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From two different modifications of the Gell-Mann—Okubo mass
relation for (%)*’ baryons: the first one given by a version of
diquark-quark model and the second one being an optimal mass
sum rule obtained using quantum groups Uy (sun) in the role of
hadronic flavor symmetries, we find a direct connection of the mass
parameters of the diquark-quark model of Lichtenberg, Tassie and
Keleman to the (proper value of) g-parameter and then to the
Cabibbo angle.

Introduction

One of the earliest improved or generalized versions
of the Gell-Mann—Okubo (GMO) mass relation for
baryons forming the SU(3) octet has been obtained by
Lichtenberg, Tassie and Keleman (LTK) in a particular
version of 'diquark-quark’ model [1]. The essence of the
LTK result is that the correction to GMO combination
is expressed in terms of basic parameters (of dimension
of mass) characterizing both the diquark and the third
quark. It is important to emphasize that viewing baryons
as consisting of a diquark and a separate third quark
provides a number of advantages [2] among which one
also finds the important ability to account for some
nonperturbative aspects of QCD.

On the other hand, quantum groups and quantum
(g-deformed) algebras [3] provide a very useful tools
not only for application to the spectroscopy of diatomic
molecules and (super)deformed nuclei (see e.g. [4])
but, as it was demonstrated more recently, these
are very useful when applied to phenomenological
description of hadron properties [5]. In the framework
of the approach initiated in [6] (where the case of
vector mesons was first considered) and developed
in more detail in subsequent papers, see [5] and
references given therein, the g-algebras U,(su,) have
been adopted, in place of the Lie algebras of the groups
SU(n), as those describing hadronic flavor symmetries.
Such replacement allowed to derive numerous results
concerning hadron masses and mass sum rules, along
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with a number of interesting implications. Basic tool
of this aproach is the representation theory of the g-
algebras U, (su,,) [3]- In the case of baryons, it was clearly
demonstrated that the approach takes into account, in
a uniform and natural way, the contributions in baryon
masses which reflect essentially non-polynomial 7] (in
fact, all-order) effects of SU(3) breaking. As another
important consequence, the (phenomenologically) most
adequate fixed value of the deformation parameter ¢ is
linked directly to the famous Cabibbo angle 6. [8].

The goal of the present note is to find a direct
connection between the basic parameters involved in the
aforementioned two different extensions (modifications)
of the octet baryon GMO mass formula derived within
the apparently differing approaches: from the evaluation
of hadron masses using g-deformed counterpart U, (suy,)
of flavor symmetries SU(n), and from the diquark-quark
treatment of baryons within the LTK model.

1. Mass Relation from Diquark-Quark Model

Here we recapitulate some of the results from [1] which
are relevant for our further discussion. With the notation

¢ = (ms —my + v, —1y)/2V,
Yt = (6t - 6q)/6V07 Vs = (63 - 6q)/6V07

(here the subscript ”s” or ”t” refers to SU(3) sextet or
SU(3) triplet diquark respectively, and “g” refers to the
third quark), the octet baryon mass differences obtained
in the LTK model are of the form

ma —mn = §(0¢ + 385 + 20,) — vs+

+ (24(375 =) + 97 = 6% + 5%2), (1)
my —mp = (6 — 6,) —4Vo (C(% + 1) + 77 —%2)7 (2)
mz—my = £(20,+8,)—vs+8Vo (C7s + 372 — 37s%) - (3)
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The parameters d;, d; and &, (of dimension of mass)
in these expressions are a measure of the violation
of SU(3) and, added properly to the respective SU(3)
invariant masses m¢, m, and mg, provide necessary
mass splittings in the diquark triplet, diquark sextet,
and in the third quark SU(3) triplet. For further details
concerning definition and physical meaning of all the
involved parameters see [1].

The modified /improved version of GMO relation
obtained in the LTK diquark-quark model is

Sma+ims—my—mz = Curk = ps (367, +1865—13) (4)
where for convenience we set

Ets = Ve /s (5)

The quantity pus must be positive since it can also be
inferred by using the decuplet mass combination [1]:
8us = 2mz- — mqg — my+ > 0. From the viewpoint
of agreement with data, it is clear that there exists a
continuum of values for the pair (us,&:s), determined
in the ps — &s plane by the curve pus (3@23 + 18&5—
—13) = const, which provide the agreement of eq.(4)
with data. To reduce maximally such sort of non-
uniqueness, one needs some additional criteria. To this
end, LTK exploited the mass relation for decuplet
baryons. Namely, taking the ratio of decuplet mass
combination to the octet one, then maximizing its r.h.s.
as a function of &, they inferred the value & = —3
(remark, it is not clear why one has to just maximize).
Negative sign of the solution &s = —3 implies that
the mass difference §; must be greater (less) than d,
when the mass difference d5 is less (greater) than d,.
However, this value &5 = —3 is in conflict with empirics:
it supplies negative value to the r.h.s. of (4) thus
providing the correction to GMO in wrong direction.

Ms = ‘/0'737

2. Quantum-Group Based Baryon Mass
Relation

Now let us turn over to another modification of the GMO
mass sum rule, namely the g-deformed mass relation
obtained, using the quantum algebras Uy (su,,) taken for
flavor symmetries, in the form [9, 10, 5]

2] My + [[22]]]\_451 = [3]My + ([2[]21 1~ [3])Mz+
+21 (M + [2)My — [2)Ms — My) (6)

with [3] = [3], = ([2],)? — 1, and A,, B, being certain
polynomials in [2] = [2], = ¢ + ¢ ' whose sets of
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zeros are completely different. This g-analog yields, as
particular cases, the familiar Gell-Mann—Okubo relation
[11] My + M= = %MA + %Mg (known to hold with the
0.58% accuracy) at the ’classical’ value ¢ = 1, and the
whole infinite series of new mass sum rules [5, 7, 9]

1 3l 2 Bl
Ky R ([2]% —1- W)mz’
6 <n < oo, (7)

where g, = exp(im/n). It should be mentioned that for
each such value ¢, the respective sum rule shows better
agreement with data than GMO one.

The phenomenologically most plausible mass relation
among those contained in the series (7), namely

My + Mz/([2]¢; =1) = M /([2lg; = 1) + My, (8)

shows the remarkable 0.07% accuracy. This most
accurate mass sum rule (8) corresponds to the value
qr = €™/, for which a clear physical meaning has been
given in ref. [9, 12] where the value g7 was directly linked
to the Cabibbo angle, i.e. +Ing; = 2=26¢.

Now we present the g-deformed mass relation (8) in
the form of GMO combination with a correction to it:

Sma + gms —my —mz = Cy,, (9)
Cor = (211 — 1) — 1) (m= — ma) — (ms — ma).

Formulae (6)-(8) encode highly nonlinear dependence
of mass on SU(3)-breaking. This makes them radically
different from the classical GMO result accounting only
first order effects in SU(3)-breaking.

Such nonpolynomiality in SU(3)-breaking effectively
accounted by the quantum-group based model in
the case of octet baryon masses, was demonstrated
in [7]. For this goal, the explicit dependence on
hypercharge Y and isospin I of matrix elements
for isoplet masses is to be analyzed. Typical
contribution to octet baryon mass contains such
terms as, e.g., ([Y/2],[Y/2+1],—[I]q[I+1];) or
([Y/2 = 1)4[Y/2 — 2] — [I]4[I +1]4), with multipliers
depending on the labels mq5, ms5 of a chosen dynamical
representation. This shows explicit dependence on
hypercharge and the factor [I],[I + 1], (¢-deformed

SU(2) Casimir). Since the g¢-bracket [n], s;?rf?h};)
if ¢ = exp(ih), baryon masses depend on Y and I
(that is, on SU(3)-breaking effects) in highly nonlinear
— nonpolynomial — fashion. The ability to account

highly nonlinear SU(3)-breaking effects, due to the
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use of the quantum counterpart U,(su,) of usual
flavor symmetries, is analogous to the result [13] that
by exploiting appropriate free g-deformed structure
one is able to efficiently describe the properties
of (undeformed) quantum-mechanical system with
complicated interaction.

3. Diquark-Quark Model Parameters and
g-parameter

Now let us connect the results (4) and (9) of two
different approaches. To this end, we form from the
mass differences mz — ma (multipled with some w)
and my — ma from (1)-(3), the particular combination
involved in the r.h.s. Cg, of (9) and equate it to the r.h.s.
of (4). Then, imposing

4w ps (6 — 685 +5) = ps (567, + 186, —15),  (10)
w3 (0 + 05 + 04) —vs+

+2(7s =) (ms—my + vs—vp)] + §(65 — 6¢)+

+(7s + 1) (ms —me +vs —v) =0, (11)

with some w, guarantees validity of eq.(4) and its
correspondence with eq.(9). The solution of (10), namely

w=—1+4(62, — 6¢1s +5)/ (982, — 6815 + 5) (12)

put in (11) gives a particular constraint on the
parameters of the LTK quark-diquark model.

Finally, we gain the explicit relation between the
(value g7 = exp(in/7) of) g-parameter in our ¢-GMO
and the ratio &s = v/7s of LTK quark-diquark model:

2
([2]7 _ 1) _ 4;61;23 Gfts + 5) .
€is — 685 +5
Since [2]7 = 2cos T = 1.80194, the obtained relation
yields as its solutions the two values ft(:_) ~ 0.741 and
ft(;) ~ —6.705. By the very derivation, both these values
guarantee the validity of sum rule (4) to within 0.07%.
The both values differ substantially from that adopted
by LTK and provide positive correction to GMO, see the
comment in sec.1 on negative value of &,. Moreover, our
positive value & reflects (even qualitatively) different
(from the case of &,;) physical situation. This value
implies that the mass difference J; is greater (less) than
d4 at the same time as the mass difference §; is greater
(less) than d,, since

(13)

8¢ — 6, = 0.741(8, — 6,),
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ie.,
0 — s = 0.259(d, — 5).
Thus, it should necessarily be either

dg > 0 > 0 or ds > 0 > dy. (14)
The established inequalities give another perspective on
the interrelation between the parameters involved in the

LTK diquark-quark model.

4. Linking LTK Parameters to Cabibbo Angle

Now let us discuss the already mentioned connection
between the g-parameter and the Cabibbo angle. As
it was shown in [14], the weak mizing is adequately
modelled by the q-deformation. On the other hand, there
is the important relation 8w = 2(012 + 023 + 613),
found in [15], which connects 6y with the Cabibbo angle
012 = f¢ (and the 63,023 of mixing with 3rd family).
This relates the mixing in bosonic (interaction) with that
in fermionic (matter) sectors of the electroweak model.
Combined with (8) this implies: the Cabibbo angle can
be linked to g-parameter of a quantum-group (or g-
algebra) based structure applied in the fermion sector.
We thus infer (see [5, 12])

g = = =26,

- (15)

The latter formula suggests for Cabibbo angle the exact
value {7. (Remark that for the g-deformed analog of
decuplet mass formula [16, 5], we have 619 = 0¢.)

As a final result of this note we infer the following
corollary concerning direct link of the Cabibbo angle to
the (optimized) parameters of the diquark-quark model.

Indeed, using f0s = 20¢ as given in (15), from the
relation (13) we obtain the formula under question, i.e.,

1362, — 306, + 2 R P
cos20¢ = 3£tf2 30£fs + 5, s = (ft (Eq.
2(9¢7, — 6&:5 + 5) ds — 0y

(16)

This remarkable formula connects the Cabibbo angle
with the (mass) parameters of the LTK diquark-quark
model. It should be stressed that the tilda over &,
ds and d, in the relation (16) means that now these
values are the optimized ones corresponding to all-order
account of SU(3) symmetry breaking in octet baryon
masses.
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5. Diquark-Quark Model Parameters and
g-parameter: General Case

In this section we demonstrate that, in principle, the
connection with the result (4) of LTK model can be
established in the general case of an arbitrary member
from the infinite discrete set presented in (7).

Indeed, the eq.(7) can be rewritten as

Sma + gmy —my —mz = (EZ: — %)(mg —ma)+
+[2]qn%1(m5 —mx) —mz + ma. (7"

Take mass differences from (1)—(3). Multiply mgz —
myx, with some z~!, and myx, — ma with definite!

_z(r+2) 1

t+1 2
then form the specific combination that corresponds to
the r.hs. of (7') and equate it to the r.h.s. of (4). The
outlined procedure gives that the relation

(x+2) 1y ., -1 _
4(:,;7“ - 5) (& —1) =247 (&s — 1) =
=78, — 68+ 7 (17)
and the additional constraint
z(z+2) 1y(1
(TH - 5) {g(fSt —0s) — 4psC(1 + fts)}+
1
71 - _ _ _
{528, - 8,) — s +8usC
1
L0 0,4 8) s+ 46— 1) =0 (18)

with &, given in (5), when hold simultaneously, provide
validity of eq.(4). Moreover, the latter is directly
correspondent with the eq.(7’) if the identification

z < [2]. -1

is made. Not going into further details, let us only
mention that only at ¢ = exp(in/7) (i.e., in the case most
adequate phenomenologically) we have the equality

[3]Q7/[2]Q7 = ([2]117 - 1)_1
z(z+2)

or, put in another way, “252 = z7'. As a result,
we recover the relations (12)—(13) of the distinguished
particular case considered above.
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ITPO 3B’S30K TAPAMETPIB JIMKBAPK-KBAPKOBOT
MOJEJII 3 KYTOM KABIEBO

0.M.TI'aspuauxk, 1.1. Kauwypur
Peszmowme

Buxoggaun 3 nBox pi3HEHX Momudikamiit Bimomol Mmac-dopmyan
Tenn-Mamra i Oky6o mas Gapiownis (%)+ (ommiei, BuBeseHoi B
paMKax AesKoi Bepcil TUKBAapK-KBAPKOBOI MOIENi, i Apyroi, gKa
€ ONTHUMAJIbHUM IPABUJIOM CYM IS MacC, 3HAHJIEHMM HA OCHOBL
KBaHTOBUX (¢-1edOpPMOBAHUX) AHAJIOrIB airebp YHITAPDHUX IPYI Y
pOJIi aPOHHUX apOMATOBUX CUMETDill) OTPHMAHO HOBE CIIiBBiZHO-
LIEHHS, sKe IIOB’s3y€ MacC-IapaMeTPU AUKBAPK-KBAPKOBOI Momei
i3 3HaueHHAM mapaMmerpa gedopmanii ¢ i, TUM caMuM, i3 KyTOM
Kabi660.

LJust this explicit dependence of y on x is motivated by the fact that, in the sequel,  is to be juxtaposed with [2]q — 1, while the
g-number [3]4 is expressible in terms of [2]4 as [3]q = ([2]q + 1)([2]q — 1).
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O CBS3U [TIAPAMETPOB JIUKBAPK-KBAPKOBOU TOPBIX BBIBEJIEHA B paMKaX HEKOTOPOH BEpPCHH JUKBaPK-KBAPKOBOI
MOJEJIN C YI'JIOM KABEUBBO MO/, & Jpyras fBJIS€TCS ONTUMAJbHBIM IPABUJIOM CYyMM JId
Macc, HA#IeHHBIM Ha OCHOBE KBAHTOBBIX HJIH §-1e(pOPMUPOBAHHBIX
A.M.TI'aspuauk, U.U.Kawypur AHAJIOrOB ajre0p YHHTAPHBIX IPYHI B POJIA AJPOHHBIX aPOMATO-
BBIX CHMMEeTDPHH), IOJIy9€HO HOBOE COOTHOLIEHHE, KOTOPOE CBs3bI-
Peswowme BaeT MacC-ITapaMeTpbl JUKBAPK-KBAPKOBOH MOJeIn CO 3HAYEHU-
eMm mapamerpa gedopmanuu ¢ u, TeM caMmbiM, ¢ yriom Kabub-
I/ICXO,E[H U3 ABYX PaA3JUIHBIX MO,ELI/I(I)I/IKaI_II/Iﬁ M3BECTHOM MacC- 60'

dopmyst lenn-Mauuaa 1 Oxy60 151 6apuoHOB (%)"‘ (oxHa u3 Ko-
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