well as on a
determination of the points of zero slope based on the
projective representation tools.

Zinc oxide crystals with the well-known wurtzite
structure were chosen for testing the method of analysis
of second-order Raman spectra in practice. The lattice
symmetry of these crystals is characterized by a space
group P63mc (C

4
6v).

First, we constructed the irreducible representations
D~k
(h) (h = (~� + ~ajr) 2 G~k) of the wave vector groups

G~k, at the points of symmetry of the Brillouin zone of
ZnO crystals. We used the method of construction of
projective representations, presented in detail in [1, 2]
and considered the points �, A, M , L, K, H , �, �,
and T . It should be noted that, in the case of a study
of states without considering the spin (integral spin),
the elements which do not change the wave vectors or
transform them into equivalent ones, are present in the
point groups which describe the symmetry of equivalent
directions for the groups of wave vectors of the main
points of the Brillouin zone of wurtzite. That is why
all elements of the quotient system !1(r2, r1) which is
determined by the properties of a crystal space group are
equal to unity for these points. It evidences for that these
quotient systems coincide with the standard quotient
systems of the class K0, all elements of which are also
equal to unity. Obtained representations of the wave
vector groups coincide in general with those calculated
in [3] by the method of loaded representations. We
further took into account the time-inversion invariance,
using the standard procedure of the Herring criterion.
At some points, this led to an additional degeneracy.
Namely, in the case b, complex conjugate non-equivalent
representations are combined: (A1 + A4), (A2 + A3),
(A5 + A6) for point A, (L1 + L4), (L2 + L3) for point
L, and (H1 + H2) for point H , respectively.

To have information about whether an optical
transition is allowed or forbidden, the total number of
linearly independent nonzero matrix elements, which
accords to the number of linearly independent invariants
N0 should be found. The mentioned invariants
are contained in a direct product of irreducible
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representations, by which the eigen wavefunctions of the
initial and finite states as well as the excitation operators
are transformed.

We were able to correctly apply the respective
formulas from [1] for the determination of the number
of linearly independent nonzero matrix elements after
specifying to which case the irreducible representations
of the groups of wave vectors, which accord to the
main symmetry points of the Brillouin zone, can be
attributed. We set K2 = 1 in the formulas used, which
corresponds to the states without the spin; f = + 1,
since we used dipole approximation. The latter means
that the excitation operator is transformed as a product
of coordinates, which shows a parity in relation to a time
inversion.

Thus, the selection rules for overtone transitions as
well as for the combinations for second-order Raman
scattering and infrared absorption for ZnO crystals
were found. The results of calculations are presented in
Table 1.

In Table 1, �� (g) means characters of irreducible
representations on which Raman-active components of
the scattering tensor are transformed, or irreducible
representations on which the components of a polar
vector are transformed in the case of infrared absorption.

It should be noted that the � point has no symmetry
elements which would transform the wave vector ~k� into
the vector �~k� in accordance with the quasi-momentum
conservation law for the Raman process.

The results of calculations of the number of nonzero
components of the momentum matrix elements p� (N1)

as well as the number of components of the inverse
effective mass tensor 1/m�� (N2) are presented in
Table 2.

To understand the complete second-order spectrum,
we carried out the polarization measurements. The
results of these measurements are presented in Figure.

The largest state density in the Brillouin zone of
crystals with the wurtzite structure should be expected
at the points along the � � A direction, where there are
the points of the highest symmetry. Previously [4, 5], we
applied a method of construction of the dispersion curves
of phonon states and the theory of large Jones zones for
a partial interpretation of second-order Raman spectra
in ZnO crystals in the x(zz)y polarization, in which the
intensity of a second-order spectrum is the highest in
accordance with the selection rules. This is shown in
Table 1.

Besides the dispersion curves of phonon states in the
� � A direction, refined by us [4, 5] we made use of the
dispersion relations from [6, 7].

The behavior of phonon dispersion curves and the
calculations carried out explain the nature of the second-
order Raman spectrum in ZnO crystals. Namely, a line
209 cm�1 is an overtone of optical phonon �5 (102 cm

�1)

which originates from the acoustic mode of phonon states
of the large Jones zone. A line 334 cm�1 is an overtone
of point A at about 162 cm�1. A line 541 cm�1 accords

T a b l e 1. Selection rules for two-phonon processes

for the symmetry points of the Brillouin zone for crystals

with the wurtzite structure

�� (g) Overtones Combinations

�-point

�1 �
�
�2
1

�
;
�
�2
4

�
; �1 � �1; �4 � �4,

(Raman, infrared
�
�2
5

�
;
�
�2
6

�
�5 � �5;�6 � �6

absorption)

�5 �
�
�2
5

�
;
�
�2
6

�
�1 � �5; �4 � �6,

(Raman) �5 � �5; �6 � �6

�6 � � �1 � �6; �4 � �5,
(Raman, infrared �5 � �6

absorption)

A-point

�1 �
h
(A1 + A4)

2

i
; (A1 + A4) � (A1 +A4) ;

(Raman, infrared
h
(A5 +A6)

2

i
(A5 + A6)� (A5 + A6)

absorption)

�5 �
h
(A5 +A6)

2

i
(A1 + A4) � (A5 +A6) ;

(Raman) (A5 + A6)� (A5 + A6)

�6 �
h
(A5 +A6)

2

i
(A1 + A4) � (A5 +A6) ;

(Raman, infrared (A5 + A6)� (A5 + A6)
absorption)

M-point

�1 � [M2

1
]; [M2

2
]; M1 �M1;M2 �M2;

(Raman, infrared [M2

3
]; [M2

4
] M3 �M3;M4 �M4

absorption)

�5 � [M2

1
]; [M2

2
]; M1 �M1;M2 �M2,

(Raman) [M2

3
]; [M2

4
] M3 �M3; M4 �M4;

M1 �M3; M2 �M4

�6 � � M1 �M2; M1 �M4,
(Raman, infrared M2 �M3; M3 �M4

absorption)

L-point

�1 � [(L1 + L4)
2]; (L1 + L4) � (L1 + L4) ;

(Raman, infrared [(L2 + L3)2] (L2 + L3) � (L2 + L3) ;
absorption)

�5 � [(L1 + L4)
2]; (L1 + L4) � (L1 + L4) ;

(Raman) [(L2 + L3)
2] (L1 + L4) � (L2 + L3) ;

(L2 + L3)� (L2 + L3)

�6 � [(L1 + L4)
2]; (L1 + L4) � (L1 + L4) ;

(Raman, infrared [(L2 + L3)
2] (L1 + L4) � (L2 + L3) ;

absorption) (L2 + L3)� (L2 + L3)

ISSN 0503-1265. Ukr. J. Phys. 2004. V. 49, N 10 967



V.O. GUBANOV, N.I. BEREZOVSKA

Continuation

�� (g) Overtones Combinations

K-point

�1 �
��
K2

1

��
;
��
K2

2

��
; K1 �K1; K2 �K2;

(Raman, infrared
��
K2

3

��
K3 �K3

absorption)

�5 �
��
K2

3

��
K1 �K3; K2 �K3;

(Raman) K3 �K3

�6 � � K1 �K3; K2 �K3;

(Raman, infrared K3 �K3

absorption)

H-point

�1 � ([(H1 +H2)
2]); (H1 +H2)� (H1 +H2) ;

(Raman, infrared ([H2

3
]) H3 �H3

absorption)

�5 � � (H1 +H2)�H3; H3 �H3

(Raman)

�6 �
��
H2

3

��
(H1 +H2)�H3; H3 �H3

(Raman, infrared

absorption)

�-point

�1 �
��
�2

1

��
;
��
�2

2

��
�1 ��1;�2 ��2

(Raman, infrared

absorption)

�5 �
��
�2

1

��
;
��
�2

2

��
�1 � �1;�2 ��2;

(Raman) �1 � �2

�6 � � �1 � �1;�2 ��2;

(Raman, infrared �1 � �2

absorption)

T -point

�1 �
��
T 2

1

��
;
��
T 2

2

��
T1 � T1; T2 � T2

(Raman, infrared

absorption)

�5 �
��
T 2

1

��
;
��
T 2

2

��
T1 � T1; T2 � T2T1 � T2

(Raman)

�6 � � T1 � T1; T2 � T2T1 � T2
(Raman, infrared

absorption)

to an overtone of point �0. This band can also be
attributed to phonons at about 270 cm�1, which is
between points � and M, as proposed in [6]. A band
1102 cm�1 recorded in spectra at different observation
geometries should be attributed to overtones of point
A at about 550 cm�1. A band 1154 cm�1 typical of
the spectra at all polarizations is the overtone of a
longitudinal phonon �1LO.

Besides the bands already described, the bands at
frequencies 671, 792, and 986 cm�1 also draw attention
in the Raman spectrum in the x(zz)y polarization. The
bands at 671 and 986 cm�1 were registered in all the
polarizations studied. The band at 792 cm�1 is typical
only for the Raman spectrum in the x(zz)y polarization.

T a b l e 2. Number of nonzero p
� and 1/m��

components

N1, N2 �-point

�1; �2; �3; �4 (a1 case) �5; �6 (a1 case)

N1 0 0
N2 2 3

A-point

(A1 + A4); (A2 + A3) (b1 case) (A5 + A6) (b1 case)

Diagonal matrix elements

N1 2 4

N2 4 8

Non-diagonal matrix elements

N1 1 1

N2 2 5

M-point

M1;M2; M3;M4 (a1 case)

N1 0
N2 3

L-point

(L1 + L4); (L2 + L3) (b1 case)

Diagonal matrix elements

N1 4
N2 8

Non-diagonal matrix elements

N1 1

N2 5

K-point

K1; K2(a2 case) K3(a2 case)

N1 0 1

N2 2 3

H-point

(H1 +H2) ; (H1 +H2) (b2 case)

Diagonal matrix elements

N1 2

N2 4

Non-diagonal matrix elements

N1 1

N2 2

H3 (a2 case)

N1 0

N2 3

�-point

�1; �2 (a2 case)

N1 1

N2 3

T -point

T1; T2 (a2 case)

N1 1

N2 3

From the analysis of dispersion dependences, the
band at 671 cm�1 should be attributed to two phonons
in the K � M � � direction at about 335 cm�1. M is
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a

c

b

d

Raman spectrum of a ZnO single crystal at room temperature for different polarizations: x(zz)y (a), y(zy)x (b), z(xy)x (c), and

x(zx)y (d)

a zero-slope point: N1 = 0 for all the cases (see Table
2). The selection rules show (see Table 1) that the
overtones of the M point are active in the (zz) and (xy)
polarizations. Hence, if the mentioned band originates
from the K � M � � direction, the upper acoustic
dispersion curve about point M should be higher in
energy.

The energy position of a band at 792 cm�1 shows
that the last belongs to the optical branch region.
The manifestation of this band only in the x(zz)y

polarization shows that it is related rather to the
overtone spectrum. However, the small intensity points
out that it is not an overtone of the � point. From
the examination of the trends of dispersion curves, a
conclusion follows that the band at 792 cm�1 can be
formed by the contributions of points from direction
� � T � K at about 390 cm�1. Point K is a zero-
slope point for the cases K1 and K2 for all directions

(N1 = 0). The selection rules (see Table 1) confirm
the polarization behavior of the overtones of point K.
The highest activity should be observed in the (zz)
polarization, which is confirmed by the experimentally
measured second-order Raman spectra (Figure,a).

The band at about 986 cm�1 has a complicated
structure which is mostly expressed in the y(zy)x

polarization, in which two components can be observed
(Figure,b). The analysis of the energetic position of
this band shows that this band is formed due to the
combinations of the � point.

Therefore, it should be noted that the typical features
of the considered two-phonon Raman spectra of ZnO
crystals directly reflect the corresponding peculiarities
of the density of two-phonon states in these crystals.
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ÑÏÅÊÒÐÎÑÊÎÏI×ÍI ÄÎÑËIÄÆÅÍÍß ÊÐÑ ÄÐÓÃÎÃÎ

ÏÎÐßÄÊÓ ÒÀ ÂÈÇÍÀ×ÅÍÍß ÅÊÑÒÐÅÌÀËÜÍÈÕ

ÇÍÀ×ÅÍÜ ÙIËÜÍÎÑÒI ÄÂÎÔÎÍÎÍÍÈÕ ÑÒÀÍIÂ

Ó ÊÐÈÑÒÀËÀÕ ZnO

Â.Î. Ãóáàíîâ, Í.I. Áåðåçîâñüêà

Ð å ç þ ì å

Äîñëiäæåíî ïîëÿðèçîâàíi ñïåêòðè ÊÐÑ äðóãîãî ïîðÿäêó â êðè-

ñòàëàõ ZnO òà ïðîâåäåíî ¨õ iíòåðïðåòàöiþ íà îñíîâi òåîðåòèêî-

ãðóïîâîãî àíàëiçó ïðàâèë äîáîðó òà âèçíà÷åííÿ òî÷îê íóëüîâî-

ãî íàõèëó äèñïåðñiéíèõ êðèâèõ ôîíîííèõ ñòàíiâ, ùî îòðèìàíi

çà ¹äèíîþ ìåòîäèêîþ iç çàñòîñóâàííÿì àïàðàòó ïðîåêòèâíèõ
ïðåäñòàâëåíü. Ðîçãëÿíóòî òî÷êè �, A, M , L, K, H, �, �, T
çîíè Áðiëëþåíà. Óòî÷íåíî õiä äèñïåðñiéíèõ êðèâèõ ôîíîííèõ

ñòàíiâ â íàïðÿìêàõ � � A, � � � � M (K � M � �). Çà-
ðå¹ñòðîâàíî ïðîÿâ âíåñêiâ ôîíîíiâ, ÿêi âiäïîâiäàþòü òî÷êàì ç

íàïðÿìêó � � T � K, â ñïåêòð ÊÐÑ äðóãîãî ïîðÿäêó.
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