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The Riemann tensor irreducible part FE;x;,m = %(gﬂskm +

JremSil — 9im Skl — gr1Sim) constructed from the metric tensor
gir and traceless part of the Ricci tensor S;p = R;p — %gikR
is expanded into bilinear combinations of bivectorial fields being
eigenfunctions of E. Field equations for the bivectors induced by
Bianchi identities are studied, and it is shown that, in general case,
it will be the 3-parametric local symmetry group of a Yang—Mills
field.

Introduction

It is well known that the Einstein equations in General
Relativity join together pure geometric quantities on
the left side with physical quantities (energy-momentum
tensor of matter) on the right one.

But this fact means that geometry puts very
rigid restrictions on the energy-momentum tensor and
therefore on configurations of all physical fields. Any
permitted mode of a physical field has the correspondent
eigenmode of gravitational field, otherwise this mode
should be prohibited.

We may study geometry types using curvature
clagsifications. There are two types of curvature
classifications: the classification of the Ricci tensor
by J. Plebansky [2] and the Petrov classification
of the Weyl tensor [3]. Both based on studying
the eigenvectors of some tensors at a given point
of space-time. But the eigenvectors of the Ricci
tensor have no immediate physical sense, and
Weyl tensor types say a little about sources of
gravitational field because it is not affected the Einstein
equations.

On the other hand, the Rainich—Misner—Wheeler
unified theory of electromagnetic field [1, 4] is
not a classification at all. However, it allow one
to represent the curvature of a very restricted
class of space-times as a construction of field

quantities in a finite region of space-time. Meaning
of Rainich conditions is discussed in the second
section.

The next section is devoted to eigenbivectors of
the irreducible part FE;g;,, of the Riemann tensor
and its differential properties. Such an approach
allows us to generalize the already unified theory for
a sourceless SU(2) Yang—Mills field in the fourth
section.

In the last section, the general case of gravitational
field sources is discussed. It is shown that it should be the
3-parametric local symmetry group (maybe noncompact
or degenerated) of a Yang—Mills field with or without
sources.

There are five appendices: on bivectors, on curvature
properties, on electromagnetic energy-momentum tensor
structure, on existence of conformal transformation
provided vanishing the scalar curvature, and details of
awkward calculations.

In all tensor expressions, latin indices run over
(0,1,2,3), greek indices — (1,2,3). Semicolon means
covariant derivation.

1. Rainich Conditions

If curvature satisfies the conditions

i 1 .
Ry, B = 20, R R, (L.1)

R =0, (1.2)
known as Rainich conditions, then it is possible to
express irreducible part of the Riemann tensor FE;um,
defined by Eq. (B.3) (see Appendix B) in the following
form:

Eikim = %(fikflm + fix fim), (1.3)

IThis article was presented at the II International Symposium “Fundamental Problems in Modern Quantum Theories and
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where fi; is a bivector and fi, is its dual (see Appendix
A) which satisfy the sourceless Maxwell equations ff,f =
0, fiF =o.

Contraction of (1.3) gives

Sik = _(fmfk + fmfk) (1~4)
which is identical with the Einstein equation. Really
counting (1.2), there is the Einstein tensor on the
left side and the energy-momentum tensor of an
electromagnetic field on the right. So we have the self-
consistent system of electromagnetic and gravitational
fields.

It is easy to show (see Appendix C) that the Rainich
conditions (1.1) and conditions for the rank of a matrix
G to be equal to 1 are the same.

In next section, the general case of a matrix & will
be studied.

2. Eigenbivectors of E;i;m

Matrices A and S from (B.1) are constructed from
vierbein components of the Ricci tensor traceless part
Sab

511 — S()o 512 513
S = S12 S22 — Soo Sa3 , (2.1)
S Sas S33 — Soo
0 Soz —So2
A= | =5, 0 So (2.2)

So2  —So 0

Let us define & =S —iA — a Hermitian matrix.
Eigenvectors § of the matrix & satisfy the
equations

6§ = A%,

Eigim f5" = Mk

A Hermitian matrix always has real eigenvalues
and it is possible to express the matrix & through its
eigenvectors

Gap = Ze 55 (2.3)
Lalp
3 . o
Epim =Y _ 5 (F [+ 1), (24)

=1 Lik Lim Liklim
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3
6 ~ o~
25 f I+, (2:5)
—1 Lia L lialj,
-1 ,A, <0
where €, = sign()\,) = 0 ,A=0.
1 ;A >0

S;k looks like the energy-momentum tensor of a Yang—
Mills field with a 3-parametric local symmetry group. If
the group is compact and nondegenerated, then it is the
SU(2) or O(3) group.

If scalar curvature R is zero or if R is nonzero
but we applied a conformal transformation described
in the Appendix D, then Bianchi identities (B.6, B.7)
give

Sk =0, (2.6)
m m 1
Cliim = Ezklm = §(Skl;n — Sknit)- (2.7)
The second equation 1is a consequence of
the first one, so it is enough to use the first
equation.

After the substitution S;; from (2.5), we get
3
P
=1

A more general expression for the divergence f
ik

(f f+ff)=0-

Lia 1% k Liarak

(2.8)

Ly
satisfiying Eq. (2.8) is
i ~ik ~ik ~ik i
f*=—af ¢ —eaf B —esf B +ef*A —
1. 1 1g 2 3k 3 2k 2 3k
ik
—esf A (2.9)
3 2k
i ~ik ~ik ~ik i
fP=—af ¢ —e&f B —af B +eftA —
2.5 2 2 3 lk 1 3k 3 1k
af*A (2.10)
1 3k
ik ~ik ~ik ik
ff=—e3f € —elf B —62f B —|—ef A —
3.k 3 3 2k
ik
—ef"A (2.11)
2 1k

ISSN 0508-1265. Vxp. ¢is. ocypn. 2003. T. 48, N 4



ON IRREDUCIBLE PARTIALS

. . ""I,k)
+ef*B +ef"B +eaf A -
2 3k 3 2k 2 3k
(2.12)
T . ~ik
+esf*B +ef*B +ef A -
3 lg 1 3k 3 1k
(2.13)

= +€3fik§

7 ; '7'ik‘
+eaf*B +ef"B +af A -
3.k 3 3 1 2k 2 lg 1 2k

ik
—eof A . (2.14)
2 1k
Quantities Ay looks like Yang—Mills potentials, but
the dependence of f;; upon Ay is unknown, so they are
simply vectorial coefficients.

3. Already Unified Theory of a SU(2)
Yang—Mills Field

Let ¢, =1, & =0, By =0, then the second divergence
of bivectors f* gives

ik ik _
ch (ngb+1ilzék) B g <élk-;i éiék%
ik ik _
J3£ (4k;i+éiék) N g: (ék;i éiﬁlk)’
ik _ ik 7
Pt = W 440

Interpreting these expressions as identities and using
antisymmetry of f;x, we obtain the usual definitions of
SU(2) Yang—Mills field tensors:

fi = Ak — A + [Asy Ag).

Then the system of equations (2.9) becomes

fE+ 1Ak f*1=0

which are sourceless SU(2) Yang—Mills field equations

[5]-

The Einstein equations are already satisfied.
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4. Field Equations in the General Case

Now we returning to the general case of eigenbivectors.
All expansive calculations are moved into Appendix
E.

The second divergence of (2.9)—(2.14) gives (E.16)—
(E.18). It is not so easy to express eigenbivectors
fir through their potentials like those in the previous
section.

Expressions (E.16)—(E.18) as well as bivectors =
(E.13)—(E.15) are invariants of the gauge group of dual
rotation (E.19)—(E.21).

It is possible to fix a gauge requiring (E.26). Such

a way of gauge fixing defines 3 new scalar fields ¢,
with

¢1+ P2+ ¢p3 = 0.

In this gauge, (E.16)—(E.18) take the form
(E.27)—(E.29). Now interpreting these equations as
identities, we obtain expressions for eigenbivectors.
They are consistent only when (E.33)—(E.38) are
true.

Let us define
Fip = Ay — Aii + [As, Agl.

Then the first 3 equations of system (2.9)—(2.14) take
the form

Fif + [Ag, F*] = J' (4.1)
which are 3-parametric group Yang—Mills field
equations.

The last three equations of system (2.9)—(2.14) take
the form

Fif +[A, F*) = K" = 0. (4.2)
These equations with consistency conditions (E.33)—
(E.38) are interpreted as field equations for the sources
of a Yang—Mills field.

Here, the vectors J* and K* are the sums of all terms
(2.9)—(2.14) not included into (4.1), (4.2) with opposite
sign.
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Conclusions

It is shown that the GR Einstein equations allow,
as a source of the gravitational field, nothing but a
Yang—Mills field with 3-parametric symmetry group
with or without sources. This means that any
other sets of fields must mimic to demonstrate the
same behaviour and the energy-momentum tensor as
eigenmodes of the gravitational field, otherwise they will
be prohibited.

Taking into account that the gauge Yang—Mills
fields are key-stone ingredients in all unified gauge
theories of elementary particles, we consider them above-
revealed structural connection with the gauge gravity
field as the very important relation. It opens a new
possibility to include the gauge gravity field into inified
gauge theories as well.

The nature and properties of sources of a
Yang—Mills field require more detailed and careful
researches.

APPENDIX A.
Bivectors and Its Vierbein Components

Orthogonal vierbein h{ is defined by the following expressions:

hiahy = gik;
hihip = Map =diag (1, -1, -1, (A1)
where g; is the metric tensor.

Bivector is an antisymmetric tensor f;x = —fg;. Vierbien
components of the bivector f,, = hflhffik,

0 el e es3
fup = —eq 0 —hs ho
ab = _ey  ha 0 —h

—e3 —ho h1 0

Using the usual remapping of bivector indices

A 1 2 3 4 5 6
ik | 01 | 02 | 03 | 32 | 13 | 21

it is possible to write the same bivecor as a real 6-
vector or as a complex 3-vector F = (e1,e2,es,h1,hs,hs),
§ = (e1 +ih1, ez + tha, ez + ih3).

A dual bivector defined as

fik = €irim [,
2

where g is the determinant of the metric tensor g;r and €;xim
is the absolutely antisymmetric Levi—Civita pseudotensor, has
components

]

0 —h1 —ha —hs
5 hi 0 —e3 €9
fab - hQ es 0 —e1 s
hs —e2 el 0
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F = (=h1,—h2,—hs, e1,e2,e3),

§ = (—h1 + ie1, —ho + iea, —h3 + Z'e3).
The useful identity for the bivectors X, and Y}, reads
P 1
XiaYy" = Xpa¥i " = S 9k XanY "

It is possible to define so-called dual rotations with parameter
@ as

fik - fzk cos @ — .fzk sin ¢,

fir = firsing + fix cos .

Vierbein components of a parity conjugated contravariant bivector
are the same as covariant vierbein components of the original one:

0 el es es3
ab _ pab _ —e1 0 —h3s  he
P‘f - fP - —e9 hs 0 —hq

—e3 —hso h1 0

Contraction of any self-dual bivector f,L.(,j') = fir — ifi, with

any antiself-dual bivector gi? = gik+1gik is zero, fi(:)g(_)ik =0.

APPENDIX B.
Curvature Tensor and Its Properties

The Riemann tensor is defined as
_ory ary,

i — km _
kim Ot o™

+ 1—‘nl km — anrkzl7

where '}, = %gij(% + % - %) is a Christoffel symbol of
the second kind.

B1. Algebraic Properties

The Riemann tensor has the following symmetries:

Rigim = —Rikitm = —Rikmi,

Rikim Rimiks
Rigim + Rimkt + Rimr =0,

so it has 20 independent components.
Contractions of the Riemann tensor are known as the Ricci

tensor and scalar curvature:
. )
Ry, = Ry, R, = Rii, R=Rj.

Using a bivectorial remapping of the first and second pairs
of indices of the Riemann tensor, it is possible to rewrite it as a
symmetric 6x6 matrix:

M N s A
Riklm"RAB:RBA:<N —M>+<—A S)’(B'l)

where M, N, S, A — 3x3 matrices and

MaB = Mﬁav NaB:Nﬁav

Saﬁ = Sﬂou AaB:_Ach

AB = 1...6, «apB=1...3
R

Mz + M22+M33:5,

N1 + N2z + N33 =0.
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The Riemann tensor is reducible into the following irreducible
parts:

iklm + Eikim + Gikim, (B.2)

Rigim =

where Cjkim iS the so-called conformaly invariant Weyl tensor
and

1
Eikim = 3 (9i1Skm + 9kmSit — gimSki— gr1Sim) ; (B.3)
R
Gikim = 2 (Gitgkm — Gimgrl) ; (B.4)
Sik = R %gik Ricci  temsor  traceless
part.

Matrices M and N of B.1 are constructed from components
of the Weyl tensor C;xi, and scalar curvature R and matrices A
and S — from components of E;x;y, (or S;g).

B2. Differential Properties

The Riemann tensor satisfies the Bianchi identities

totym T Bimig + Rijmge =0 (B.5)
and contracted Bianchi identities
Rl + Rikyt — Rie = 0, (B.6)
Ry — SR ) =0 (B.7)
34

APPENDIX C.
Structure of the Energy-momentum Tensor
of an Electromagnetic Field

The energy-momentum tensor of an electromagnetic field is
defined by the following expression:

1 1 —~
T = —fiafi + 9 Sabf*" = =5 (Fiaf? + fiaf{).

It is possible to express its vierbein components through
electromagnetic field components either in a real bivector form or
in a complex 3-dimensional vector § = (e1+1ih1,e2 +iho, e3+ih3)
and a complex conjugated vector § = (e1 —ih1, e2 —iha,e3 —ih3)
in the following way:

1
Too = (el + €5 + €3+ hi +h3 + h3) =
1 - _ _
= 5(3131 + $232 + 5333),
1
T = (=€ +e3+ e —hi+h3 +h3) =
1 - _ _
= 5(—3131 + F22 + 3333),
1
Too = (el — €3+ e+ hi—h3+h3) =
1 - _ _
= 5(%131 — 282 + $3383),

1
Tys = Led +ed —ef 42+ A3~ 1) =

ISSN 0508-1265. Vp. Pis. owcypn. 2003. T. 48, N 4

= LEiF 25— F9%)

To1 = —e2h3 + hoes = %(@233 - 3332),
To2 = erhs — hiez = %(—@153 + $331),
Toz = —e1hz + hies = %(@152 - FF),

Ti2 = —erea — hiho

1 - _

75(3132 + 5251),
1 _ _

Ti3 = —eres — h1hs = —5(3133 + F351),
1 _ _

To3 = —ege3 — hohg = —5(3233 + 333'2)~

It is evident that the previous formulae are expressible in the
3x3 Hermitian matrix form:

Tir —Too Ti2+iToz Tiz —iTo2
G = Ti2 —iTos  Taz2 —Too T2z +iTo1 =
Ti2 +iTo2  Tas —iTor  T33 — Too
151 51¥e 5183
= —| BFd1 TS TS
F381 382 I3383

The matrix & has rank 1, i.e. all its subdeterminants are zero.
It is easy to prove that the former statement is equivalent to the
so-called Rainich conditions [1, 4]:

1
TiaTf = ZgikTabT“b.

APPENDIX D.
On the Existence of a Conformal Transformation
Provided Vanishing the Scalar Curvature

Consider the Riemannian space Vi with the metric g;g,
Riemann tensor Rk, Ricci tensor R;, = RY ,, and scalar
curvature R = R2 # 0. We shall find a conformal
transformation

9ik = Gik = PYik,

Rikim — Rikim,

Rip — Ry,

R— R=0,

which provides the vanishing of R. The Riemann tensor of the
conformal metric is

1
Rikim = ¢Rikim + > (GimPri + gr1Pim — GilPkm — JemPil) —

3
o (GimPrOL + gLiPiPm — JuPrPm — JkmPiel) +

1
+— (gimrl — gkmYil) Pne",

4o
where p; = V0 vir = ViVip. Then
5 Pik 1 3
RixR =i === — ——gitVa V"¢ + 5 0ix,
@ 2¢ 2¢

- 3 3
R=R— —V,V'0o+ —=pnp".
® 22

Equating R to zero and making the substitution ¢ =
12, we obtain the so-called conformal scalar field equation

[6]:
ViVigp — éRd) =0.
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APPENDIX E.
Detailed Calculations

To reduce some expressions, let us introduce complex field

variables

A =A +iB,
ti g L
tik  lik Lik
H =d +i0 |
Lik tik ik
S0 3’:71’&

Then (2.9)—(2.14) becomes

FF =iagre +egtUA —aFhAr,
1k 1 1g 2 3k 3 2k

T = ieaFihe
2 3

+esFhA — e FEYU,
2.k 3 1k 1 3k

k

FF =iesFre 4 agtUA — oFFur,
3.k 1 3 1 2 2 1

where * means complex conjugation.

Let us introduce a complex bivectorial field £

aF =9 de(ATA* —if A ),
1 1 [ks] 1(2[i3k] g[ilk])

=g A A —ie A,
2 2 [k;d] Slile] 22k
HiF =9 es(A AT —ie A ),
3 3 (ks3] (1[i2k] g[i?’k])
where [ | means alternation,
1€ = e — esé,

1 2 3
€ = es€ — 1€,

2 3 1
3 = e1€ — eaé,

3 1 2
and a real field =:
= = —2e2A +2e3A B
Lik §[k;i] 23[i3k] 32[i2k]
= =¢ —2e3A B +2¢A B
2ik 20k 1751k 31i 3 k)
= = —2e1A +2e2A B .
3ik g[,m-] 12[i2k] 4 [i 1 k]

Vanishing the second divergence of any bivector gives
eF"H —aFr e +iaFts =0,
2 34k 3 24k 1 lik

5 F 9
3

—aFFo" +iegFtE =o,
Tk 1 3k 2 24

k

agtn —eFFH* +tiaFtE =o.
1 2k 2 1, 3 3;
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(E.1)

(E.2)

(E.3)

(E.4)

(E.5)

(E.7)

(E.8)

(E.9)

(E.10)

(E.11)

(E.12)

(E.13)

(E.14)

(E.15)

(E.16)

(E.17)

(E.18)

Transformations of the fields under dual rotations read

g N e_iELO“'S
7

L L

’
A— e N
L L

!’
H— e iy,
L L

where

€l = €2 — €3Q,
2 3
e2a = e3q — €1Q,
3 1

€30 = €1 — €.
1 2

(E.19)

(E.20)

(E.21)

(E.22)

(E.23)

(.24)

= is invariant under dual rotations. It is evident that Egs. (E.16)—

(E.18) are also invariant.
Let
ﬂ:em ﬁ_edﬁz ﬂ:e@,

) - ) )

®3 ¥1 P2

¢1+ ¢2+ 3 =0,

where ¢, are arbitrary positive real scalar
To solve (E.16)—(E.18), it is enough to fix
requiring
ik= ik—=
11§ TE 4 e2p2F 2
1 1ik 2 25

(3 (3

+e3p3FFE  =0.
k 3 3ik

Then

k(O —iem P2 ) =eFF (O +ie2Z ),
2 3k 2ik 3 24k 3ik

aFF(H —ieTME ) =aFF(O" +ie?E ),
3 1k 3ik 1 3ik 1k
aFF® —ie” 2 )] =eaFF(H* +ief12 ).
1 24 1ik 2 Ik 2ik
So,
af =9 —ie P2 =9 +ief12
1ik 1k 3ik 1k 2k

©@F =9 —ie P22 =9 +ie®2E
2k 2k 1ik 2k 3ik

T =9 —ie PEZ =9 4+ie?2
3ik  3ik 2ik 34k 1ik

(E.25)

functions.
a gauge

(1.26)

(E.27)

(.28)

(.29)

(1.30)

(E.31)

(E.32)

The set of consistency conditions of system (E.30)—(E.32)

is
b1 b1
e e
© =—=2 + =,
1ik 2 2 2 3k
P2 —¢2
e e
0 =—z2 + g,
2k 2 3k 2 1k
3 —¢3
o == +¢& = |
3ik 2 lig 2 2k

(E.33)

(.34)

(E.35)
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Lik 2 24 2 34k
. P2 —¢2
» =" - "= | (E.37)
2k 2 3k 2 1k
. b3 —¢3
== % "= . (E.38)
3k 2 1k 2 24
Now
’
€ =® =A +e¢1(A A —B B +¢ B ), E.39
I{ik Lik Dk 1(2[i3 ] 23k %Hk] ( )
’
€ = =A +e(A A —B B +€& B ), E.40
2]2Cik 2k 2 [k;i 2(3[2'11@] 31k g[ﬂk] ( )
es3f =® =A +e3(A A —BB +¢B E.4l
313[1‘19 3ik 3 [k;i] 3(1[1'2 ] 12k g[i?’k]) ( )
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ITPO POJIb BE3CJIIIOBOT YACTUHN TEH30PA PTUYI
B HE3BIJITHUX CTPYKTVYPAX 3ATAJILHOI

TEOPII BIZTHOCHOCTI B CKIHYEHHINI
IIPOCTOPOBO-YACOBI OBJIACTI

FO. Cemenos
Pesmowme

Hessigny sactuny Eigim = (9iSkm +9km Skt — Gim Skt — i Sim)
ten3opa Pimana Rk, , gka 100y I0BaHA 32 JOIOMOTOI0 METPUTIHO-
r'o TeH30pa g;; Ta 6e3cmimoBoi yactunu S;r = Rk — igikR TEeH30pa
Piuui R;i, po3kiiageno Ha OGininiiiai kombinamnii 6iBeKTOpHUX TO-
JiB, 10 € BIacCHUMHU DYHKIigME TeH30pa FEj;ji,,. BuBueno monno-
Bl piBusinHs Aa nmx 6iBeKTOpIB, MO iHAYKOBAaHI TOTOXKHOCTSIMHU
Bianku. [lokazano, o B 3araJbHOMY BHIIQJIKY iCHY€ TpUIIApaMeT-
pHYHA JIOKAJIBHA CHMETPis AHr-MiJICIBCHKOrO mOJIs.

O POJIM BECCJIEAOBOI YACTHU TEH30PA
PUYYM B HECBO/IMMBIX CTPYKTYPAX OBIIEN
TEOPUU OTHOCHUTEJBHOCTU B KOHEYHON
IIPOCTPAHCTBEHHO-BPEMEHHOM OBJIACTHU

FO. Cemenos
Pesmowme

Hecroammas 9acts Eigim = % (9i1 Skm~+Ikm Skt —Fim Skt — ki Sim)
Ten3opa Pumana R;jjy,, IOCTPOEHHAsS C IIOMOIIBIO METPHUIECKO-
ro TEeH30pa (g;x ¥u HyJeBoi wactu S;r = Rip — %gikR TEH30-
pa Puuun R;j, pasnoxkena Ha OunuHeiinble KoMOWHAIUN OWBEK-
TOPHBIX [OJIEH, SBJISIONUXCS COOCTBEHHBIMU (DYHKIMSIMUA TEH30-
pa Ejkim. VI3ydeHsl mnosieBble ypaBHEHUs JJisi OMBEKTOPOB, WH-
AYIUPOBAHHBIX TOXKJecTBaMu buanku. [lokazaHo, 4To B 0bIIEM
CIydae CyIIeCTBYeT TPEeXIaPaMeTPUIECKAS JIOKAJIHHAS CHMMETDHS
STHT-MHUJIJICOBCKOTO TIOJIS.
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