3ATATIbHI MATAHHA TEPMOOWHAMIKN, CTATUCTNYHOI
DI3VKU | KBAHTOBOI MEXAHIKW

EVALUATION OF PARTICLE/HOLE PROPAGATORS
BY THE TSERKOVNIKOV’S METHOD

V. P. ALESHIN

UDC 539.142.2; 539.173

®2003

Institute for Nuclear Research
(47, Nauky Prosp., Kyiv 03028, Ukraine; e-mail: interdep @kinr.kiev.ua)

By particle/hole propagator (f:/g: for short), we imply the
statistically averaged product of particle’s creation/annihilation
operator by its conjugate partner separated from it by the
time interval t. As fr and g¢; are intimately linked to transport
coefficients, their form at finite residual interactions is an issue of
the utmost physical import. In contrast to the previous studies,
having heuristic character, we find the desired expressions for f;
and ¢; from the appropriate dynamic equations by means of a
method devised by Yu.A. Tserkovnikov to solve the chains of
equations for two-time Green’s functions. Friction coefficients of
a slowly evolving nuclear shape associated with the propagators
obtained in this way are compared with heuristic expressions.

Introduction

The main objects of this paper are the particle
propagator and hole propagator defined correspondingly
as follows

ft= <aqta;r>a gt = (a';_ta'q>' (1)
Here, a;, a, are the creation and annihilation operators
of nucleons in the state with the linear momentum
q=(q1, 42, q3). The subscript t near A= a4, a; (or any
other operator in the following) implies its Heisenberg

representation
At — ethAe—th, (2)

where H is the Hamiltonian of the system. The angular
brackets denote the averaging with the statistical
operator: (...) = Sp(p...), where

p= Zﬁ1 exp (_B(H_HN))a
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Z = Spexp (—B(H — uN)),

N is the operator of the number of particles, u is the
chemical potential, 5 = 1/T and T is the temperature.

The wusefulness of f; and g¢; is determined by
the fact that they enter the microscopic formulas for
dissipative functions of slow collective motion which
should eventually replace the wall and window formulas
[1] in the computer codes [2] used in the current analyses
of nucleus-nucleus collisions at the beam energies below
10-20 MeV /u (see [3] for review).

According to Ref.[4], the propagators f; and g; may
be presented as

fi=op [ dee i in(o) 4,0,

1

o [ dwettn(w) 4, (w), 3)

gt =

where (we take i = 1 throughout the paper)

1

") = I epB -l

n(w) =1—n(w), 4)

while A,(w) is defined by the discontinuity of a
chronological Green’s function G,(w) across the real
axis, Aq(w) = i[G4(w + i0) — G4(w — i0)]. Note that
Ay(w) = 2md(w — g4) at negligable residual interactions,
where €, are the energy levels in the mean field potential.

A series of papers on dissipative functions
summarized in [5] rests upon quantities, let us call them

ISSN 0508-1265. Yxp. pia. orcypn. 2003. T. 48, N 5



EVALUATION OF PARTICLE/HOLE PROPAGATORS

fL and gF, defined by Eqgs.(3) with the Lorentzian shape
for Aq(w):

B
(et + 1

Ap(w) = (5)

Here, I' is the spreading width obtained from the
imaginary part W of the optical potential: I' = —2W
(see [6, 7] for details). In practice, f and g} are obtained
by contour integration over w. This gives (at ¢ # 0):

fr=re, — isI‘/2)e*i5qt*%|t‘ + X,

g% =n(e, + isF/Z)eieq_g‘t| X5, (6)

where s = t/|t| and ¥; is the sum of the terms ~
exp(ipt — 27T (j + §)|t]) over j = 0,1,2,..00, arising from
the poles of n(w) in the complex plane.

Critical assessment of the quantities f& and g~ shows
that they cannot be used, in fact, to model the true
propagators, even in a crude approximation. Firstly,
the equalities f} = 5= [ dwi AL and g§ = 5= [dwnAL
are in conflict with the initial conditions fo = (asa;),
go = (afa,) which follow from Eq.(1). This is seen
most easily in the case of a Fermi gas, when (aa}) =

ii(eq) and (afa,) = n(ey). Secondly, at |t| >>q Tes
where 7, is the correlation time characteristic of a
given problem, |f;|? and |g;|> must decay exponentially,
namely, as exp(—T|¢|). This follows from the general
theory of thermodynamic two-time correlation functions
[8], whose special case is represented by f; and g;. Taking
into account that 7. in our problem is given by the
ratio of the two-particle interaction radius to the Fermi
velocity, it is easy to show that f and g- from Eqs.(6)
violate this condition. Finally and mainly, as seen from
[9] and will be shown later in this paper, the friction
coefficients associated with fF, g tend to infinity as
1/T when I' — 0.

In this work we attempt a consistent, and physically
plausible, description of particle/hole propagators. For
this purpose we use the method proposed for decoupling
the chains of equations for two-time Green’s functions
[10]. The general expressions for f; and g; obtained
according to this method in Sec.l are used in Sec.2
to derive explicit formulas for f; and g; valid at small
residual interactions. In Sec.3, we study the short (t <«
7.) and long (¢t > 7.) time limits for them. The
implications of our results in terms of friction coefficients
are discussed in the last section.
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1. Tserkovnikov’s Formalism

For definiteness, consider first the propagator of the
particle f; = (aga; ) . There are different ways to derive
the Tserkovnikov’s representation for this quantity.
According to the remark in [11], the most direct and clear
one consists in taking, as a starting point, the following
identity for f; :

.
ft = foexp (/0 dt' ;Z) ) (7)

where the overdot denotes the time derivative.
Let the Hamiltonian of the system be given by

1
H = ZTpa;ap + PTia Z vka;a;r,apr+kap_k, (8)
P pp'k
2
where T, = 2 is the kinetic energy of a particle,

vp = [dze!*® ¢(z) is the Fourier transform of
the two-particle interaction potential ¢(z) having the
symmetries

v = U_f = Up. (9)
Then, using Eqs.(2),(8),(9), it is straightforward to show
that

('lqt = —iTqaqt — Z'th, (10)

where Jy; is the Heisenberg representation of the
operator

1
Jy = v kaa;ap,kaﬁk. (11)

pk

Eq.(10) implies that f: may be presented as

fo = —iTyfi — i (Jpal). (12)
Inserting (12) into (7) yields
t
ft = fO exp {—Zth — 7// dt’Rt!} , (13)
0
where
Joat
mziﬂg. (14)
(agaq)

In order to extract the Hartree-Fock potential from
the time integral in Eq.(13), we use the identity

t t d
/ dt’Rtr == tR() - / TdT—Rt,‘,—.
0 0 dr

To find dR;_,/dr, we use the formula R; , =
(Jgrat,) [ (aqeaf;, ) following from Eq.(14) on accounting
for the invariance of the trace under cyclic permutations
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of factors and the commutativity of p with H. In
combination with Eq.(10), this leads to the following
expression for the particle propagator:

fi = (aqta;r) = (aqaqﬂ exp (—iExt), (15)
where
<an;r>
E, =T, —
" aga)
_é /t Tdr <th‘]q+r> _ <J‘1ta;_7'> <a‘1t‘]qt'> ) (16)
tJo (agair) (agpadr)’

Proceeding in a completely similar manner, we can
present the hole propagator as

gt = (a;_taq> = (a;‘aq> €xXp (itEf) ) (17)
where
<J+%>
Ef =Ty + 57—+
t q <a;raq>
+f/t rdr <<Jq+t']‘”> _ {artar) <aq+f']‘">> .y
tJo <a;rta‘”> <aq+taqr>2

2. Perturbation Theory

In this section, we evaluate f; and g; using the Hartree-
Fock Hamiltonian Hyp instead of H in calculating the
Heisenberg representations and the statistical averages
of the products of the creation and annihilation operators
in Eqgs.(15),(16) and (17),(18). This means that the
residual interaction, Vies = H — Hpgr, is treated as
perturbation.

The explicit form of the Hartree-Fock Hamiltonian
in our problem is

HHF = Zaqa;aq, (19)
q
where
1
gg=T4+ v (vo — Up—g)ip, (20)
p
L =K (21)

The Heisenberg representations of a, and af at H =
Hyr become

+ _

_ —iegt ieqt +
age =e “ay, a; =e“ay (22)
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and the basic statistical brackets are given by

oo\ +\ _ -
<aq a0’> = ngdyq, <aqaq'> = Tig0qq',

<aq+a;1",> = (aqay) =0, (23)
where

_ 1

nqzl_nq:m. (24)

The calculation of the statistical brackets for a
product of even number, s, of the creation and
annihilation operators is performed using the Bloch—De
Dominicis decomposition [12]:

(vrasasay...as) = (aras) (agay...a) —
(25)

1,2,...,s, are the creation or

— (o ag) (aaay...as) + ... + (ar1as) (asasay...),

where «; with ¢ =
annihilation operators.

The application of Egs.(22),(23),(25) to Eqgs.(15),(16)
and (17),(18) leads to the following results. For the
particle propagator, we obtain

fe = (aqay) = ngexp(—iLy), (26)
1
Ei=¢4+ 72 ka(vk — Up—q—k) X
pk
NpNp—k Mgtk
A G ) (27)
Mg
where €p g1 = €p +€¢ — Ep—k — Eg+k and
ot
Ii(e) = —% / t'dt'e=t=t), (28)
0
For the hole propagator, we find
gt = <aq+taq> =ng exp(iE/t), (29)
1
E! =¢g4+ Ve ka(vk — Vp_g—k)X
pk
x MIZ (Ep,gsk)- (30)
g
Using the explicit expressions (21),(24) for

occupation numbers, it is easy to prove the identities

NpTpy Mgk _ _
p''p gtk
— = = Nplp kNgtrt

n
g
Ep,aik \
g
+exp (_T> TpNp—kTg+k, (31)
NpNp—kNg+k
ppniqu = NpNp—kNg+r+
g
Ep,qsk =
+exp( P )npnp,knﬁk, (32)

which may be inserted in Eqs.(27) and (30), respectively.
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3. Limiting Cases

Depending on the position of ¢, and g, relative to
the Fermi energy, the deviation of the quantity e, 4
from zero characterizes the magnitude of p-p, h-h or
p-h correlations owing to residual interactions. The
characteristic value €. of € 4,1 can be estimated from the
relation €. = 1/7¢, where 7 is the dynamic correlation
time given in our problem by the ratio of the nucleon-
nucleon interaction radius to the Fermi velocity.

Let us consider I;(e) in the short and long time
regimes, that is, at |t| < 7. and [t| > 7.. Making use
of the explicit form of this function,

1 sin et 1 — coset
I =—-11- —1
t(g) € < et > t 5«2t ?

we find that I;(e) — —it/2 for small times. To find
the large time limit of I;(¢), it is better to return to its
integral representation (28). Taking into account that,
at large ¢, this integral is determined by contributions
at t' ~ t, because otherwise the exponent oscillates
strongly, we conclude that, in the [¢| — oo limit,

t
Ii(e) = —'/ dt'e=(t-1) =
0

¢
; P

= —i/ dre**” = — —i—mwd(e),
0 €

where P stands for the principal value of the integral.
These properties of I:(e) lead to the following
expressions for the particle propagator. If || < 7., then

(agraf) = ngexp (—iggt — ogt?), (33)
where
1 NpTp_ k1

o= 573 ka(vk _ Upquk)w_ (34)

pk "
If |t| > 7, then

_ ., T
<aqta;r> = ngexp <_15q - 7q |t|> ) (35)
where
B 1
Eg=¢4+ PW ka(vk — Up—g—k) X

pk
Ll T (36)

Ep,q;k Ngq

2w
r,= W Z Vg (Ulc - 'Upquk)(s(gp#];k) X
pk
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X (npfip—kTg+k + TpNp—kNg+i)- (37)
Note that Eq.(37) coincides with the expressions in
[4, 13] and with the damping of the advanced Green’s
function obtained in [10].

The limiting expressions for the hole propagator are
as follows. If |t| < ¢, then

(a;taq) & ngexp (iz—:qt — 031?2) , (38)
where
1 MpNp—k Mgtk
0f = 72 ka(vk - vp_q_k)%. (39)
pk e

If |t| > 7c, then

tag) = jE9t Ly t 40
(aqtaq> = Ngexp | et — 7| I, (40)
where
g 1
g =egq+ PW ka(vk — Up—gq—k) X

pk

L Twlp—kfigik (41)

Ep,q;k Ny

4. Discussion and Conclusion

To illustrate the implications of our results, consider
the rate Q at which collective energy converts into
thermal energy in a hot nucleus, whose shape (specified
by the parameter a) evolves adiabatically with time.
The adiabaticity implies that the system passes through
the sequence of states of partial thermal equilibrium
(the equilibrium at fixed «). This makes it meaningful
to introduce, for each value of «, the eigenstates |u)
and eigenvalues E, of the single-particle Hamiltonian
h = —V?/2m + V, the spreading ', of E, being
due to (presumably small) residual interactions, and to
characterize the nuclear states by Fermi-gas occupation
numbers n,. Using the methods of non-equilibrium
thermodynamics, one can show that Q = ~d&?, where
@ is the collective velocity and

Y= QWan| (n| Fln') 0" (2 — Q)

nn'

(42)

is the friction coefficient (e.g., see [14]). Here, |n) and
Q, are the eigenstates and eigenvalues of the many-
body Hamiltonian H at a frozen shape, p, = (n|p|n)
is the statistical operator in the energy representation,
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§'(z) = dé(r)/dz, F = 3, Fuafa,, Fy are the
single-particle matrix elements of F' = 0V/0a.
The above expression for v can be rewritten as

X / dtexp(iwt) (a}a,atay) . (43)

— 00

The time interval, contributing to (43), is determined
by the life time, 7, of a particle-hole excitation which
should be close to 1/I’. At reasonable temperatures
(T < 3 —4 MeV) this quantity essentially exceeds
the p-h correlation time 7.. In this case, the particle-
hole propagator (a:[ta,,ta,‘fau) may be replaced by the
product (a,,taj)(a:tau> of the particle propagator by the
hole propagator; the exchange term (a:[ta,,ﬁ(ajau) =
(afa,)(a}a,) does not depend on time and therefore
makes no contribution to vy at finite w. Taking into
account that the particle/hole propagators at |t| > 7.
are described by Eqgs.(35), (40), we obtain

B 2 2(E,—-E))T
V= %}:("u ny) | Fu [(E, — E,)? + 2%’
where 2I'=T, +T,.

Eq.(44) looks similar to the expression in [15], in
which, however, one finds the parameter n ~ 1/7; in
place of ', where 7, is the duration time of the reaction.
Moreover, Eq.(44) coincides with one of two heuristic
formulas for 7y studied numerically in [16] and with
the formula implied in [17] as a starting point in the
derivation of the classical approximation for Q. The
heuristic formula in [18, 19] is also equivalent to Eq.(44)
but accounts for pairing.

For the friction coefficient v associated with £, g&,
the above procedure gives

1
A= %ZW‘“’P /d:c/dyé'(y—:c)x
nv

xi(2)n(y) AL (2) AL ().

(44)

Since |F,,|* is symmetric with respect to the
permutation of u, v, the contribution to the sum is made
by the symmetric component of A} (z)AJ;(y):

SAL@)AL() + AL (@) AL ) ~
~ AL(E)AL(B),
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where £ = (z + y)/2. Noting that this quantity
does not change under exchange of z with y, while
d'(y — x) changes its sign, we replace ni(z)n(y) with its
antisymmetric component:

SA@n() ~ )n()] =
1 1,
= 2 ln(y) — ()] & 30’ (B,

where w = y — z. The approximate values above follow
from the closeness between y and z, which is granted
by the factor §'(y — x). Putting these estimates into the
equation for v, making the change of variables from z,
yto E = (z+y)/2, w=y — z, integrating over w, and
using (5) give

N = —w/dEn’(E)Z|F,“,|2x
nv

xdr,(E — E,)or, (E — E,), (45)

where 0p(z) = T['/[2m(2® + 1T?)] is the soft §-func-
tion.

Eq.(45) was first explicitly presented in [9]. In the
limiting case I' — 0, 7% exhibits a 1/T' singularity.
Indeed, since 63(E, — E) — (7)) "'8(E, — E) at T — 0,
the energy integral of the sum of terms with E, = E,
behaves in this limit like 1/T". In practical applications
[5,9, 20, 21], the E, = E,, terms in v~ have been left out.
The regularized expression, let us call it 7%, coincides at
I' — 0 with the corresponding limit of (44). At finite T',
however, v& significantly differs from Eq.(44) (see [17]
for details).

In summary, we found the shell-model expressions
for particle/hole propagators and friction coefficients.
This was done using Tserkovnikov’s formalism and
treating occupation numbers, particle/hole energies, and
their spreading to the lowest non-vanishing order in
the residual interaction. Incorporation of the residual
interactions by means of replacing the 27é(w — &4)
expression for A;(w) with the Lorentzian function (5)
is shown to lead to friction coefficients, which tend
to infinity at ' — 0. From Egs.(3),(5), (35), (40),
it follows however that such a replacing results in
the correct long-time expressions for f; and g¢; if in
addition 7i(w) and n(w) are replaced by their values
at w = g,4. It is worthwhile emphasizing that it is
this ’combined’ substitution that was used in [16, 18,
19].
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According to the general analysis of two-time
correlation functions [8], the time derivatives of the
quantities Ey, EY from Eqgs.(16), (18) vanish at || > 7.
This means, as seen from Eqs.(15), (17), that f;, g; at
[t| > 7. will always have the form given by Eqs.(35),
(40), although the formulas for average occupation
numbers, single-particle excitation energies, and their
spreading will generally differ from Eqgs.(21), (36), (37),
(41). For instance, by using the technique devised
in [10] to deal with certain potentials not amenable
to the perturbative treatment, one can express I[' in
terms of the T-matrix of particle-particle scattering in
the medium. Thus, Eq.(44) for the friction coefficient
is valid not only at small residual interactions but
in all those cases when the condition I'"' > 7. is
fulfilled.

I thank V.N. Pavlovich for the discussion, in which
the Tserkovnikov’s method was suggested to me, and
F.A. Ivanyuk for useful remarks.
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OIIHKA TIPOITAT'ATOPIB YACTUHKU TA JIPKU
3A METO/IOM IEPKOBHUKOBA

B.II. Aavowun
PeswowMme

V¥ mamiit pobori mig nponararopom wacrueku/aipru fi/g: Maemo
Ha yBa3i CTATUCTHYHE CEpemHE MODYTKY OIepaTropa HapOKEH-
Hs1/3HUIEHHS JaCTHHKY | CIPS?KEHOr0 OIePaTOpa, BiAALIEHOrO Bij
HBOrO IacoBuUM iHTepBasioM t. Ockinbku fi i g¢ TicHO 3B’sg3aHi 3
KinermuHumu Koedinienramu, ix ¢dopma npu ckindenniit 3asmm-
KOBIiif B3aeMozil Mae BUHATKOBe (iznuHe 3HaUeHHA. Ha BinMiny Big
MOIePesHIX AOC/IIPKeHDb, sIKi HOCATH €BPUCTHYHHH XapaKTep, Mu
3HAX0AUMO GarkaHi BUpa3u s fi 1 g¢ 13 BIAUOBIAHIX AUHAMIYHHEX
PiBHSIHB 3a J0MOMOroro 3ampomnonoBaHoro FHO.A. I[lepKOBHHKOBUM
METO/y PO3B’s3aHHSI JIAHIIOKKIB DIBHSIHb JIjIsi JBOYACOBUX TEM-
neparypHux GyuKIii I'pina. KoedinieanTn Teprsa nmpu moBiibHIM
3Mmini popmu sagpa, omepxkaHi i3 3HAMAEHMMH TAKUM UHHOM IIPO-
[araTopaMu, MU IOPiBHIOEMO 3 €BPUCTHUIHHMHI BHPA3AMHU.

OIIEHKA ITPOITATATOPOB YACTUIIBI U1 JBIPKI
METOJOM NEPKOBHUKOBA

B.II. Asewun
PeswowMme

B macrosme# paboTe mOZA HmPOmAraTOpOM 9acTUUbL/ABIPDKE ft/g¢
[OPa3yMeBAETCs CTATUCTUIECKOE CPeJHee MMPOM3BEJEeHHs Olepa-
TOpa POXK/JeHHsi/yHHITOXKEHNsI IaCTULBl Ha CONPSI’KEHHBIA eMmy
OIepaTop, OTAEJIEHHBI OT HEro BpeMeHHBIM uHTepBasoMm t. [To-
CKOJBKY ft W gt TECHO CBSI3aHBI C KHHETHIECKUMHU KOdddunu-
eHTaMu, UX (POPMa IIPU KOHEYHOM OCTATOYHOM B3auMOZEHCTBUU
nMeeT KpaiiHe BakHoe (pu3mvIecKoe 3HadeHue. B oTsmdue ot mpe-
ABIYIIUX UCCIeS0BAHUN, NMEIONIUX IBPUCTUYECKUN XapaKTep, Mbl
HaxXonuM TpebyeMble BBIDAXKEHUs Jisd fr U gt U3 COOTBETCTBY-
IOMUX JUHAMAYECKUX YPaBHEHUH HIOCPEeICTBOM IIPEJIOXKEHHOI'O
1O.A. l1lepKOBHUKOBBIM METOA PEIIeHHs IeNOYeK YPABHEHHH [JIs1
JIByXBPEMEHHBIX TeMIepaTypHbIX dyHKIui ['puna. Kosdpdbunuen-
ThI TDEHUS IIPU MEJJICHHOM U3MEHEHUN (bOprI daapa, IOJy1€HHbIe
C HaWJZEHHBIMHA TAKAM 06pA30M MIPOIAraTOPAMHU, MBI CDABHHBAEM C
9BPUCTUICCKUMHU BBIDAKEHUAMUA.
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