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Utilizing the analytic properties of a heavy photon forward
Compton scattering amplitude, we derive a sum rule which
connects the hadron electromagnetic formfactors with the
differential cross section of the electroproduction process on
a hadron. For the case of small transferred momenta, it can
be expressed as a relation of the radius and eventually the
electromagnetic moment with the integral over the total hadron
photoproduction cross section.

Introduction

Let us consider, e.g., the peripheral very high energy
electron-proton scattering with the production of some
hadron state X moving closely to the direction of the
initial proton (center of mass reference frame is implied).
The matrix element of this process, e(p;) + P(p) —
e(pi) + X (Fig. La), is

Aro y
M= zq—Qu(p'l)w“u(pl)J Juv

with J¥ to be a hadron current. It can be rewritten into
the following form:

. 8ralNi|q|e.J 1 0.
M = ZST?, Nl = gu(pl)pu(pl)v
s=2pip > Q* = —¢’. (1)

The polarization vector of a heavy photon e is a 2-
dimensional Euclidean vector e = g/|q|.

Here we use the Sudakov expansion [1] of the
transferred 4-vector in terms ofzthe light-like 4 vectors

2

p=p—pishs and p1 = p1 —pys, 4 = Bepr +aghp+au,
with ¢2 = —¢* < 0 and the Euclidean 2-vector q.
Besides the Gribov representation of the photon Green
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function Z = %;ﬁu;ﬁly, the gauge invariance condition

gJ = 0 written in the form p;J = —s|qle.J/s; with
s1 = sf, is applied. The quantity s; is related to the

invariant mass squared of the created hadronic state:
s1 =My +Q*—my, My =(p+q)> (2)

One can transform the phase space volume of the
final state to the form

d*py d'p} 4 : :
dl' = ——— = d*qé —q)? —mHdl'x =
(2m)32¢] X (27)3 40((pr = @) = me)dlx
ds; , dly
=—d
25 1 U an) 3)
where
0Tx = (20)'5*(g +p— ) [[ -2
X PP 9e 5 (27r)3

is the phase space volume of the hadron system. Then
it is transparent to see that the electroproduction cross
section (see formula (D1) in [2])

do _ og® ds
dg> 4n? | $3(q? + (mes1/s)?)

Imfl(sl,q) = 47ra/|e.J|2dFX

Sd’qImA(sy,q), (4)

does not decrease with increase of the energy. Here ImA
is the imaginary part of the forward Compton scattering
amplitude on the proton with the intermediate state X
(Fig. 1,b). For the case of real photon g = 0, one obtains
the optical theorem ImA = 47s;07% "% (s1) and, as a
result, the case of small —t = Q? = g2, we have

oo
2 do P2 eX B 5
dq2 - T s Otot (81)7 ( )

Sth

q

qz—0
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with sy = 2Mpmg, which is similar to the total
cross section of the electroproduction process in the
Weizsdcker—Williams approximation

o0
2a s ds
ep—eX 1 yp—X
o =—1In —0 51). 6
tot T <memﬂ> s tot ( 1) ( )
Sth

The important role in our consideration is play by the
elastic cross section. The corresponding matrix element
is

. 8T« 1_
Mp = is= 5 NiNz, N2 = Su(P)Tupru(p), (7)
Fs(q?)
Ly = 7. Fi(q®) + [V, wld” ,
1 1 1 4Mp

where Fj, F5 are the Dirac and Pauli electromagnetic
form factors of a proton. The differential cross section
for a very high energy is

2 2

(F)+ P ), ®)

dop _, @
dg> " (q?)*

1. Sum Rule

Let us discuss now the analytical properties of the
forward Compton scattering amplitude as a function
of s;. It has a pole at s; = Q> which corresponds
to the one-proton intermediate state; a right-hand cut
starting from s; = Q* + 2M,m,, corresponding to the
pion-nucleon state; the right-hand cuts corresponding
to several pions and the nucleon state and so on (see
Fig. 2,a,b,c). Besides the later, it has a left-hand cut
starting from the intermediate state in the uj-channel
(u1 = (¢ — p)?), corresponding to two nucleons and one
antinucleon state s; = Q? —8M% (see Fig. 2,d). The u;-
channel cut first appears for the Feynman amplitudes
which contain the nucleon and two pions intermediate
state in the s;-channel.
Consider now the path integral
dsl pitplllAuu

1= [

with the integration contour C' depicted in Fig. 3,a. The
quantity Auu is a part of the total Compton scattering
tensor, with a heavy photon first absorbed and then
emitted counting along the fermion line. This quantity
is not gauge invariant, whereas its light-cone projection
oipY Auu is gauge invariant as well as it is connected with
differential cross section. Gauge invariance provides the
convergence of integral (9) when integrating over s.

(9)
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a b
Fig. 1. Feynman diagram for the process e(p1)+ P(p) — e(p})+X
(a) and for the forward Compton scattering amplitude on the
proton with intermediate state X (b)

The sum rule appears (see Fig. 3,b) when the contour
C in (9) is closed to the upper half-plane and to the lower
half-plane. In [2], the validity of this kind of sum rules
in the framework of QED was shown.

Considering the formfactors and the inelastic cross
sections as formal series in the strong coupling constant
and keeping in mind the analytical properties of
Feynman amplitudes, we can write down the general
form of sum rules as:

dUe1 dUin

107 T dQz A0 + LCC,y,
where the abbreviation LCC, means the left-cut
contribution; doe(s)/d@* means the elastic (inelastic)
differential cross section. The quantity dog/dQ? means
the elastic cross section with strong interactions
switched off. Then for the case of electron-proton
scattering, we have

L (FP(-Q)" — 12 (FI(-Q?)" =

dO’o

(10)

2\2 ep—eX 2
(@%) dng N O(@)_

P
The last term on the right-hand side of this equation
represents the estimation of the contribution of the left-
cut. Really, it follows from the realistic assumption
about the decreasing high-energy behavior of the
photoproduction cross section 07 (s, Q%) ~ (1/s;) as
s1 — o0o. This last term determines the accuracy of
the sum rule, which is of order 10% for the region of
small z ~ 1072, Q* < 1(GeV/s?)?. We note that the
basis for our consideration is the analytical properties

of the forward Compton scattering amplitude and the
assumption about the photoproduction cross section. In

4ra?

(11)
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Fig. 2. Feynman diagram for the forward Compton scattering with one-proton intermediate state (a), pion-nucleon state (b), two pions

and nucleon state (c), u1-channel corresponding to the two nucleons and one antinucleon state (d)

principle, the latter can be violated in higher orders
of perturbation theory due to possible Pomeron-type
contributions. This situation, in our opinion, cannot be
realized in the proton fragmentation region s; ~ Mg.

One can put the relation between the slope of
the Dirac form factor of a proton at zero momentum
transferred to be connected with the proton mean square
Dirac radius <r%p>, the proton anomalous magnetic
moment p, = 1.793, and the photoproduction cross
section as

00

1 dw fyp_>X( )

20 | W Ttor ’
Wp

A T
<Tfp> ]\/[pz =

SN

2

2M,"

=m; + (12)

The left-hand part of this equation is the positive

quantity approximately equal to 1.8 mbarn.
For the case of electron-neutron scattering, we have

Q2

MQ(FZ( Q)) =

—(F'(—Q?)° -

(13)

Here we have some difficulty since the left-hand part of
(13) is negative, whereas the right part is positive if one
excludes LCC,,. So it’s role here becomes important.

A reasonable assumption
LCC, = LCC,, (14)
can be used to avoid this difficulty. In such a way, we
can obtain one combined sum rule for a proton and a

neutron, which have a more extended region of
applicability:
1= (FY(=Q%)” + (F'(-Q%)* -
Q2 P 2 Q2 n 2\\2 _
i B + (B (@) =
B ((QZ) dUepﬁeX B dUen—)eX]-
T 4wa? dQ? a2 ”’
1 : My un
3l — (il = g+ b =
1 dw dw
— yp—X yn—X 1
Wa[/w () - /w @l ()

Wp Wn

We expect the region of applicability of these sum rules
to be larger than that for individual sum rules for the
proton and the neutron.
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s1-plane

— |

Fig. 3. Sum rule interpretation in sj-plane

In conclusion, we consider the electroproduction
process on a deuteron. For this case, the continuous
spectrum starts from s; = 2woMy = (M, + M,)? —
M3, which corresponds to the desintegration threshold.
The left-hand cut in the s;-plane starts from s; =

—8M? ~ —32GeV?. Neglecting its contribution, we
obtain
L@ .,
2 2 2 2
1Q? Q? 2 2
—_ 1-— F — =
6 M? ( 4M? (=07

Q)2 do“t=eX | +O<_2>), (16)

T Ara? T dQ? 3202

with the charge Fcopm, quadrupole Fp and magnetic
Fy form factors of a deuteron [3]. Then for the
photoproduction process, one finds

o0
_ 1 dw 45 x
T 2m2q w vot
wo

1
2FL 1 (0) + —= F3,(0)

(w). (17)
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[MTPABUJIA CYM JIs ITIPOIIECIB ®OTOHAPO/I2KEHH A

€. Bapmow, €. A. Kypaes, C. JybHiuka
Peszmowme

I'pyHTyfounchs Ha aHAJMITHYHAX BIACTHBOCTAX AMILITYZH KOM-
NTOHIBCHKOT'O PO3CiTHHA BIEpe] BaXXKKuX (HOTOHIB, OyI0 OTPpUMaHO
NpPAaBUJIO CyM, sfKe 3B’sa3ye€ esjeKTpoMarHitai dopm-dakropu aj-
poHiB 3 gudepeHIiaJbHEM [1EPEPI30M [IPOILECY HAPOIKEHHS eJIeK-
TpOHA Ha aJpoHi. /Iya BUMAAKy MaJIMX HMEpeJaHUuX iMIyJIbCiB HO-
ro MOXKHA 3alHCATH y BHUIVIAZ] choiBBigHOmeHHs MiX pagiycou i,
BPEIITi-PemnIT, eJIEKTPOMATCHITHUM MOMEHTOM 3 IHTErpaJjioM IO IO-
BHOMY mepepi3y (DOTOHAPOIKEHHS aJPOHIB.

[MTPABUJIA CYMM J1JI4 IIPOTECCOB ®OTOPOXK/IEHN A

E. Bapmow, E. A. Kypaes, C. /[yonuvka
Peszmowme

Ha. OCHOBAQHHH AHAJUTHUIECKUX CBOUCTB AMILJIATY bl KOMIITOHOB-
CKOTO DaCCesHHs BIIEPe] TSKeJbIX (DOTOHOB IOTYUEHO IPABUIIO
CyMM, KOTOPOE CBSI3bIBAET JIEKTPOMATHUTHLIE (DOPM-(PAKTOPEL af-
pOHOB ¢ nuddepeHnnaATbHBIM CeYeHIeM [IPOIECCa POXKIEHHUS TeK-
TPOHA Ha aJpoHe. [y ciiydas MaJjblX IePeJJaHHbIX UMILYJIBCOB €ro
MO?KHO 3aIIHCATh B BHJE COOTHOIIEHHA MEXKIY PAJUYCOM K KOHEU-
HBIM JIEKTPOMArHHTHBIM MOMEHTOM C HHTErpajioM IO IIOJTHOMY
cedeHni0 (POTOPOKIAEHUS AJPOHOB.
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