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A symmetry group of the integro-differential equations describing
nonlinear upper hybrid waves in magnetized electron plasma is
found. It is shown that the extension of the symmetry in the cold
plasma limit allows us to build the general solution in this case.
The results are compared to the symmetry properties of electron
Langmuir waves.

Introduction

In recent decades, the Lie group method has been
applied to explore many physically interesting nonlinear
problems in gas dynamics, plasma physics, etc. [1
— 3]. Furthermore, extensions of the classical Lie
algorithm to the integro-differential systems of equations
of kinetic theory were proposed in [4, 5]. In this
work, we generalize the results obtained previously
[4] for electron plasma high frequency longitudinal
waves in the absence of an external magnetic field
to the case where the external magnetic field is
present, i.e. for upper hybrid waves. In Section
1, the corresponding nonlinear integro-differential
model equations are derived. In Section 2, symmetry
transformations obtained for upper hybrid waves are
presented together with their extension to the cold
electron plasma case which made it possible to obtain
a general solution in this case. For the sake of
completeness, similar previous results for Langmuir
waves are presented in Section 3. In Section 4, the
obtained results are discussed and conclusions are
made.

1. Model

Let us consider a high-frequency plasma motion with
constant ion background density m. In this case,
the Vlasov — Maxwell integro-differential system of
equations holds:

of [0t +v -0f/0r—
—(e/m)[E+ (1/c)(v x B)]0f /v =0,
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VXxE+(1/¢)0B/0t =0,
V-E:47re(n0—/fdv),

V xB = (1/c)0E/0t — (4me/c) /vfdv,V -B=0, (1)

where f(t,r,v) is the electron distribution function. Let
us assume that plasma is subjected to the action of a
constant external magnetic field

B = Bye., By = const,

so the electron cyclotron frequency is equal to we =
= eBy/mec. Let us restrict ourselves to transverse plasma
movements (see, e.g., [6]):

E=E(t, x)e,, 0/0z=0, 0/0y =0.

The electron distribution function f has been integrated
over v, and no longitudinal current is present,
Jv.fdv. = 0. In this way, we obtain the simplified
system of equations describing upper hybrid waves in
the electron plasma:

Of |0t + v, 0f |0x — (e/m)EDf [ Ov,+
+wee (V0 f [ Ovy — v, 0f [Ovy) =0,

OFE/dx = 4me(ng — /fdv),

OFE /0t = 4me / vg fdv, (2)

where dv = dv,dv,. This simplified system, however,
still remains integro-differential. To aloid a possible
nonlinear generation of the magnetic field, the external
current density must be added:

Jo = Jjoey, jo = e/vyfdv.

This statement completes the formulation of the model
equations for upper hybrid waves.
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2. Symmetries and Solutions for Upper Hybrid
Waves

Continuous symmetry transformations for the integro-
differential system (2) can be found by using
the indirect method exploring the symmetry of
an infinite set of equations for the moments of
the distribution function f [4], as well as by the
direct method developed recently in [5]. After some
complicated but straightforward algebra, we obtain
the following Lie symmetry group admitted by system

(2):

X, =0/0t, Xy = 0/0x,

X3 =0/0vy — (m/e)we0/0E,

Xy =20/0x + EQ/OFE + v, 0/0v,+

+v,0/0vy — 2f0/0f,

X5 = cos (wynt)0/0x — wyn sin (wynt)0/vy+

+Wee €08 (wunt)0/Bvy + (m/e)w?y, cos (wunt)0/OE,

X6 = sin (wynt)d/0z 4+ wyn cos (wynt)d/ v+

+wee sin (wunt)0/Ovy + (m/e)w?y sin (wunt)0/0E,  (3)

where w? =

o 4re’ng/m is the electron Langmuir
frequency and w?, = wy, +w?, is the frequency of upper
hybrid oscillations.

Considerable extension of the symmetry takes place
in the cold electron plasma limit, i.e., for distribution

functions of the form
f(t, 2, ve, vy) = n(t, 2)0(ve —ult, x))d(vy —v(t, x)).(4)

Equations (2) are reduced to the partial differential
equations for the functions u , v, and E of the variables
t and

ou/0T = —(e/m)E — weev,
Ov/0T = wee, OE /0T = 4mengu, (5)

where 0/01 = 0/0t + u0/0z. Their solution by the use
of Lagrangian variables is made possible by adding the
equation for z(7),

0z /0T = u, (6)

to () and treating z , E, u, and v as the functions of 7
and the initial value of z(7), i.e. g = z(0). It is readily
seen that

O*u/07* + wiu =0,
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and the general solution is as follows:

x = I cos (wunT) + 2 sin (wun7) + I,

u = wyp[—I1 sin (wun7) + Is cos (wun7)],

E = 4meng[I1 cos(wynT) + Iz sin(wyn7) + L4],

U = Wee[l1 €08 (wWynT) + Iz sin (wyn7)] — (wze/wce)h, (7

where I = {Iy,...,I4} are the functions of zy which
are determined by the initial conditions, e.g. I>(zg) =
= u(0, zp)/wyun. In this way, the complicated expression
for z, F, u and v presented in [7] can be obtained.
From the point of view of the symmetry approach, this
possibility of finding the general solution in Lagrangian
variables is related to the fact that system (5), (6) can
be presented in the form

oL/dr =0 (8)

which is invariant, as is readily seen, under a wide class
of transformations depending on arbitrary functions F
and G:

I'=F(1), 7' =G(r, I). (9)

Transformations (9) allow us to obtain the general
solution of system (5), (6) starting from the trivial zero
solution. In fact, the trivial solution

(L, ... oy Fu(L. ...
with arbitrary functions F5,...,F;. Then we can express
a solution in the form

IQ = gQ(Il), ceey 14 = g4(11)

Finally, we determine the functions g» to g4 by the
general initial conditions for u, v and E, and this will
reproduce the solution obtained in Lagrangian variables.
So the possibility of solving the cold electron plasma
equations is due to the sufficiently large extension of the
model symmetry.
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3. Langmuir Electron Plasma Waves

Let us review shortly the previous results obtained
in [4] for longitudinal electron plasma waves. In
this case, i.e. for the system of equations (see, e.g.

17
Of [0t +v,0f [0z — (e/m)E, 0f | dv, =0,

OF., [0z = 4me(ng — / fdv.),

OE, /0t = 4me / v, fdu,, (10)

where the distribution function f has been integrated
over v, and vy, the symmetry group is as follows

[4]:
X, =9/0t, Xo = 0/9z,

X3 = cos(wpet)0/0z — wpe sin (wpet)d/0v,+
+(m/e)ws, cos (wpet)d/OE,
X4 = sin(wpet)0/0z + wpe €08 (wpet)d/0v,+

+(m/e)ws, sin (wpct)d/OE.,

X5 =20/0z + E,0/0E, +v,0/0v, — fO/0f. (11)
In the cold electron plasma limit,
f(ta 2, UZ) = n(ta Z)(S(UZ - w(t7 Z)): (12)

system (6) is reduced to the partial differential

equations
ow/0r = —(e/m)E,, OE./0T = dwenow, (13)

where 0/01 = 0/0t + wd/Jz. In this case, invariants
I={L, I, I3} have the form

I, =z—-E,/4meny,

I = (w/wpe) cos (wpeT) + (B /47 eng) sin (wpeT),
Is = (w/wpe) sin(wpeT) — (E;/4meng) cos (wpeT).  (14)
The invariance under transformations (9) made
it possible to obtain the general solution of (13)

from the trivial one or to solve this system
in Lagrangian variables as it was done in

[7].
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Conclusion

In this work, we have studied the invariance of the
integro-differential equations for the nonlinear upper
hybrid waves (2). The continuous symmetry group
(3) has been obtained. Among the symmetries are
present the time and space homogeneity (X; and
X>), nonrelativistic remnant of the Lorentz transform
in the y direction ((X3), similarity transform (Xj4)
related to the fact that no assumptions are made in
Eqs. (2) a priori about the plasma temperature and
thus no characteristic thermal velocity is contained
in the system. Transformations X5 and Xg are
the specific ones for the wupper hybrid waves.
They mean that spatially homogeneous upper hybrid
oscillations can be included in an arbitrary solution
of the model as, e.g., the nonlinear reaction of
the system to a rapid homogeneous external current
flash.

It is shown also that, in the cold electron plasma limit
(4), the symmetry extension made allows one to obtain
the general solution which is equivalent to the better
known procedure of solving the equations in Lagrangian
variables.

Comparison of the above-mentioned results with
symmetries and solutions for the more simple theory of
electron plasma high frequency waves in the absence of
the external magnetic field shows a very close qualitative
analogy.
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CUMETPII BEPXHBOTIBPUIHUX EJTEKTPOHHNX
XBUJIb V¥ IIJIA3BMI

B. B. Tapanos
Pesmowme

Opepxkano rpymy cuMmerpii cucremu iHTErpo-audepeHuiajabHux
pPIBHAHb HEJNIHINHUX BepXHbOLIOPUIHUX XBHJIb Yy 3aMarHideHiut

enexTpoHHi# mmasmi. Ilokazamo, 1m0 po3mmupenHs cuMmeTpil
Yy BHIAJKY XOJIOZHOI eJIeKTPOHHOI IJIa3MH [I03BOJIAE€ 3HAM-
TH 3arajbHEH# po3B’sm3ok. OpepkaHi pe3ysbrarH  HOpIBHS-

HO 3 BJIACTUBOCTAMH CHMeTpil eJeKTPOHHHX JIEHI'MIOPiBCBKHX
XBUJIb.
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CUMMETPUN BEPXHEI'MBPUJIHBIX 9JIEKTPOHHBIX
BOJIH B IIJTASBME

B. B. Tapanos
PeswowMme

Haiisena rpymnmna CMMMeETPpHE CUCTEMbl HHTErpo-auddepeHpalib-
HBIX YpaBHEHU{l HeJIHHEHHBIX BepXHETHOPHIHBIX BOJIH B 3aMarHH-
YeHHOU 3JIeKTPOHHOI mia3me. IlokazaHo, 4TO pacUIMpEHHEe CHM-
METPHUH B CIydae XOJIOJHOH 3JIeKTPOHHOU IIJTa3Mbl JAaeT BO3MOXK-
HOCTBH [OJIy49UTh 00IIee perienue cucrembl. [lojyyeHnHble pe3ysbra-
Tl CPABHUBAIOTCA CO CBOMCTBAMU CHUMMETPHU 3JICKTPOHHBIX JICHT-
MIOPOBCKHX BOJIH.
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