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We report the results of iterative calculations of the temperature
dependence of the A-transition and distribution for the superfluid
density of He? absorbed in a narrow single-wall carbon nanotube
in the vicinity of the A-transition. The calculations were made for
different values of the carbon nanotube diameter and values of
the inoculating interaction Vo (the depth of a potential well). We
demonstrate a decreasing of the temperature of the A-transition
and the superfluid density in He? absorbed in a nanotube and find
the appropriate “temperature shift”.

The fullerene prototype is Cgo, a molecule formed out of
60 carbon atoms distributed on a sphere of a diameter
of 7A. Shortly after the fullerenes were discovered, the
existence of related elongated structures of cylindrical
form of one or several concentric graphite layers was
reported. These structures are called carbon nanotubes.
The diameter of a typical single-layer nanotube ranges
between one and several nm, i.e. somewhat exceeds the
diameter of the fullerene molecule Cgg. A single-wall
carbon nanotube (SWCNT) is constituted of a single
graphite layer and graphite-like atomic arrangement of
one monolayer thickness wrapped into a perfect cylinder.

Typical diameter values of SWCNTs were found
experimentally, they are in a range of 1—2 nm. A
multi-wall carbon nanotube (MWCNT) is composed of
several coaxial SWCTs with increasing diameters. The
diameter of MWCNTs may range to 100 nm. Shortly
after the discovery of carbon nanotubes, the attention
of researchers was attracted by a problem related to the
possibility of filling nanotubes with various substances.
The basic scientific interest in this problem is caused by
the possibility of obtaining an experimentally justified
answer to the question: at what minimum tube size

do the capillary phenomena hold their peculiarities
inherent to macroscopic objects? One of the ends of
a nanotube can be opened by the action of a strong
oxidizer [1]. In that case, we are able to fill the nanotubes
with various substances. Liquid substances penetrate
inside of an open-ended nanotube due to the effect of
capillary action. On the other hand, if the nanotubes
are filled with light atoms (He) or molecules (Hy) and
the temperature is low enough, we deal with quasi-
one-dimensional quantum fluids. Such an experimental
realization has been carried out by Yano et al. [2] in a
honeycomb of FSM-16. This is a mesoporous substrate
with tubes approximately 18 A in diameter. Using a
torsional oscillator, this group proved the existence of
superfluidity of He* atoms adsorbed in the pores below a
critical temperature of 0.7 K. Superfluid helium absorbed
to MWCNT and especially to SWCNT provides an
excellent realization of a number of nearly one- or two-
dimensional (1D, 2D) phenomena.

The main purpose of this work is a study of properties
of the helium four (*He) absorbed in a narrow single-
wall carbon nanotube (diameter 7< d < 15 A). We
study the dependence of the temperature of A-transition
of helium on the nanotube’s diameter d and the value
of an inoculating interaction V. As well known [3], the
order parameter is usable for the description of helium
near the A-point as an effective wave function of the
superfluid part of helium ¥(z,y,z) = n(z,y,2)e?. The

superfluid density ps and the superfluid velocity V' are
determined in the following way:
ps = m|¥|* = map’, (1)
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vs = %ﬁ% (2)

where m is the mass of a helium atom (m = 6.68 x
10=2%g) and the symbol i means Planck’s constant.

The effective wave function is macroscopic, so we
can use it only for measuring little larger distances than
an atomic size a ~ 3 x 1078 c¢cm. On the other side, the
superfluid density changes on the interatomic distance if
the boundaries (of a carbon nanotube in our case) exist.
The boundary influence causes an unhomogeneity of the
absolute value of the order parameter |¥| = = /ps/m.
The external field action provokes the same effect. As a
result, the field changes a temperature of A-transition
T\ = Tx(p) also. Consequently, the phase transition
to the superfluid state occurs nonconcurrently in whole
volume if the potential V (7) of an external field is not
constant. At first, the regions with much lower density
go into the superfluid state. Those “superfluid” regions
are separated from “normal” regions by diffuse phase
boundaries. The wideness and shape of that boundaries
(a distribution character of superfluid density p,(7)
in the boundary phase) depend on a field gradient,
correlation effects, and a form of the density of the
thermodynamic potential.

Taking into account the existence of the boundaries
(of the nanotube) and an external field (which is created
by Cgo atoms), we study an appropriate “temperature
shift” AT\ = T\ — Tx(d, Vb), where Ty = 2.17 K, near
the A-point, provided that T*T—:T < 1. As stated in the
literature [3], we can use the thermodynamic potential

~ . h2 .
10, 75 ,0) = [ ol 19 + (00~

- Pl V) + 5| (3)

by solving the space-inhomogeneous tasks when the
density p changes essentially. Here p is a chemical
potential of helium, T is a temperature, Fyo(p, T, |¥|?)
is the density of free energy, the term pV (7) describes
a potential energy of helium in an external field and the
term $(Vp)? allows the correlations of density. Now we
do not define the potential V(7), as it will be done
later. The thermodynamic potential SNIH(,u,T;\II,p) is
minimized in ¥*(7) and p(7) simultaneously and the
system of the following differential equations is obtained:

h_2A\1;: aF”f) v,
2m 0|2 T
OFr10
op

§Ap = < )lva —p+ V(7). (4)
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By solving these equations, we will determine the
equilibrium values of ¥*(7) and p(7). It is convenient
to use the density of free energy Frro(p,T,|¥[?)
instead of the density of thermodynamic potential
Qrro(po, T, |[¥]?) in po, T, |¥|? variables, where g is the
chemical potential without external field:

OFTrr0
)= V().
" ( 5 )WT w—V(?) (5)

Equations (4) can be separated as follows:

h? (59110 >

MLHYN v, (6)
2m 0|¥|? o, T

39110)
oo (Gm) ")
Opo /wp2,r

These equations can be rewritten in terms of the -
function as

v /1.43 /
1/} = U’ \IIOO = Tloo = P = p007 (8)
00 m m

where p) = 0.146 g/cmf3 is the helium density at the
A-point, and, for the non-dimensional coordinate 7.,
we have

» 2
Tt = —, §00 = 5 9)
500 2de)\ACp
where AC), = Cprr — Cpr is the jump of heat capacity at

the A-point and d is the diameter of a carbon nanotube.
Equation (6) with overdetermined variables reads

3 . .
A** — _ 1/3 1— 2/3 2
¥ = o (< + (L= )P+

+alpl!) ¢, (10)

where symbols “t” and “a”, respectively, mean

t=to— (dD2/dp)V(P),  a=dinp, (11)
and to = Tho(po) — T + (dT,,/dp) (i — pao) is the initial
distance to a certain point (o, txo) on the A-curve of
the helium phase diagram without external field, and
(dt,,/dp) is the slope of a A-curve at the indicated point.

Usually it is convenient to count the coordinate from
the plane t = to—(dT\/du)V (7) = 0, which corresponds
to the boundary He—Hell in an external field. Here and
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below, it is convenient to introduce a new wave function
1 and a new variable y

0 ‘P Txx
- - 12
(0 R Al (12)
where
Py \1/2
o= (50)
pr, = 1.54p) (fo—0> =0.352 (50—0> g/cm®,
Iv, Iv,
Vo |dTy [\ */?
= (2= 1
= ([ 2) (13)
394

o Vg=-210 K
1 i
0.8
0.6 2
0.4
0.2
5,
0.2 0.4 0.6 0.8 1 I
o5 Vg=-220 K
1
0.8
0.6 2
0.4
0.2
Py

Fig. 1. The coordinate (radial) dependences of the superfluid
density ps for a fixed value Vj shown at the right top of each
figure: 1 —d=7 A, 2— 11, 83— 15

pa is the value of helium density at the corresponding
point of the A-curve (py = 0.146 g/cm®) and V(7) =
Vof(7), where V, is an approximate value of an
inoculating interaction and f(7) is an approximate
interaction function. After the substitution, Eq. (10) has
the form

0 3 1/3 _ 2/3(712
Byt = ==t @) (vl + (1= )y 5P+

+algl) § (14)

Thus, we have to solve the non-linear differential
equation  (14), where « and Vy are free
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parameters, defined by the diameter nanotube d and the
inoculating interaction Vj. This equation does not have
an exact solution, so we will find it by approximating
computations. Before solving the equation, we shortly
consider boundary conditions. It is well known [4]
that helium atoms adhere to a wall. So, the normal
Jn = pny and superfluid IZ = ps7; flows of helium
must be equal to zero on the wall. The equality
Jn = 0 on the wall follows from the usual condition
for a viscous liquid 7;; = 0 on the wall, which is
correct for normal velocity 7. According to the Landau
theory [5], for superfluid velocity 77, we exploit the
condition for an ideal liquid on the wall, ie. 7} #
0 on the wall though js;wan = 0. So, to satisfy
this condition, we must use the boundary condition
Ps wall = 0, whence the boundary condition wy:d/z =0
follows.

The further study is based on the simplified helium
carbon interaction. We take this to be the mean
interaction averaged across the substrate plane: thus,
it is a function of y alone. We consider the nanotubes
as smooth cylinders by making a y-average of the
corresponding sum of all the C—He interactions. Thus,
the potential felt by a particle only depends on distance
from the particle to the center of the cylinder. For the
potential (interaction via a pairwise central potential),
we have chosen that due to the Aziz potential [6],
which was used in studies of both bulk three-dimensional
helium [7] and two-dimensional helium [8]. The potential
energy, V (y;), is the potential of the ith atom due to a
smooth carbon nanotube. We used the form developed
by Carlos and Cole [9]:

AnVoot\ [2 fo\6 Yi Yi
v = (25 ) [2(5) 0. %) - ea %) )
with 0 = 2.74 A, a, = 274 A2, and &(n,y) is
the generalized Riemann zeta function [10]. We note
the V(y;) is a much stronger potential than the Aziz
potential.

In this study of He* absorbed in a narrow single
walled carbon nanotube, we have used the iteration
procedure. Detailed descriptions have been given in
[11, 12]. We made calculation of the next values: Vj
from —180 to —220 °C with a step of 10 K and
d from 7 to 15 Awith a step of 4 A. We fix by
turns one parameter and change other. The results of
numerical calculations done according to (14), (15), (1)
are presented in Fig. 1 and Fig. 2, where we show the
coordinate (radial) dependence of the superfluid density
ps (px = 0.146 g/cm® is the helium density at the A-
point, r, = d/2 is radius of the carbon nanotube).
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Fig. 2. The coordinate (radial) dependences of the superfluid
density ps for a fixed value d shown at the right top of each figure:

1— Vo =—180°C, 2 — —190, § — —200, / — —210, 5§ — —220

In Fig. 1, curve I corresponds to a value d =7 A,
curve 2to d—11A, and curve 3 to d—15 A. These curves
have been received with a fixed value V shown at the
right top of each figure. In Fig. 2, curve 1 corresponds
to Vo = —180 °C, curve 2 to Vo = —190 °C, curve 3 to
Vo = —200 °C, curve 4 to Vo = —210 °C, and curve §
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d/ Vo Vo = —180 °C Vo =—190 °C Vo = —200 °C Vo = —210 °C Vo = —220 °C
d=7 A 6.33 x10~4 7.09 x10—4 8.07 x10—4 9.35 x10~4 11.12 x10~*
d=11 A 8.43 x10~4 9.44 x10—4 10.73 x10~% 12.43 x10~* 14.79 x10~*
d=15 A 10.73 x10—4 12.03 x10—4 13.67 x10~4 15.84 x10—* 18.83 x10—*

to Vo = —220 °C. These curves have been derived with
a fixed value of d shown at the right top of each figure.

In helium intercalated to a carbon nanotube, various
dimensional effects appear because of the equality
Ps wall = 0. Really, a middle value of ps for helium in
a carbon nanotube is less than ps in a large capacity.
In particular, increasing the average value of superfluid
density reduces to decreasing the temperature of the
A-transition. On the base of our previous calculation,
we can find an appropriate “temperature shift” ATy =
T\ — T\(d, Vp). For that, we use the relation

ATy =T\ —Th(d, W) =
212107113 + ) /334
- 13/2 ’

Yo

(16)

The
table.

We found the distribution of superfluid density of
He* inside a carbon nanotube around the point of
the A-transition for different values of the diameter d
of a carbon nanotube, and values of an inoculating
interaction Vy (the depth of a potential well).

The obtained results allow us to conclude the
following;:

results of calculations are shown in the

1. If the nanotube’s diameter is invariable, the
increment of the interaction between superfluid
helium and carbon atoms will reduce to decreasing
the superfluid density (but to increasing the
“temperature shift”). In this case, the appearance
of the superfluid component is decelerated.

2. If the interaction between helium and carbon
atoms is invariable, a decrease of the nanotube’s
diameter will accelerate the appearance of
the superfluid component, which is decreasing
essentially stronger than that in the previous case.
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JIOCJIJI?>KEHHS TEMITEPATYPHOT 3AJIEXKHOCTI
MTIEPEXO/IY B He* BCEPEIMHI BYIVIEIITEBUX
HAHOTPYBOK

0. Txauenxo, C.Biavvuncorudi
Peszmowme

HaegeHo pesysibraru O0YHC/IEHB TEMIIEPATYPHOI 3aJI€KHOCTI A-
mepexoxy i posmominy mammmmmoi rycTmaxm He?, sxmit imrepka-
JIbOBAHO Yy BY3bKi OFHOCTiHHI ByrjieneBi HaHOTPYOKU B OKOJi A-
nepexony. O6uuciaeHHsa 0yI0 IPOBEJEHO JJIs PI3HUX 3HAYEHb Jia-
MeTpa BYIJIENEBAX HAHOTPYOOK i Jjis Pi3HWX 3HAYEHb 3aTPABKO-
Bol B3aemozil Vp. B pesysmprari orpumano, mo temmeparypa A-
epexony i 3HAYEHHS HANIINHHOI I'YCTHHH 3MEHIIYIOTHCS, SKIIO
He? 3maxomurnes BCepeguHi ByryeneBux HAHOTPYOOK. Byio 3maii-
JIeHO TAaKOXK BiANOBigHWU “TeMmepaTypHUil 3cyB”.
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NCCJIEJOBAHUE TEMIIEPATYPHOI 3ABUCHUMOCTHU
MIIEPEXO/IA B He! BHYTPU
YIVIEPOJHBIX HAHOTPYBOK

E. Txawenxo, C.BuavuuHckuld
Peszwowme

IIpencraBieHbl  pe3ysabTaThl BBIYUCIEHUN TeMIepaTypHOU 3a-
BHCHUMOCTH A-IIEPEXO/a ¥ PACIPEIEJIeHUsI CBEPXTEKydel II0T-
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He?,

HOCTH KOTOPBIl HHTEPKAJIIPOBAH B y3KHE OIHOC-
TEHHBIE YIJIEPOAHBIE HAHOTPYOKmM, BOIU3m A-mepexoma. Bei-
qHUCIeHusA ObLIM BBINONHEHB JJIA  PAa3HbIX 3HAYeHHU  Ju-
aMeTpa  YIVIEPOZHBIX HAHOTPDYOOK ®W  AJjI  PA3HBIX 3HA-
qeHul 3aTPABOYHOIO B3auMOAeHCTBUA Vo. B pe3yJb-
TaTe MOJydIeHO, UTO TeMIepaTrypa  A-Ilepexojga U  3Ha-
deHHe ~ CBEPXTEKydeil  IJIOTHOCTH YMEHBIIAIOTCS, ec-
o He? HAaXOOWUTCA BHYTPH YTJIEPOJHBIX  HAHOTPYOOK.
Bt Halimenm Tak)ke  COOTBETCTBYIOmHUH  “reMieparypHbIi
caBur’”.
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