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A method of the categorical extensions of Cayley—Klein groups
is applied. The method uses the Cayley—Klein spaces as objects
of the Cayley—Klein category endowed with all possible linear
relations or bilinear forms as morphisms. The constructed induced
representations of Cayley—Klein groups are transported to the
constructions of Weil representations of the Cayley—Klein classical
Hermitian categories by categorification. The explicit form of the
Weil representations of the Cayley—Klein Hermitian symplectic
category is given.

Introduction

In accordance to the unprecedented amount of
information in the Cosmic Microwave Background data
in the form of temperature and polarization power
spectra [1], we suppose that the true cosmological model
belongs to the class of models based on Cayley—Klein
geometries. In the first part of the work, we follow the
program of categorification and categorical extension
developed in [2, 3] and apply it to the problem of
categorification of the theory of a Cayley—Klein group
G(j) [4-6] as follows:

Let G(j) be a Cayley—Klein group [4-6]. Then G(j) is
merely the visible part of a certain category CK which is
invisible to the naked eye. More precisely, there exists a
certain category CK (the train of the group G(j)) such
that the group itself is the automorphism group of a
certain object V(j), while the Cayley—Klein semigroup
['(j) is the semigroup of endomorphisms of the same
object. Furthermore, each representation p of G'(j) on
a space H(j) can be extended to a representation of the
category CK. In other words, for each object W (j) of the
category CK, we can construct a linear space T'(W (j))
and, for each morphism P : W(j) — W'(j), we can
construct a linear operator 7(P) : T(W(j)) — T (W'(j))
such that, for any morphisms P : W(j) — W'(j) and
Q:W'(§) = W"(j), we have

T(QP) = 7(Q)7(P)

with T'(V(j)) = H(j), and the operators 7(g) and p(g)
are the same for all g € G(j).

We note that all the spaces T(W(j)) and all
the operators 7(g) “grow out of” the one and only
representation p of G(j) and the one and only space H (j).

To explain this idea of an analog of a structure on
a category, let us consider first the category of linear
relations. The objects of this category are linear spaces
over a field F (and we will suppose them to be finite-
dimensional). The morphisms P : V(j) = W (j) are the
linear relations, that is, the subspaces P of V (j) & W (j).

Sometimes such subspaces are the graphs of linear
operators from V (j) into W (j), but in general this is not
the case.

IfP: V(G = W@ and Q : W({) = Y(j) are
linear relations, then their product QP : V(j) = Y(j)
is defined as follows: (v,y) € V(j) ® Y (j) is contained
in the subspace QP if there exists w € W(j) such that
(v,w) € P and (w,y) € @ (and this is how one would
want to define the product of “multivalued maps”).

The following are defined for a linear relation P:
V(j) = W(j) in the same way as for an operator:

(a) the kernel ker P — the set of all v € V'(j) such that
(v,0) € P;

(b) the image imP — the projection of P onto W (j);

(c) the domain of definition D(P) — the projection of
P onto V(j).
In addition, we define

(d) the indefiniteness Indef (P); this is the set of w € W
such that (0,w) € P; if P is the graph of an
operator, then Indef(P) = 0;

(e) the rank rk(P): rk(P) = dim D(P) — dimkerP =
= dimimP — dimIndef P = dim P — dimkerP —
dim Indef P.

IThis article was presented at the II International Symposium “Fundamental Problems in Modern Quantum Theories and
Experiments” (September 2—7 2002, Odessa, Ukraine) on the occasion of Professor Walter Thirring’s 75th birthday.
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This paper is organized as follows. In the first section,
we define the dual numbers, real Cayley—Klein spaces,
and real Cayley—Klein classical groups. In the second
section, we construct the induced representations of
Cayley—KIlein orthogonal groups. In the third section,
we consider categorification as a “bridge” allowing to
transport constructions from real Cayley—Klein classical
groups to Cayley—Klein classical Hermitian categories.
In the fourth and fifth sections, Weil representations of
the Cayley—Klein symplectic category are obtained.

Provided that the true cosmological model belongs
to the class of models studied here as Cayley—
Klein geometries with constant curvatures, the Cosmic
Microwave Background data will enable us to constrain
several combinations of cosmological parameters with
an exquisite accuracy in accordance to unprecedented
amount of information in the form of temperature and
polarization power spectra [43].

1. Cayley—Klein Spaces and Cayley—Klein
Groups

1.1. Dual Numbers

Dual numbers were introduced by Clifford [7] as far
back as in the XIX century. They were used by
A.P. Kotel’nikov [8] for constructing his theory of screws
in three-dimensional spaces of FEuclid, Lobachevsky
and Riemann, by B.A. Rosenfeld [9] for description
of non-Euclidean spaces, by R.I. Pimenov [10, 11] for
axiomatic study of spaces with constant curvature. Some
applications of dual numbers in kinematics can be found
in the work by I.M. Yaglom [12]. The theory of dual
numbers as number systems is exposed in monographs
by D.N. Seiliger [13] and A.Sh. Bloch [14]. Nevertheless,
it is impossible to say that dual numbers are well known,
so we start with their description.

Under an associative algebra of rank n over the
field of real numbers R, we mean an n-dimensional
vector space over this field, on which the operation of
multiplication is defined which is associative a(bc) =
(ab)e, distributive in respect to addition (a + b)c =
ac + be, and related with multiplication of elements by
real numbers as follows:

(ka)b = k(ab) = a(kb), (1.1)

where a, b, ¢ are elements of the algebra; k is a real
number.

If there is such element e of the algebra that, for any
element a of the algebra, the relations ae = a, ea = a
are valid, then the element e is called unit.
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Dual numbers a = apey + aier; ag, a1 € R,
are elements of an associative algebra of rank 2 with
unit and generators satisfying the following conditions:
e2 = eg, epe1 = ereg, €7 = 0. This associative algebra
is commutative, and eg is its unit. Therefore, further we
shall write 1 instead of ey and denote generator e; by
t1 (the greek letter “iota”) and call it (purely) dual unit.
For the sum, product, and quotient of dual numbers a
and b, we have

a+b=(ag+tia1)+ (bo+ t1b1) = ag + bo + t1(a1 + b1),

ab = (ao + Llal)(bo + L1b1) = agby + 11 (aﬂ)o + aobl),

a ag+ LG a a aob
— = oo 0 + 11 L 021 - (12)
bo b

b Co+L1b1 - b()

Division can be carried out not always. Purely dual
numbers ¢1a; do not have inverse element. Dual numbers
are equal (a = b), if their real parts are equal (ag = bp)
and their purely dual parts are equal (a; = by). Thus, the
equation ajt; = byeq has the unique solution a; = by for
ay, by # 0. This fact can be written formally as ¢; /1; = 1,
and this is how the last relation has to be interpreted,
because ¢; * is not defined.

We denote the real part of a dual number a = ag +
t1a1 as Rea = ap, and purely dual — Dua = a;; modulus
of a is modulus of its real part |a| = |Rea| = |ag|, and
argument is the ratio Dua/|Rea| = a1 /|ag| = arga, so
that the trigonometric form of a is as follows:

a = |a|(signRea + ¢; arga) = |ap|(signag + ¢1 %), (1.3)
ao

(10750.

It is convenient also to introduce the notion of the
parameter Pa = a; /ap of a dual number a and to present
this number as

a = aop(l+ 11 Pa) = ag <1+L12> . (1.4)

[04]

Functions of a dual variable x = xog+¢121 are defined
by their expansion into Taylor series

f(a:,a,b, .. ) = fO + Ll(st;
3

where all terms with coefficients (3, ¢3,...are omitted,
and

(1.5)

fo = f(zo,a0,bo,...),
0k, 0k, O
(Sf() = I 6;120 + ay 60,0 +b1 8()0 + ... (16)
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Because Pf = dfo/fo = 01n fo, it is possible to write
f = fo(]. + L15lnf0).

In particular, any dual number a for ag # 0 can be
presented as

(1.7)

al

a = ape"? = apet . (1.8)

For dual z, we get

sinx = sinzg + (121 COSTg, SiniL1ry = 1127,

CoOST = COSxy — L1 a1 8inxg, cosvixy = 1. (1.9)

Properties of the symbol §fy can be derived from
definition (1.6):

0

R o

—(0fo) =9 <8 ) , (1.10)

Lo

i.e. the operations 6 and 0/0xy are commutative.
According to (1.5), the difference of two functions of
a dual variable can be presented as f — ¢ = fo — @o +
110(fo— o), therefore, if the real parts of the functions f
and ¢ coincide, then the functions f and ¢ also coincide.
Using this fact, D.N. Seiliger showed [13] that, in a
domain of dual numbers, all identities of algebra and
trigonometry, all theorems of differential and integral
calculus remain valid. In particular, the derivative of a
function of dual variable can be found as

df@) _0fo s <%> , (1.11)

dx =~ Oz Oxg
Let us consider now a more general situation, where
n dual units ¢y, t2, . . ., L, with properties ¢, = tpir, # 0,
k # p, i =0, pk = 1,2,...,n are taken as the
generators of an associative algebra with unit. Then any
element of this algebra A,(:) is a linear combination
of monomials g, tgy ... tk,., k1 < k2 < ... < ky, which
together with unit element make a basis in the algebra
as in a linear space of dimension 27, i.e.

a =ag + E E Ay ey bley + - - L, -

r=1 kq,...

(1.12)

This notation becomes unique, if we put the additional
requirement k; < ky < ... < k, or the condition of
symmetry of coefficients ap,. r, in respect to indices
k1,..., k.. Two elements a, b of algebra A,,(¢) coincide,
if their coefficients in expansion (1.12) are equal, i.e.
ay = bo, Gy .k, .. As in the case of dual
numbers, this definition of equality of the elements of
algebra A, (1) is expressed in the possibility to cancel out

= bp,.k
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equal (with the same index) purely dual units ¢ /¢, = 1,
k=1,2,...,n (but not ty/tm, k # m, — such expressions
are not defined).

Here it is appropriate to compare algebra A, (¢)
with Grassmannian algebra As,(€), i.e. the associative
algebra with unit, where the set of nilpotent generators
&,&,...,6m, & = 0 exhibits the properties of
anticommutativity &pép, = —§&& # 0, p # Kk, p,
k=1,...,2n. Any element f of Grassmannian algebra
A2, (&) can be expressed [15] as

f0+2 Z Trrkn &y - &k,

r=1 ki,...

(1.13)

This representation is unique, if one requires k; < ko <
< ... < k, or puts on the condition of skew-symmetry
fry...k, in respect to indices k1, .. ., k. If only terms with
even r differ from zero in expansion (1.13), then an
element f is called even in respect to the set of canonical
generators &. If; in expansion (1.13), only terms with
odd r differ from zero, then f is called odd element.
As a linear space, the Grassmannian algebra splits into
even %Ay, and odd 'As,, subspaces: Ay, () = %Asy, +1As,,
where °A,,, is not only a subspace, but also a subalgebra.

Let us consider the nonzero products &xp—1éok,
k = 1,2,...,n of generators of the Grassmannian
algebra As, (). It is easy to see that these products
possess the same properties as the generators iy of
algebra A, (¢), i.e. purely dual units are simulated by
the products of generators of Grassmannian algebra
e = Eok—1&k, kK = 1,2,...,n. Thus, algebra A, (¢) is
a subalgebra of the even part °A,, of Grassmannian
algebra As,(¢). It is worth mentioning that even
products of Grassmannian anticommuting generators
are also called para-Grassmannian variables. The latter
are employed for classical and quantum descriptions of
massive and massless particles with integer spin [16] and
in the theory of strings [17].

1.2. Real Cayley—Klein Spaces and Cayley—
Klein Special Orthogonal Groups

1.2.1. Three Fundamental Geometries on a Line

Let us introduce an elliptic geometry on a line. Let us

consider a circle S = {x* € ]R2|m62 + 21 = 1} in
Euclidean plane Ry. The rotations x* = g(¢*)x*, i.e.
x| = x}cosp* — a7} sin

z}' = x}sing* + x} cos p* (1.14)

of group SO(2) bring the circle into itself. Let us identify
diametrically opposite points of the circle and introduce
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the internal coordinate £*' = z}/z§. Then, to rotations
(1.14) in Ry for ¢* € (—m/2, w/2), there correspond the
transformations
5*/ — 5* —a
1+ &*a*’
where a* € R. These transformations make the group of

translations (motions) G of an elliptic line with the rule
of composition

a* = tgy*, (1.15)

w_ Otay (1.16)
1—a*a}’ ’
Let wus consider a representation of group

SO(2) in the space of differentiable functions on
Ry, defined by the left shifts T(g(¢*))f(x*) =
f(g7*(p*)x*). The generator of the representation

X*f(x") = 2 (T(g(9")) f(x"))|-0, corresponding to
transformation (1.14), can be easily found:
0 0

* 0 * °
O Oz

X*(ah,a7) = o (1.17)
For the representation of group G by left shifts in the
space of differentiable functions on an elliptic line, the
generator Z*, corresponding to transformation (1.15),
can be written as

() = (145

o&*

It is worth mentioning that, to rotations g(¢*) € SO(2),
there corresponds the matrix generator

. (0 —1
x_(l 0).

Let us consider the transformation of Euclidean plane
Ry, consisting of multiplication of Cartesian coordinate
x1 by parameter j;, namely

YRy — Re(j1),

where parameter j; =1, t1, i.

Mapping (1.20) brings Euclidean plane Ry into plane
Ro(j1), the geometry of the latter is defined by the
metrics 2%(j1) = x5 + jia?. It is easy to see that
Ro(j1 = ) is a Minkowski plane and R (j; = ¢1) is a
Galilean plane.

Our main idea is that a transformation of geometries
(1.20) induces a transformation of the corresponding
motion groups and their algebras. Let us show how to
derive these transformations.

Definition of angle measure in Euclidean plane R, is
determined by the ratio 7} /¢, which turns into jiz1 /o
under transformation (1.20), i.e. angles are transformed

(1.18)

(1.19)

Yxy =x0, YT} = ji171, (1.20)
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according to the rule ¥p* = j1p. Changing coordinates
in (1.14) according to (1.20) and angles according to the
derived transformation rule and multiplying both sides
of the second equation by j; ! we get rotations in plane
Ry (51)

' . L
g = TpCOS1Y —X1)18M )19,

x1' = woj; tsinjip + x1 cos i, (1.21)

making group SO(2,j1). Functions of purely dual
quantities are defined by the expansions into series, in
particular cosetip = 1, sint;p = 11p. Transformations
of group SO(2;11) are Galilean transformations
and elements of group SO(2;i) are Lorentzian
transformations, if zo is interpreted as time, and x;
as spatial coordinate. The domain of definition ®(j;)
of the group parameter  is ®(j; = 1) = (—7/2,7/2),
D(11) =P(i) =R

Rotations (1.21) preserve the circle S;(j;) = {z €
Ry (j1) |22 + j22? = 1} (see Fig.1) in plane Ry (j1).

Identification of diametrically opposite points gives
the upper semicircle (for ji=1) and connected component
of a sphere, passing through the point (xg = 1, x; = 0)
for j1 = u1,i. The internal coordinate on the circle
&* is transformed according to the rule ¢&* = ji&.
Substituting in (1.15) and cancelling j; out of both sides,
we get the formula for translations on a line:

E—a 1
! = — s a = —t 3 122
13 T+ 72, 7, e (1.22)
where a € R.

These translations make group G (j1) — group of the
motions of elliptic line S;(1) for j; = 1; parabolic line
S1(t1) for j; = 11, and hyperbolic line S; (i) for j; = i.

In the space of differentiable functions on Rs (j1), the
generator X (x) of a representation of group SO(2;j;) is
defined by the relation

_d
=i
Under transformation (1.20), derivative d/dp* turns
into jflﬁ, therefore, to obtain derivative d/dyp, the
generator X* must be multiplied by j;, i.e. the

generators X *(¢x*) and X (x) are interrelated by the
transformation

Xf(x) (T(g()) f(x)|o=0-

0 0

X = i X* *\ _ 42 = .

(x) = 1 X*(¥x") = jim D0 woaxl

The generator Z is transformed according to the
same rule:

(1.23)

2(6) = 11 2°WE") = (1+ 2% 2.

5 (1.24)

353



S.S. MOSKALIUK
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Fig. 1

Transformation rule for the matrix generator of
rotations X: nonzero matrix element —1 over the main
diagonal is changed for —;? and the rest matrix elements
remain unchanged, i.e.

. 0 —J 0 —j}
x:.71<._1 0]1>:<10]1>

The group of motions Gi(j;) of the one-dimensional
Cayley—Klein space Si(j1) is tightly connected with
rotation group SO(2;71) in space Ry(j1). Therefore,
under Cayley—Klein space, we shall mean further both
S1(j1) and Ry (j1), and under their groups of motions —
both G1(j1) and SO(2;j1). The same rule is taken also
in the case of spaces of higher dimensions.

We have studied comprehensively the simplest case
of groups SO(2;71), G1(j1), because here the main
ideas of the method of transitions reveal themselves in
the most clear way, not aggravated with mathematical
calculations. These ideas are as follows: (a) to define
transformation (1.20) from an Euclidean space to an
arbitrary Cayley—Klein space; (b) to find the rules
of transformations of motions, generators, etc. of the
group; (c) using the approach exposed in (b), to
derive motions, generators, etc. of the Cayley—Klein
group from the corresponding quantities of the classical
orthogonal group. The method of transitions, in spite of
its simplicity, enables us to describe all Cayley—Klein
groups, being aware of only classical orthogonal ones.

(1.25)

1.2.2. Nine Cayley—Klein Groups

Mapping

1/}:]1@3 _>]R3(j)7 ’(/):L‘SZZ‘O, ¢mI:j1m17

Yas = Jijaw2, (1.26)
where j = (j1,72); j1 = 1, v, i; jo = 1, t2, @, turns

the three-dimensional Euclidean space into spaces Rs (j),
on which spheres (or connected components of spheres)
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$25) = {x € Re(§)[a3 + j2o% + j3j3w3 = 1} for nine
geometries of Cayley—Klein planes are realized. The
interrelation of geometries and values of parameters j is
clear from Fig.2, where the light cone is shown by dashed
lines and the internal coordinates take values t = x1 /o,
= Ty /xg.

Rotation angle ¢j,, in the coordinate plane {z;,z} },
n < v, v = 0,1,2, is determined by the ratio
7, [z, under mapping (1.26) and transformed as 1¢j,,

v
(,0,“/ H ]m .
m=p-+1
Therefore, for rotations in the plane {z,/x, } of space

Rs(j), the following relations are valid:

v

), = T, cos (tpw H jm) -

m=p+1
v v
—:z:,,( H jm> sin(gpu,, H jm>,
m=p+1 m=p-+1
v

T in)+

m=p-+1

14
o :z:u< H jm1> sin (‘Puv
m=p-+1
14
+z, cos <<pu,, H jm>,

m=p+1

A # p,v. (1.27)

It is easy to find the matrix generators of rotations
(1.27):

’
Ty =T,

0 —jf 0 0 0 —j7j3
Xoo=| 10 0 |, X2=|0 0 0 ,
00 0 1 00
0 0 0
Xi2=| 0 0 —j2 (1.28)
0 10
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J1
J2 1 2 )
Spherical Euclidean Lobachevsky
geomeiry geometry geometry
t 4 t
1 //H N/
Semispherical Galilean Semihyperbolic
geometry geometry geometry
1 t 1 t 1 i
L2 ._fﬁ
S { T T T
Anti de Sttter Minkowsk:i De Sitter
geometry geometry geometry
i 1 i
7 4 \ /
N N
L N7 N N7
// AN r // N T 7N r
/ \

Fig. 2

They make the basis of the Lie algebra of group
SO(3;j). Rule of transformations for generators of
the representation of group SO(3;j) in the space of
differentiable functions on Rs(j) by left shifts coincides
with the rule of transformation for parameters ¢, and
can be written as follows [4-6]:

Xt = i o ) X ), (1.29)

m=p+1
and generators themselves — as
- 0 0
_ ;2
X (x) = ( I1 Jm> " Sy By (1.30)
m=p+1

Knowing generators, one can evaluate their
commutators. But we shall derive commutators from the
commutation relations of group SO(3). Let us introduce
new notations for generators X, = H*, Xj, = P,

ISSN 0503-1265. Yxp. pis. ocypn. 20038. T. 48, N 4

Xy, = K*. As is well known, commutators of the Lie
algebra for group SO(3) can be written as follows:
[H*,P*] = K*, [P",K"]|=H", (1.31)
[H* K*] = —P*.

Generators of algebra so(3) are transformed according
to the rule H = j1H*, P = j1j2P*, K = jxK* ie.
H* = ji'H, P* = jilj'P, K* o= K.
Substituting these expressions in (1.31) and multiplying
each commutator by a factor, equal to the denominator
on the left side of each equation, i.e. the first — by
j2ja, the second — by j1j3, the third — by j1ja, we get
commutators of the Lie algebra for group SO(3;j):
Cayley—Klein spaces S>(j) (or spaces of constant
curvature) for j1 = 1,1,4, jo = 12, can serve as models

of kinematics. In this case, the internal coordinate & =
x1/xo can be interpreted as a temporal axis, and the
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internal coordinate £, = z3/x¢ as a spatial one. Then H
is the generator of a temporal shift , P is the generator
of a spatial shift, K is the generator of a Galilean
transformation for j» = 15 or Lorentzian transformations
for j2 =1.

Final relations should not involve the division
by a purely dual number. This requirement suggests
the way of finding the rule of transformations for
algebraic constructions. Let an algebraic quantity
Q* = Q*(Af,...,A;) be expressed in terms
of quantities Aj,...,A; with a known rule of
transformation under mapping 1, for example, 4; =
a1 AT, ..., A = ap A}, where coefficients ai,...,a; are
some products of parameters j. Substituting A} =
aflAl,...,AZ = a,glAk in the relations for Q*, we
get the formula Q*(a7'A4,.. .,a,;lAk), involving, in
general, indeterminate expressions, when parameters j,,
are equal to purely dual units. For this reason, the
last formula should be multiplied by such a minimal
coefficient ¢ that the final formula would not involve
indeterminate expressions:

Q =qQ* (a7 Ay, ..., a5 Ap).

Then (1.33) is the rule of transformation for quantity
) under mapping . Such a method, stemmed out
directly from the definition of coincidence of elements
of algebra A, (¢), turns out to be very useful and further
will be widely employed. Rule of transformation (1.33)
for algebraic quantity @, derived from the requirement
of the absence of indeterminate expressions for dual
values of parameters j,,, is automatically satisfied for
imaginary values of these parameters.

Let us exemplify this rule by a Casimir operator. The
only Casimir operator for group SO(3) is

(1.33)

Cy(H*,..)=H*"?+ P2 + K*2, (1.34)
Substituting H* = j;', P* = j;'j;'P, K* = j; 'K in
(1.34), we get

. 1 1 1
C3(iT'H,...) = mH* + 5P + K> (1.35)
Ji J1J2 2
The most singular factor for j3 = 11, jo = 1o is

coefficient j; 2 i 2 of the sum and P2. Multiplying both
sides of Eq. (1.35) by j?j2, we get rid of indeterminate
expressions and derive the rule of transformation and
the Casimir operator for group SO(3;j):

Co(§; H,...)j1j5Cs (G H,...) = j3H*+ P+ K*.(1.36)

As is known, the Casimir operator for two-dimensional
Galilean group SO(3;t1,t2) is C2(t1,t2) = P? (see,
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for example, [18]), for Poincaré group SO(3;:1,1) is
Cs(t1,i) = P2 — H?, for group SO(3;4,1) = SO(2,1) is
Cs(i,1) = H?+P?>— K? [19]. All these Casimir operators
can be obtained from (1.36) for corresponding values of
parameters j.

Matrix generators (1.28) make a basis of Lie algebra
s0(3;j) of group SO(3;j). To the general element

X(r,j) =rmXor +r2Xo2 + 1r3X1e =

0 —j127“1 _jfj%rz
= T 0 —j%’r‘3 (137)
rs T3 0

of algebra so(3;J) via exponential mapping, one can put
in correspondence a finite rotation g(r,j) = exp X(r,j):

. ..sinr . 1—cosr
g9(r,j) = Ecosr + X(r, )T +%’(r7J)Ta
r? = jirt + jiiars + jirs, (1.38)
j3r3 —jigirars  jijarirs
X'(r,j)=| —jirers jijsrs —jij3rirs
T1T3 —jirmre  girt

Misadvantage of the general parametrization (1.37),
(1.38) of group SO(3;j) is the complexity of the
composition rule for parameters r under group
multiplication. F.I. Fedorov [20] has proposed a
parametrization of rotation group SO(3) for which
the composition group is particularly simple. It turns
out that it is possible to construct analogues of such
parametrization for all groups SO(3;j) [4]. The matrix of
finite rotation of group SO(3;j) can be written as follows:

glej) = LECE) o) )
’ 1—c*(j) L+e2(j) 7
() = jici +iisc + jia,
0 —jies  jijice
G = e O —jser |, (1.39)
—Cy (1 0

and, to matrix g(c,j) = g(c’,j)-g(c’,j), there correspond
parameters ¢”, which can be expressed in terms of ¢ and
¢’ as follows:

e+ +]c,c;

- T, (1.40)
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Here, the scalar product of vectors ¢ and ¢’ is given by
(1.39), and the vector product is given by

[e,¢']; = (57le. ¢'lu, [e, €]z, j3le, e's), (1.41)

where [c, ¢] are components of a usual vector product
in Rs.

Wigner and Inonu [21] have introduced the operation
of contraction (reduction, compression, limit transition)
of groups and their representations. Under this
operation, the generators of the initial group undergo
a transformation, depending on a parameter €, such
that, for ¢ # 0, this transformation is non-singular
and, for ¢ — 0, it becomes singular. If the limits of
transformed generators exist for € — 0, then they are
generators of a new (contracted) group. It is worth
mentioning that transformation (1.29) of generators of
group SO(3) for dual values of parameters j is a Wigner—
Inonu contraction. Really, X, (¢x*) is a singularly
transformed generator of initial group SOs, [, _ 1 Jm
plays a role of parameter € tending to zero, and the
resulted generators X, (x) are generators of contracted
group SO(3;])).

Comparing the rule of transformation for generators
(1.29) and expression (1.37) for a general element
of algebra so(3), we find that, for imaginary values
of parameters j, some of real group parameters 7y
become imaginary, i.e. they are analytically continued
from the domain of real numbers to the domain of
complex numbers. In this case, orthogonal group SO(3)
is transformed into pseudo-orthogonal group SO(p,q),
p+ q = 3. When parameters j take dual values, real
group parameters r; become purely dual, i.e. they are
continued to the domain of dual numbers. As a result, we
get a contraction of group SO(3). Thus, from the point
of view of the group transformation under mapping v,
both at first sight different operations — contraction of
groups and analytical continuation of groups — have the
same nature: continuation of group parameters from the
domain of real numbers to the domain of dual or complex
numbers.

1.2.3. Extension to Higher Dimensions

Cayley—KIlein geometries of dimension n are realized on
spheres

n k
5,0) = {x € Bua )| a8 + 3ot T[22 =1
k=1 m=1

in the spaces R,4+1(j) resulting from Euclidean space
R,,+1 under the mapping

Y Rup1 = Ry (J) = V(.i);
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k

m=1

where j = (j1,.--,4n); Jk = Lotk,i, k=1,2,... n.
The totality of all possible values of parameters j
gives 3" different real Cayley—Klein spaces R, 11 (j) =
V(j). It is customary to identify the spaces (and their
groups of motions), if their metrics have the same
signature, i.e., for example, space Rs(1,7) with metric

r3 + 23 — 23 and space Rs(i,i) with metric z3 — 27 +

r3. But we have fixed Cartesian coordinate axes in
R,.+1(j) ascribing fixed numbers to them, and, for this
reason in our case, spaces Rs(1,i) and Rs(i,i) (and,
correspondingly groups SO(3;1,i) and SO(3;i,i)) are
different. Groups SO(3;1,i) = SO(2,1) and SO(3;4,1) =
SO(1, 2) are also considered to be different.

Rotations in the two-dimensional plane {z,,z, }, the
rule of transformation for representation generators, and
generators themselves are given, correspondingly, by
(1.27), (1.29), (1.30), where u,v = 0,1,...,n, u < v. For
non-zero elements of the matrix generators of rotations,
the following relations are valid:

(:{w)vu =1, (}:HV)HV = - H ]1%1 (1.43)

m=p-+1

Commutation relations for Lie algebra so(n + 1;j)
can be most simply derived from commutators of algebra
so(n+1), as has been done in Subsection 1.2.2. The non-
zero commutators are

[Xull/l ? XH2V2] =

21
( H -772n> XV1V27 pr = pa, v < v,
m=p1+1
= 0 1.44
( H ]'r2n>X,U1H27 231 < 2, vy = Uy, ( )
m=p2+1
—Xyvs, p < p2 =v1 < va.

Group SO(n + 1) has {%1} independent Casimir
operators, where {z} is the integer part of a number x.
As is known [22], for even n = 2p, Casimir operators are
given by

n
* * *
E XorosXasas "'Xa2pa17

Cp(X5) = (1.45)
Q1,0 =0
where p=1,2,...,k.
For odd n = 2k + 1, the operator
Ca(X) =
n
= Z 8041(12---04nX;1a2X;3a4 "'X;nan+17 (1.46)
Qat,...,an =0
357
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where €4,..0, is the completely antisymmetric unit
tensor, must be added to operators (1.45).

Casimir operators 5;1) can be defined in another
way [23] as a sum of principal minors of order 2p
for an antisymmetric matrix A composed of generators
X e (Aw = X5, (A)vy = —X;,. To obtain
Casimir operators of group SO(n + 1;j), we use the
method exposed in Subsection 1.2.2. We find X, =

( Hﬂjml)XW from (1.29) and substitute X}, in
m=p

n
(1.45). The most singular coefficient [] j,,2” is that of
m=1
the summand Xo,Xpo ... Xno in (1.45). Thus, the rule

of transformation for Casimir operators Cs), is

62p(j;X;w) =

n v
~(TLa)en(( 1T in*)xw), (1.47)
m=1 m=p+1
and Casimir operators themselves turn out to be
CZp(j) =
n n 2p vy
= (TLa)II( I ) e
Qat,...,a2p=0 “m=1 r=1 M,.=pu,.+1

X Xasag - - Xaspasp1s (1.48)
where p, = min(a,, ary1); v = max(a,, Qpe1), 7 =
1,2,...,2p—1; p2p = min(au, azp); vop = max(az, azp).

For operators Cy, and C},, the expression without
singular summands can be obtained, multiplying them
by factor ¢, equal to the least common denominator of
coefficients of summands, arising after the substitution
of generators X for X*. This least common denominator
can be found by induction [4-6]. We restrict ourselves
with the final expression for the rule of transformation
for these Casimir operators:

CZp(j;Xm/) = (149)
p—1 n—p+1 ‘ v

= (H A A H jzzp> Csp <Xl“’ H jl_1>7
m=1 I=p I=p+1

Cr(s Xpw) = (1.50)

ey (R=1)/2 ’ v
(1 I it )o (% TT 0).

m=1 l=p+1

Operator Cy,(j) (or Cl(j)) commutes with all
generators X, of group SO(n + 1;j). Really, evaluating
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zero commutator [C3,, X! ], we get the same summands
with opposite signs. Under transformations (1.29),
(1.47), both summands are multiplied by the same
combination of parameters, which is a product of even
powers of parameters. Therefore, both summands either
change their sign, or vanish, or do not change their
sign, but their sum is equal to zero in all cases.
Moreover, operators Cap(j) for p =1,2,. .., k are linearly
independent because they consist of the different powers
of generators X,,,.

The next question to be cleared up is as follows:
do {2#'} Casimir operators (1.49), (1.50) exhaust all
invariant operators of group SO(n +1;j)? The answer is
given by the following theorem.

THEOREM 1.1. For any set of values of parameters j,
the number of invariant operators of group SO(n + 1;j)
is {#5+}-

P r oo f. It has been shown in [24] that the number 7(G)

of invariant operators of algebraic group G satisfies the
relation

7(G) =dim G —r(G), (1.51)

where dim G is the dimension of the group;

r(G) = sup rankMg. (1.52)
(a1,...,an)

Here (Mg = D cipas; ¢, are the structural

s
constants of the group; the supremum is taken over
variables a, € R, k = 1,2,...,N. By Theorem 3 (see
§99 in monograph [25]), orthogonal group SO(n + 1) of
dimension n(n+1)/2 is algebraic. It has { %+ } invariant
operators, so

r(SO(n + 1)) = ”(”2+ D _ {n;l}

(1.53)

according to (1.51). If parameters j do not take dual
values, then the rank of matrix M does not change. But
if some of parameters j are equal to dual units, then
some elements of matrix M vanish, and the rank of the
matrix can only diminish, i.e. the following inequalities
are valid:

r(SO(n + 1;¢)) <r(SO(n + 1;j)) < r(SO(n + 1)),

(1.54)
where ¢ means that j1 =1, jo =2, .., Jn = ln.
In [26], it has been proved the inequality
1 1
SO + L) > Mt fntll
2 2
i=1,...,n. (1.55)
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Taking together (1.53)-(1.55), we get 7(SO(n + 1;j)) =

= nlntl) {2L} for any set of parameters j. While

2
Vj dim SO(n + 1;j) = "(”2“), it follows from (1.51) that

7(SO(n + 1;3)) = { 2L} O

Thus, all invariant operators of group SO(n + 1;j)
are polynomial and given by (1.49), (1.50).

1.3. Complex Cayley—Klein Spaces and
Cayley—Klein Special Unitary Groups

1.3.1. Definitions, Generators, Commutators
Special unitary groups SU(n + 1;j) are connected with

complex Cayley-Klein spaces C,41(j) which come out
from (n +1)-dimensional complex space C,,4+; under the

mapping
¥ : G = Gt (§) = V3,

k
bzy =20, Yz =2z [[ dm» k=1,2,...,n, (1.56)

m=1

where z5,2; € Cpy1, 20,2 € Cpyi(j) are complex
Cartesian coordinates, j = (j1,.-.,Jn), each of
parameters j; takes three values: j, = 1, 1, 7.

The totality of all possible values of parameter j gives
3" different complex Cayley—Klein spaces Cp41(j) =
V()

n
Quadratic form (z*,2z*) = 5 |z%,|* of space Cpi1
m=0

turns into the quadratic form

n

k
(2,2) = |2o]” = Y |al* I] it
m=1

k=1

(1.57)

of space C,y1(j) under mapping (1.56). Here, |zi| =
(22 +y32)'/? is the absolute value (modulus) of a complex
number zp = x + tyr, and z is a complex vector:
z = (Zﬂazla"'azn)‘

Space C,,41(j) is called non-fiber space, if no one
of the parameters ji,...,J, takes dual value. Space
Cnt1() is called (k1,k2...,kp) — fiber space, if 1 <
by < ky < ... < kp < n and Jky = lkyy - jkp =
tk,, and the other jp = 1,i. These fiberings are
trivial [27] and can be characterized by the set of
consequently nested projections pry,pra,...,pry; where,
for pry, the base is a subspace spanned over the basis
vectors {eg,e1,...,ex,—1}, and the fiber is a subspace
spanned over {eg,, €k, +1,--.,en}; for pra, the base is
a subspace {eg,,€r,+1,--.,€k,—1}, and the fiber is a
subspace {ek,,€r,+1,--.,6n} and so on.
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DEFINITION 1.1. Group SU(n + 1;j) consists of all
transformations of space C,11(J) with unit determinant,
keeping invariant the quadratic form (1.57).

In the (ki,k2,...,kp)-fiber space C,11(j), we have
a (p + 1l)-quadratic form, which remains invariant
under the transformations of group SU(n + 1;j). Under
transformations of group SU(n+1;j), which do not affect
coordinates 2o, 21, . .., 2k, —1, the form

ks+1—1 a
(Z7Z)8+1 = Z |Za|2 H .7127 (158)
a=ks l=ks+1

where s =0,1,...,p; ko = 0, remains invariant.

For s = p, the summation over o goes up to n.

Mapping (1.56) induces the transition of classical
group SU(n + 1) into group SU(n + 1;j). All (n +
1)? — 1 generators of group SU(n + 1) are Hermitian
matrices. However, because commutators for Hermitian
generators are not symmetric, usually one prefers matrix
generators Ay, k,m = 0,1,2,...,n, of general linear
group GL(n + 1,R), such that (A% )xm = 1 and all
other matrix elements vanish. (The asterisk means that
A* is the generator of a classical group.) Commutators
of generators A* satisfy the following relation:

[Akm> Apgl = OmpAky = OkgApm, (1.59)
where d,) is the Kronecker symbol.
Independent  Hermitian generators of group
SU(n + 1) are given by the equations
* — ,L A* A* * _ 1 A* A*
Qul/ - 5( uv + I//,L)’ L;ux - 5( v ;U/)7
* i * *
Py = §(Ak—1,k—1 - Ick)7 (1-60)

where y = 0,1,...,n —
k=1,2,...,n.

Matrix generators A*
mapping (1.56) as follows:

A = ((T1 )it = ((I1 )4
m=p+1 m=p+1
Apr(§) = Ak

At = (

Lv=p+LlLpu+2...,n;

are transformed under

v

II jm>A,*,u(—>) -4z,

m=p+1

p<v, (1.61)

where symbol A%, (—) means that non-zero matrix
elements of the generator Aj, are substituted:

D = () i (A s =

m=p-+1
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v
( H+1 j,#) (A%, )uu, p < v. Commutators of genera-
m=p

tors A(j) can be easily found [5]:

15} lg
[Akm, Apg) = T 5t TT 5t >

1=l I=l3

le l8
X (5mpAkq H jlil - 6kqum H jll>>

=I5 I=l7

(1.62)

where Iy = 1 + min(k,m); I = max(k,m); I3
1+ min(p, q); s = max(p,q); I5 = 1+ min(k,q); lg =
max(k, q); Iz = 1 + min(m, p); ls = max(m, p).

Hermitian generators (1.60) are transformed in the
same way under the transition from group SU(n + 1)
to group SU(n + 1;j). This enables to find the matrix
generators of group SU(n + 1;j):

Quli) = <m1}+ﬂ’”> ) = £l

G)+A,G)] =

_ 5( + A ml;[HJm) (1.63)
i) = (mgﬂjm)L;;ym = 1A ) — A ()] =
1 *
=3 ( - A m];[—H ]m>
Py(j) = F; = %.(A;,I,H — A%, k=1,2,...,n.(1.64)

We do not cite commutation relations for generators
Quv (), Luv(§), Pr(j) because they are cumbersome [5].
They can be found using (1.62).

Let us cite one more realization of generators for a
unitary group. If group GL, 1 acts via left translations
in the space of analytical functions on C,y;, then
its generators are X7; = 2*80,*, where 9,* =
0/0z**. Hermitian generators of group SU(n + 1) can
be expressed in terms of X ; using (1.60), in which A*
must be changed for X*. Under the mapping v, they are
transformed according to the rule

max(a,)

ZQB:< 1I

[=1+min(«,3)

jz) 2 5(p2"), (1.65)
where ZQB = QM"?LHV? Pk = Pkk.
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Generators X op are transformed in a similar way,
and this gives

Xer = 210k, Xup = 2,00,

X, = < 1T j?)z,,@u, (1.66)
l=p+1

where k =1,2,...,n; u,v =0,1,...,n, u < v.

Matrix generators (1.63) make the basis of Lie
algebra su(n + 1;j). To the general element of the
algebra

Z(I‘, S, Waj) =
n(n+1)/2

= > (m@x() + LG

A=1

+Zwkpk, (1.67)
where index ) is connected with the indices u, v, u < v,
by the relation

A=v+pn—1)—pp—1)/2 (1.68)

and the group parameters ry, sy, wg are real, there
corresponds a finite group transformation of group
SU(n + 1;j)

E(r7 S7w7j) = eXp Z(r7 S7w7j)' (1'69)

According to the Cayley—Hamilton theorem [28], matrix
= can be algebraically expressed in terms of matrices Z™,
m=0,1,2...,n

1.4. Fiber Cayley—Klein Spaces and
Cayley—Klein Symplectic Groups

1.4.1. Fiber Space

Before proceed to the symplectic groups Sp(n;j) in
Cayley—Klein spaces, let us study space R,, (j), obtained
from mn-dimensional Euclidean space R, using the
mapping

YRy = Ry (§), wpai =,

k
wa:kajl, k=23,...,n, (1.70)
where x* € Ry, x € R,(J), J = (J2,73,---,Jn), Jk =

l,Lk,i.

If all j = 1, then ¢ is the identical mapping; if
all or some j; = ¢, and then others are 1, then we
get pseudo- Euchdean spaces of different signatures. For
Jky = lkys--+»Jk, = tk, and other ji = 1,4, we obtain
a fiber space w1th zero curvature ki,Kka,...,kp,. This
space is characterized by the existence of consequently
nested projections pry,pra,...,prp, where, for pry,
subspace {z1,x2,...,ZE, —1} serves as a base, and space
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{zk,, Tk, +1,...,Zn} — as a fiber; for pro as a base
— subspace {z,,Tk,4+1,-.-,Tk,—1} and as a fiber —
subspace {Zpy, Tkyt1,---,%n} and so on.

From mathematical point of view, fibering in space
R, (j) is trivial [32], i.e. globally it has the same
structure as locally. From physical point of view, fibering
originates absolute physical quantities. For example, the
Galilean space, which is realized on sphere S4(1, 2,1, 1),
can be characterized by the existence of absolute time
t = z1 and absolute space Ry = {2, x3,z4}.

1.4.2. Definitions, Generators, Commutators

Let wus define group Sp(n;j) as the group
of  transformations of  2n-dimensional  space
R, (j) x R, (j) = V(j) keeping unchanged the bilinear

form

n k

(x,y] = @1y—1 — w1+ Y <H]z2> (TkY—k — T—rYr)-
k=2 MN=2

(1.71)

Here Cartesian coordinates xy, yx, K = 1,2...,n, belong
to the first, and z_j,y_, to the second factor in the
direct product of spaces.

For the (ki,...,kp)-fiber space, there are
p + 1 bilinear forms, which are preserved under
transformations from group Sp(n;j), namely: the
transformations from Sp(n;j), which do not affect the
coordinates T+1,...,T4(k, 1), leave invariant the form

ksy1—1 m

X, ¥]s41 = Z <1 Hk ]l2> (Try—r —z_pyr), (1.72)
=1+k,

m=kg

where s = 0,1,2,...,p, ko = 1. For s = p, the
summation over m takes place up to n.

The generators X of group Sp(n;j) can be obtained
from the known [22] generators X * of classical simplectic
group Sp(n) by the transformation induced by mapping
(1.69). Let us consider both matrix generators X
connected with transformations in space R, (j) x Ry, (j),
and generators X(x) resulting from the action of
group Sp(n;j) in the space of differentiable functions
on R,(j) x R,(j) by left shifts, i.e. g fx) —
f(g7*x). From the definition of a generator X(x) =

n /
P> S| g(a)x; g(0) = 1; g €
=—n a=
Sp(n;j); x € R,([§) x R,(j), we find the rule of
transformation for generators under the transition from

O, where x' =
0
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group Sp(n) to group Sp(n;j):
max{|al,|8[}

Xap(x) = < 11

{=1+min{|a|,|8|}

jl) <o (Y. (1.73)

For k = —1,—2,..., the upper limit of the product in
(1.69) is |k|.

Transforming the known generators of the symplectic
group, we get generators of group Sp(n;j) as

q
Xaﬁ(x) = (H jll+51gn(|a3|)>xaa6 _

l=p

q
_ (H jllmgn(allﬁ)>5a5ﬂx—,86—aa

l=p

(1.74)

where p = 1 4+ min(|a|, |8]); ¢ = max(|al,|8]); ea =
sign «, i.e. the sign of « is zero (¢, = 0) for « = 0,
unit (e, = 1) for @« > 0 and —1 (¢, = —1) for a < 0,
0o = 0/0xq, o, f = %1,...,%n.

Generators (1.73) are not independent. They are
interrelated by the property of symmetry

Xop(x) = —€agpX 3, —a(x).

Dimension of group Sp(n;j) is n (2n + 1) for any set
of values of parameters j, and, as independent variables,
we choose the following generators:

(1.75)

Xuu(x)=2,0, —x_,0_,, p=12,...,n,
Xp—n(x) =2x,0,, p==1,£2,... %n,

v

X,,u(x):< II j?)x,,@u—aux_ua_,,,

I=1+|p]
lp| <v, v=23,...,n,
X (x) = 2,0, — ( H ]l2> ept_,0_. (1.76)
I=1+4]u]

Generators (1.73) satisfy the commutation relations

[(Xog, Xarpr] = <ﬁ jz> (ﬁ jz) x

l=p1 I=p]
q2 7
X <H jl_1> 604’,8Xa,6” - (H jl_1>5a,6”on’,B+
l=p2 I=p},
a3
+<H jll>€a€355/’3Xar7a +
l=p3
4d3
+ (H jl_1>8/36a/(5ar7_aX_/373r , (1.77)
I=p}
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where py = 1+min(jal, |]); g = max(jal, |8]); ps = 1+
min(jal, [#')): g2 = max(jal, |']); ps = 1+ min(|a], Ja'|);
g = max(jal, o) py = 1+ min(B], |5 af —
max(|3],|8'|) and pj,q,, k = 1,2, can be obtained
from pg, g substituting « for o/, § for 3’ in the latter.

Matrix generators X, are interrelated with
generators Xo5(x) (1.73) in the space of differentiable
functions as follows:

Xap(%) = DXasx, (1.78)

where 9 = (01,...,00,0—1,...,0—,) is a matrix-row,
x = (T1,---,Tp,T—1,.-.,T—p) IS & matrix-column, and
the product in (1.77) is the usual product of matrices.
The independent generators (1.150) are two-
dimensional matrices with the following non-zero

elements:
Xpun =1, (Xpp)—p—p = -1, p=12,....n,
(Xp—p)—pp =2, p==x1,%2,... +n,
(Xop)pw = H jl27 (Xop)—v,—p = —€p,

[=1+]p]
(X))o =1, (Xpw)—p,—v = —€p H .7127

I=1+|p]

ol <v, v=2,3,...,n. (1.79)
1.5. Classification of Transitions between

Cayley—Klein Groups

In the previous subsections, we have found the
orthogonal, unitary, and symplectic groups in Cayley—
Klein spaces and shown that their generators and
other algebraic constructions can be obtained by a
transformation of the corresponding constructions for
classical groups. Such an approach is natural and
justified by the fact that classical groups and their
characteristic algebraic constructions are well studied.
But is such approach the only one? Is it possible to
take, as initial, one of the groups in the Cayley—Klein
space? The positive answer to this question is given by
the following theorem on the structure of transitions
between groups.

Let us define (formally) the transition from space
Cp+1(j) and generators Z,s(z,j) of unitary group
SU(n+ 1;j) to space Cp41 (j') and generators Z,3(z',j')
via transformations, which can be obtained from
transformations (1.56) and (1.64), substituting the
parameters jj for jij. ' in the latter, i.e.

P Cos1(§) = Cura (),

1/)1'20 = Z(l)a
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k
V=2, Y dmims k=1,2,...,n,
m=1
max(a,8)
Zasts ) = ( ) ZaaW'nd). (1.0

l=14+min(a,B)
The inverse transitions can be obtained from (1.79)
by the change of the dashed parameters j' for the
undashed parameters j and vice versa. Applying (1.79)
to quadratic form (1.57) and generators (1.65), we obtain

n k
(z',2") = |Z(l)|2 + Z |Z;c|2 H -7;57 Xk = 20y,

k=1 m=1
174
Xoy =2,0,, Xu= ( H jl2>z’ya;, (1.81)
I=1+pu

i.e. a quadratic form in space C,+1 (j') and generators of
group SU(n + 1;j').

However, the constructed transitions make sense not
for all groups and spaces, because, for the dual values of
parameters j, the expressions L,;l, Llezl for £ # m are
not defined. We have defined (see Subsection 1.1.1) only
expressions LkLI;I, k=1,2,...,n. So if for some k, we
put jr = tg, then transformations (1.79) will be defined
and give us (1.80) only in the case where the dashed
parameter with the same number is equal to the same
purely dual number, i.e. j, = .

The  transitions from  space
space R,y1(j’), and from groups SO(n + 1;j),
Sp(n;j) to groups SO(n + 1;j), Sp(n;j’) as
well, can be, correspondingly, obtained from
transitions (1.42), (1.29), (1.69), (1.71) by the
same substitution of parameters j, for j,’cjlgl.

R,+1(j) to

Similarly can be justified the permissibility of
these transitions. Let us introduce the notations:
GG) = SO(m + L), SU(m + 1), Sp(mi),
RG) = Rut1(), Cot1();, Ru(G) x Ru(j). Let

us agree to denote the transformation of group
generators by symbol PG(j) = G(j'). Easy
analysis of transformations (1.79) and their inverse
transformations from the point of view of admissibility
of the transitions [29] implies the following
theorem.

THEOREM 1.2. 1. Let G(j) be a group in non-fiber space
R() and G(§') be a group on arbitrary space R(j'). Then
G({') = ¥G(§). If R(') is a non-fiber space, then ¥ is a
one-to-one mapping, and G(j) = G (§').

II. Let G(§) be a group in (ki,ko,...,kp)-fiber
space R(j) and G(§') be a group in (my,ms,...,my)-
fiber space R(j'). Then G(§') = ¥G(J), if the set of

ISSN 0503-1265. Yxp. pis. ocypn. 2003. T. 48, N 4



WEIL REPRESENTATIONS OF THE CAYLEY—KLEIN HERMITIAN SYMPLECTIC CATEGORY

integers (ki,...,kp) is involved in the set of numbers
(m1,...,mq); G(G) = CG(J') if and only if p = q,
kl :ml,...,kp:mq.

It follows from Theorem 1.2 that group G(j) for
any set of values of the parameters j can be obtained
not only from the classical group, but from a group
in an arbitrary non-fiber Cayley—Klein space, i.e. from
pseudo-orthogonal, pseudounitary, or pseudosymplectic
groups. It is naturally that the transitions between
other algebraic constructions, in particular between
Casimir operators, are described by this theorem as
well.

2. Induced Representations of Cayley—Klein
Orthogonal Groups

2.1. Parametrization and Invartant Measure

Special orthogonal group SO(n + 1;j) has been defined
in Subsection 1.2. Expansion of algebra so(n + 1;j) as a
vector space into the direct sum,

so(n + l,j) = No(%m,%og, . 7:£0n) S5 so(n;j'), (2.1)
Iy, 0
0 €0 Jr+1Qk

s(Q) = eX(Qr) —

Qs _1
0 Qr Jr+1

sin jry1Qr  Osr —

[I j'?n) Qrr jy 1 8in jri1 Q

< r
m=k+2

) e

where j' = (42,73, -, 0n); Xkm are matrix generators

Ep)oy = 1, X)) = — H j2,, is invariant
m=p+1

in respect to the adjoint representation of subalgebra

SO(n;j") = {Xgm,k < mykbm = 1,2,...,n}

(special subalgebra in terminology of [30]), because
[No,so(n;j')] C No. Applying expansion (2.1) to
subalgebra SO(n;j’) and setting this process forth, we
obtain the complete expansion of algebra SO(n + 1;j):

son+1,j) =No® (N1 ® (N2 ® ... (Nyp—2 ®
®s0(2; jn))) - - -); (2.2)
where Nk = Nk(xk,kﬂ, e ,x,m).

General element X (Qy) € Ny is as follows:

Z kaxks (23)
s=k+1

where ka € ]Ra Qk = (Qk7k+17 ey an); k =
07 ]-7 e, — 27 anl = anLn; X (anl) € so (2a]n)

Exponential mapping brings X (Qy) into the element
of group SO(n + 1;j) which can be written as
follows:

0

Qs Qrr (1 — cos jr+1Qk)

m=k+2

where r,s = k+ Lk + 2,...,n; Qr = < %,k+1+
n 5 T
+ Z kr H

1/2
jzn> k=01, ..
r=k+2 m=k+2
addition, Qn—l = Qn—l,n-
Expansion (2.2) of algebra so(n + 1;j) corresponds
to a special expansion of the following group

transformations ¢ € SO(n + 1;j):

n — 1, and, in

n—1

I sQu).

k=0

= q(QO;Ql;'--aanl) = (25)

Further, we shall use this parametrization of group
SO(n+1;j). To find the geometric sense of special group
parameters Qy, let us consider the connected component
of unit sphere S, (j) in space R,,+1 (j) determined by the
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equation

Sn(j) = {x € Ryp1 (§)|zd + Zxk H j2 =

}. (2.6)

Group SO(n + 1;j) acts transitively on S,(j), which
enables to realize the connected component of a sphere
as factor-space S,(j) = SO(n + 1;j)/SO(n;j) =
{5(Qo)}, the latter takes place in parametrization (2.5).
Subgroup SO(n;j') is a stationary subgroup for point
Fo = (1,0,...,0) on the sphere. Acting on Fy by

transformation s (Qp), we get point y? = S(Qo)Fo
on the sphere with coordinates zo = cosleO, Ty =
QQOOL ]11 sinj; Qo, r = 1,2,...,n, ie. proy = Qo 51;11]Q1?0Q0

where pry is a prOJectlon on subspace R, (j') along the
axis zo. We find from here that s (Qo) is a rotation in
the plane {7oQo}, Qo € R, (j') by angle Qo. When y°
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runs through all points on the sphere, vector proy® fills
all projections of the sphere on subspace R, (j'). For this
reason, the range of definition D,,(j) of parameter Qg up
to a factor is the projection of the sphere on R, (j'):

Dn(j) = (2.7)

=1
jl =1,
J1=1,

_7-‘-2},

B!’ (j') is a solid sphere of imaginary radius im in Ry, (§').

It is necessary to keep in mind that, for some values
of parameters j', the sphere of imaginary radius coincides
with the whole R;, ('), for example, for j1 =i, jo = jz =

= = jn=1,Q = ¥, Q > —=° for any
Qo € R, (')

Repeating the same considerations for sphere
Sn*k(j(k))a k= L,2,...,n=2 J(k) = (jk+1>jk+2>- . >jn)>

we find that s (Qy) is a rotation in the plane {zj, Qt},
Qi € R, (") by angle Qy,, where Qi < D,,_1(§'®)
and

Brk(i*HD) = {Qp € R V) | Q2 < 72}, i1 =1,
Dy k(%) = R, i (5FHY), Jk4+1 = Lkt1, (2.8)
BEFGRD) = {Qp € R GRY) |QF > =72}, fpgr =i

For k = n—1, the transformation s (Qn_1) = s (Qn_1,n)
is a rotation in the plane {z,_1,%,} by angle Qp_1x,
where Qn—1, € D1(jn) and

- _ [0727r)7 Jn = ]-7
Du(gn) ‘{ R = tmi.

Thus, under the expression of elements of group SO(n +
1;j) into product (2.5), special group parameters Qj
belong to domains D,, 1 (j*)) described by (2.7)-(2.9).

Let us find the expression for invariant measure
on group SO(n + 1;j) in parametrization (2.5).
Previously let us establish what is invariant measure on
spheres. Invariant measure on sphere S,,(j) in Cartesian
coordinates is known: dF,(x,j) = d"z/xg, where z¢ =

1/2
- k .
1 - Zz:l mIzc Hml]?n) 5 d'z = dml;"-
relation between Cartesian coordinates and parameters

Qo can be found from the equation x = s(Qg) Fy and
is as follows: g = cosj1Qo, T, = QQOOT ]il sin Qoj1, r =

(2.9)

,dz,. The

1,2,...,n. Jacobian of the transformation is as follows:
L n—1
‘aa(gg) = (%) | cos j1Qo|, and the invariant

measure on sphere Sy, (j) under parametrization Qg can
be written as

. sin j1Q0\ "
an(QO:]) = (7> anO:

J1Qo
where ano = dQOl AN dQOn

Similarly we find the measure on sphere S,_j(j*):

P n—k—1

. sin _

an—k(Qk,J(k)):<M> d*FQr, (2.11)
Jrr1Qr

(2.10)
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where dnika = ko’k+1 Ce kon

For some values of parameters j, the squared
quantity Q% can be positive, negative, or zero. Let
Dt = {Qk € D|Q% > 0}, D~ = {Qk € D|Ql2c <
0}, D° = {Qir € D|Q? = 0}, then D,_(j'’¥) =
DY ,G™)yu D, (i®)u D (). In the domain
D:{_k(j(’“)), invariant measure an+ o (Qusd (k) is given
by (2.11). In the domain D, (j (k)), we have Q, = iQ,

ék € R, and, for the measure, we get

- S(k)y _ shje1 Qe " ik
dF,_(Qr,i") = | ———=— d"FQr.  (2.12)
Jk+1Qk

The set DY _, (i'*)) has dimension n — k — 1 and its
measure is equal to zero.

Invariant measure on group SO(n + 1;j) in
parametrization (2.5) can be written as

(QOlev"':Qn 1) =

sin jy+1Qk At n—k
TH(52) e

(2.13)
oo\ Ikt @k

It can be shown that this measure is bilaterally invariant.

2.2. Adjoint Algebra, Adjoint Group, Co-adjoint
Representation

Further we consider groups SO(n + 1;¢1,j’) isomorphic
to groups of motions of a Cayley—Klein space of zero
curvature [25]. To this aim, we introduce the notations:
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Qor =z, r = 1,2,...,n, Qg
1 0 .
, x € R,(G). A

= X, S(QO) = t(X) =

< 1 set of transformations
{t(x)} = N (x) makes an Abelian group, and group

SO(n + 1;¢1,j') is the semidirect product
SO(n + 15 11,§') = N(x)®S0(n;j'). (2.14)
(25) g(X7 le"':Qn—l) =

t(x) Hz;ll s (Qg); invariant measure on the group comes
out of (2.13) for j; = 11:

Expansion becomes

dg(X,Ql,...,Qn_l) =
N singea QTR

=d"z 7+> A"k Q. 2.15
kl—[l< Jr1Qr F ( )

Adjoint algebra ad L of a Lie algebra L is defined
as ad X (V) = [X,Y], X,Y € L, or, in matrix form,
(adX)km = Y. ¢k yr, where X = S yaX\ € L, &5,

b Y

are the structure constants of algebra L in a certain
basis. If Y/ = adX (Y), Y = Yy Xy, Y = > yi X,
X X

then the relation g} = > (adX)amym gives the action

of the adjoint algebra T?)n elements of L in matrix
form.

Let us find matrices of adjoint algebra ad(so(n +
1;41,)')) in basis Xg,. To this aim, we draw up
generators Xgm,, kK < m, in order of increasing of
the number A = m +k(n — 1) —k(k —1)/2, A =
1,2,...,n(n+1)/2 for k <m, k,m =0,1,...,n. From
the commutation relations

[XM1V17XM2V2] =

V1
< I1 j72n>XV1V27 B = p2, v <y,
m=p1+1

el V2 i
< H ]31>XH1N27 pr < p2, VI =V3,
m=pa+1
—Xvss p < p2 =vp < vy,

it can be established that, for & > 1, matrices of

the adjoint algebra of elements X (Qg), given by (2.3),

has  block  diagonal  structure adX(Qy) =
- An 0 ) Let us consider only diagonal
0 Apm-1)/2

block A, i.e. the part acting on commutative subalgebra
No(Xo1,- - -, Xon) keeping the notation ad X (Qy,) for this
block. We have adX (x) = 0, ad X (Qx) = X((Qx),j®),
k =1,2,...,n — 1, where matrix X((Qg),j*)) comes
out of matrix X (Qy) by deleting the zero first row and
zero first column.

Adjoint group Ad(go) of Lie group G = explL,
go = expX(Fy), is connected with adjoint algebra
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adX (Fo) by relation Ad(gg) = exp(adX (Fp)), and its
action on elements ¢ = exp X(F) of group G(j) is
described by the formula

Ad(90)9 % gogg0 ' = exp X (Ad (go)F). (2.16)

In the case of group SO(n + 1;¢1,j), we consider only
that part of the matrix of the adjoint group which
acts on subgroup N(x). It is possible due to the block
diagonal structure of matrices of the adjoint algebra.
Under such a condition, Ad(¢(x)) = I, and Ad(s(Qy)) =
5(Qr), k = 1,2,...,n — 1, where matrices 5(Qy)
come out of matrices s(Qy), which are described by
(2.4), by deleting the first column and the first row,
i.e. substituting I for I;_;. To the expansion g =
t(x) Hz;ll 5 (Qg) of an element of group SO(n+1;:1,j'),
there corresponds the expansion of a matrix of the
adjoint group:

Ad(g) = Ad (100 T Qo)) =
k=1
= [T Ad(s(Qe)) = ] 5(Qw). (2.17)
k=1 k=1

Unitary irreducible representations (characters) of
the Abelian group of translations N(x) are one-
dimensional. Each character can be written as
follows:

H(06) = exp(i(h, ) = exp (13w )

k=1

(2.18)

where h;, € R, and the group of characters

N (h) is isomorphic to N (x). The action
of subgroup SO(n;j’) on N(h) is given
by

KH(t(x)) = H(k™t(x)k) = exp(i, (b, Ad (k~1)x)),
(2.19)

where k € SO, (j').

If adjoint group Ad(k) acts in N (x) according to
the rule x’ = Ad(k)x, then co-adjoint group (co-
adjoint representation) Ad*(k) acts in the space of
characters N (h) according to the rule h' = Ad*(k)h,
and this action can be found from the relation
(Ad*(k) h,x) = (h,Ad(k 1)x). In a matrix realization,
the last requirement gives Ad*(k) = [Ad(k~1)]7.
Because s 1(Qr) = s(—Qx), we have Ad*(s (Qx)) =
[5(—Qp)]T or, in explicit form,
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Ip_1 0
0 €oS Jr+1Qk

Ad™(s(Qx)) = -
0 < I1 J%) %’”k k41 810 i1 Qe
m=k+2

To expansion (2.5) of elements of group SO(n +
1;41,)'), there corresponds the expansion of the co-
adjoint representation

n—1

Ad*(9) = Ad (o) [ s(@w) =

k=1

= 1T Ad*(s(Qu). (2.21)
k=1

2.3. Orbits in the Space of Characters and Their
Stationary Subgroups

A set of all h = Ad*(k)hg, when k runs over all
transformations of SO(n;j’), is called orbit O (hgy) of
character hg in respect to subgroup SO(n;j'). It is known
[31, 32] that, in the case of semidirect products, the space
of characters N (h) is splitted into disjoint orbits, i.e.
surfaces in N (h) are invariant in respect to the action
of the co-adjoint representation of group Ad* (SO(n;j')).
For group SO(n+1;¢1,j'), the equation for orbits can be
obtained, substituting generators Xox, £k = 1,2,...,n,
in the Casimir operator of the second order Cs (u1,j")
for Cartesian coordinate functions hy in space N (h).
Casimir operator Cs(j) of group SO(n+1;j) is as follows:

C=(j) = ﬁ( ﬁ J}2n>35(2)r+

r=1 “m=r+1

+ Y (lﬁJ(IIjOXQM
1

az>a1=1 “m= l=14a2

(2.22)

For j; = 11, the second sum in (2.22) vanishes, and the
Casimir operator of group SO(n + 1;¢1,j’) is reduced to
the first summand in (2.22). Substituting then Xy, for
h, we obtain the equation of orbits

n—1 n
Z( II ji)h% +h2% = inv.

r=1 “m=r+1

(2.23)

The invariant on the right side of (2.23) can be
positive, negative, or zero. Positive values inv = R? > 0
can be taken for any values of parameters j', negative
values inv = —p? < 0 — for all values of j' except
for j’ = 1 and j;c = (j27 s 7jn7k717 ln—k, ]-7 RN ]-)7
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0

s 1 . .
— Qs sin jr+1Qk

Qr Jrt1
r
= (I 33) 21— cosien Q)
m=k+2 k

(2.20)

=7]

k = 0,1,...,n — 2. Zero values inv = 0 are possible
for any values of parameters j'. However, for j’ = 1, the
orbit degenerates into point o = (0,...,0); for jj,, k =
0,1,...,n — 2, the orbit is entirely situated in subspace
R,—x—1 C R,, and, consequently, its dimension is less
than n — 1. In all other cases, the dimension of the orbit
isn—1.

Substituting, in Euclidean space R,, Cartesian
coordinates h, for h,[[n_. 1 jm, ¥ = 1,2,...,n —

space R, (j') with
)y = 572} (T2

of characters N (h) = R, (3", and the orbits are spheres
in space R, (j') of real R > 0, imaginary ip, p > 0,
and zero radius. Depending on values of parameters j',
spheres of nonzero radius are either connected or consist
of two connected components. Let us consider the cases
of real and imaginary radius separately.

Let inv = R%?, R > 0. We denote generators of
rotations in planes {hg,h,} of space R,, by Yi,.. These
generators are compact if, under the transition from
R, to R,(j'), they are multiplied by a real number,
and noncompact if they are multiplied by an imaginary
or dual number. Let us consider generators Y,,, r =
1,2,...,n — 1, of rotations in planes {h,,h,}. Under
the above-mentioned transition, they are multiplied by

1, we obtain scalar product

h? + h%. Then the space

n

IT jm. If all these generators are noncompact, then
m=r+1
the orbit consists of two connected components, differing

in the sign of hy. But if at least one of these generators
is compact, then the orbit is connected. Positive part
of the coordinate axis intersects each connected orbit at
the point M+ = (0,...,0,h, = R), and when the orbit
consists of two components, the whole axis intersects
one component at the point AT, and the other — at the
point M~ = (0,...,0,h, = —R). Analysis of products

n

Il Jjm enables us to state the following proposition.
m=r+1
PROPOSITION 2.1. Orbits (2.23) of positive radius
make one family, which is characterized by points M+
f07’jl = (jg,...,jk,jk+1 = i,jk+2 = 1:---7jn—1 = 1,
Jn=1), k=1,2,...,n— 2. In other cases, orbits make
two subfamilies, one of which is characterized by points
M™ and the other — by points M.
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Let inv. = —p% p > 0. If jpy1 = 4 and
parameters j,i2 = ... = j, = 1, then points P =
(0,...,0, Ay = p,0,...,0) are the intersection points of
axis hy, with orbits of imaginary radius. Generators Y,

m
IT Ji- Similarly
l=r+1
to the previous case, the following proposition is valid.

r=12,...,m — 1, are multiplied by

PROPOSITION 2.2. Orbits (2.23) of imaginary radius
make one family, characterized by points P, for

j, = (jZ;"';jmfl;jm = ]-7jm+1 = i;jm+2 = 17"'7jn =
]-)’ m = 2737"'7” — 1 and j, = (jZ;"';jT;jT+1 =
i;jr+2 =1,..,0m1 = 1Ljm = i;jerl = i;jm+2 =

1,...,jn=1),r=1,2,...,m—2. In other cases, orbits
make two subfamilies, one of which is characterized
by points P, and the other — by points P, =
0,...,0,hy = —p,0,...,0), p>0.

Equation (2.23) for inv = 0 gives one orbit and
not their family. For j = (jo,.--, fnk—1,n-k =
Ln—k:jisz+17"'7j;7js+1 = i:js-i-? =1,...,jn = 1)7
where j ;. 1,..,0s = 1, 4,8 = n—kn —k+
1,...,n—=1,k=0,1,...,n — 2, the orbit of zero radius
can be characterized by points O = (0,...,0,hs =
+1,0,...,0,hy, = £1).

DEFINITION 2.1. Group Kn, = {s € SO(n;j')|
Ad*(s)hyg = hg} is called stationary subgroup Kn, of
orbit O (hy).

Using (2.20), (2.21), we find for the family of orbits
of positive radius that the stationary subgroup of
points M¥* is a subgroup of group SO(n;j’) consisting
of transformations leaving invariant axis xz,, i.e.
Ky = SO(n 1;42,...,Jn—1); moreover,
transformations s (n) € SO(n — 1;j2,...,jn—1) can be
written as follows:

n—2
s(n) = [ [ s(Qi(Qxn =0)).

k=1

(2.24)

For the family of orbits of imaginary radius,
the stationary subgroup of points PL is a subgroup
of group SO(n;j’) leaving invariant the axis z,,
ie. Kp: = SO3"(j2,...,)n), where transformations
s(m) € SO™(n — 1;43,...,7,) are

som) = [ 5@Qu@em=0) ] s@). (229
k=1 r=m-+1

2.4. Irreducible Unitary Representations

Group Ky, is a stabilizer of character hy in respect to the
action of a co-adjoint representation of group SO(n;j’).

ISSN 0503-1265. Yxp. pis. ocypn. 2003. T. 48, N 4

Let Th, be an irreducible unitary representation of group
Ky, in some Hilbert space Hy. Then irreducible unitary
representation e ® Ty, of subgroup N (x)®Kp, is
realized in Hr by the relation

e @ T, (£(x)s(ho)) = e!PoX Ty, (s(hy)),

where ¢ (x) € N (x); s (hg) € Kp,-

If inv = R?, then hy = M*, (hy,x) = +Ruz,,
and the irreducible unitary representation of subgroup
N (x)2S0(n — 1;j2, ..., jn_1) is eF BTy (s (n)). If
inv. = —p2 then hy = PE (hy,x) = =pz,
and the irreducible unitary representation of subgroup
N (x)®S0™ (n — 1;j') is eipzmTPT% (s (m)).

Each irreducible unitary representation of group
SO(n + 1;41,)) = N (x)®»SO(n;j') is induced by
the irreducible unitary representation e™ @ Ty,
of its subgroup N (x)®Kp,. Let us denote these
representations of group SO(n + 1;¢1,j") by symbol
Wh,,7- Operators wp, 1 act in the Hilbert space of square-
integrable functions on SO(n;Jj’)

Huo,r = {f| f(k(Q)) € L*(SO(n;§)&
&Thn, (s(ho)) f(k(Q)s(ho)) =

(2.26)

= f(k(Q))Vs(ho) € Kn,, Kk(Q) € SO(n;j)}  (2:27)
according to the rule

who, 7 (H(X)K(Q)) f(K(Q")) =

= e/ AUTHQD) £ (71 (Q)K(Q))- (2:28)

Let us evaluate vector x(D = Ad(k~'(Q))x.

Group element k(Q) € SO(n;j') in parametrization
n—1

(2.5) can be written as a product k(Q) = [] s(Qg).
k=1

Then £ 1(Q) = ]I

1
s (—Qg) and, correspondingly,

k=n—1
1
Ad(k71(Q)) = Ad (s (—Qy)). Let us introduce
k=n—1
notations:
1
x® =TT Ad(s(-Q,)x, (2:29)
r=k
1
X =xp——sinjp1Qr + Q) (1 —cosjrr1Qr),
Jk+1 Q@
(2.30)
ka ..
Ay = — Pk
Pk Qy Jret sin jr41Qr +
+M(l —cosjkr1Qr), p<k, (2.31)
Qka
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Yy = ap cos jr1 Qr + (QCS;X)jk-i-l sinjrr1Qr,  (2.32)
By = _ O oS jr+1Qk +
@p
(%:C?Qk)jk+l sin jg1Qk, p <Kk, (2.33)
Q%)= Y ( 11 j?)QwT,
r=k+1 MN=k+2
(Qp:Qk) = Z ( H j?)Qperr: (2-34)
r=k+1 M=k+2

,
where []j? = 1 for r < k. Rather cumbersome

=k
calculations give:

r—1
=Y, =Y DpBp, r=12,...,k

p=1
k-1
Q
=z, - Y D, Q”’“,
p=1 p

where coefficients D), satisfy the recurrent relation

2B = ()

r=k+1,k+2,...,n, (2.35)

p—1
Dy =X, - DAy, Di=Xy.

s=1

(2.36)

To find D, we proceed to the set of linear equations

p—1
D, +> D,A, (2.37)
s=1
or AD = X in matrix form, where A is a triangle
matrix of dimension p with units on the main diagonal;
nonzero matrix elements are (A),s = Ag, s < 7T,
s=12,....,p—1,r = 23,...,p. It is obvious that
detA = 1. By the Cramer rule, we find
1 0 0 0 X1
Ara 1 0 . 0 X5
A13 A23 1 - 0 X3
D, =det| . . . . .
A17p_1 A27p_1 A37p_1 A 1 Xp—l
Al,p A27p A37p Ap—l,p Xp
(2.38)
368

©(2.41) [33].

Thus, coefficients D, are determined up to the
evaluation of a determinant of p-th order. Knowing D),
one can find from (2.35) that

2t = (Ad(k™H(Q%)x), = ZD,, QO, (2.39)
ain ) = glm ZDngm (2.40)

Hence, to the family of orbits of real radius R >
0, there corresponds a series of irreducible unitary

representations of group SO(n + 1;:1,)'), which is
realized by the operators

YR T (t(X)k(Q))f(k(QO)) = (2.41)
:exp{im( ZDP z )} “LQKQ")

in Hilbert space Hg, 1,,-

The family of orbits of imaginary radius ip, p > 0,
gives a series of irreducible unitary representations of
group SO(n + 1;11,j'), whose operators

0,1, (HX)E(Q) S (K(Q")) =
= exp{:l:ip <Y° Z Dngm> }

act in Hilbert space H, 1;, . The signs plus and minus in
(2.41), (2.42) are chosen in accordance with Propositions
2.1 and 2.2.

Let us consider the simplest case ji = i}, j» =
12y« vyJn = tn. Group SO(n + 1;¢) is group Z (n + 1)
of lower triangular matrices of the n + 1-th order with
units on the main diagonal and all elements above the
main diagonal are equal to zero. For n = 2, group
SO(3;t1,t2) is the Heisenberg group, for which we,
using (2.30), (2.31), (2.38), (2.41), obtain irreducible

representations

wﬁ(t(X)S(le))f(S( %)) =
= etiR(z2—210%) £(5(Q% — Q12)),

coinciding with the known representation of this
group [22]. For n > 3, we derive irreducible
unitary representations of group Z(n + 1) from
Comparing, it is necessary to keep in
mind that, in the handbook by D.P. Zhelobenko,
AL Stern [33], operators of the representation act on
functions depending on other variables that occurring in
(2.27).

(2.42)

“HQEQY)

(2.43)
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2.5. Some Transitions between Irreducible
Representations of Cayley—Klein Groups

Using the method of inducing, we have constructed
irreducible unitary representations of groups SO(n +
1;41,)). Can all these representation be obtained
from irreducible representations of group SO(n +
1;01,1) = N (x)»SO(n;1) of motions of the n-
dimensional Euclidean space? (Representations of the
Euclidean group are described by (2.27), (2.41), when
all parameters take unit values: jp = 1.) One can,
first, derive only representations w, corresponding to
orbits of real radius. Second, parameter R > 0, which
numbers irreducible representations of the Euclidean
group, has to be substituted for +R in accordance
with Proposition 2.1, in order to obtain both series of
irreducible representations, when they exist.

Under the transition from the Euclidean group to
SO(n + 1;u1,j'), subgroup SO(n) turns into SO(n;j’).
This changes the space of functions (2.27), namely: the
range of definition for functions changes, therefore the
requirement of square-integrability changes the forms of
functions, the structural condition imposed on functions
is modified as well, because the stabilizer of character
SO(n — 1) goes into SO(n — 1;j2, ..., jn—1)-

Operators of representation (2.41) change less
radically. Here, elements g* of the Euclidean group are
replaced by elements ¢ € SO(n + 1;u1,)'), and the

exponent R* (x*,Q*) under the transition ¢: SO(n +
k

]-;Lla]-) — SO(n + ]-;Llajl); ’I/JQZI = I, 1/)3:2 = Tk H jl;
=2

k
k = 2737"'7n7 wQ;k = ka H jl: p < k: pak =
l=p+1
n
1,2,...,n, acquires the factor [] j;. For this reason, it
1=2

must be transformed according to the rule R (x,Q) =
(H jl_1> R* (¢x*,¥Q*). (All quantities referring to the
=2

Euclidean group are marked with asterisk.)

Because orbits of imaginary radius do not
emerge under pure contractions, we, transforming
irreducible representations of the Euclidean group,
obtain irreducible representations of the contracted
group. Moreover, if j, = tp,Jrp1 = ... = Jn = 1,
and parameters j,, = 1l,tm,%, m = 2,3,...,r — 1,
then such groups do not have orbits of imaginary
radius, and all their irreducible representations can be
obtained, as described above, transforming irreducible
representations of the Euclidean group.

Only transitions from the Euclidean group similar to
analytical continuation and combination of contractions
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and analytical continuation, different from ones
mentioned in the previous section, give irreducible
representations of contracted groups, corresponding to
orbits of real radius, and do not allow to obtain the
representations corresponding to orbits of imaginary
radius. Let us recall that we have not considered
representations generated by orbits of zero radius. Let us
notice as well that Kirillov’s method of orbits [32] proves
to be relevant for study of the behavior of irreducible
representations under transitions between groups.

3. Cayley—KIlein Classical Hermitian
Categories

The Cayley—Klein unitary
(CKU) category. An object of the category CKU is
a finite-dimensional complex linear Cayley—Klein space
V(j) endowed with a non-degenerate Hermitian form
(-,+) (which, in general, is indefinite). Let py ;) and gy ;)
be the positive and negative indices of inertia of the form
('7 >

Let V(j) and W(j) be objects of the category CKU.
As always, we endow the direct sum V(j) ® W (j) with
the difference of the forms (-, -)y(5) and (-, -)wj), that is,
with the form

(v, w), (W, W))views = ©,)vy — (w,w)wg)-(3.1)

By a morphism in V (j) — W (j), we mean a subspace
of P(j) C V(j) ® W(j) satisfying the conditions:

(a) the form (-,-)v5ew() on P(j) is non-negative-
definite, moreover, P(j) is a maximal subspace satisfying
this property (so that dim P(j) = py ) + qw));

(b) the form (-,-)y (5 is strictly positive-definite on
ker P(j), while the form (-,-)w ) is strictly negative-
definite on Indef P(j).

The morphisms are multiplied as linear relations.

Note that condition (a) can be interpreted as
meaning that the linear relation P(j) ’contracts’ the form
(-, )v(); in fact, (v,w) € P(j) implies that (v,v)y ;) >
(w, w)w j)-

We recall the following definition from operator
theory. Let H(j) be a linear space endowed with a
(possibly indefinite) Hermitian form 7 (-, -). An operator
T : H(j) — H(j) is called a T-contraction it (Tv,Tv) >
T (v,v) for all v € H(j).

Note also that the non-negativeness of the form
(;)v@) on kerV(j) and the non-positiveness of the
form (-,-)w) on IndefW(j) follow from condition
(a). Condition (b) is merely a slight strengthening of
condition (a).
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ProposiTION 3.1. Let P(j) € Morck(V(§),W(j))
and Q) € Morck(W(j),Y(j)), and suppose that
QG)P(j) # null. Then

dim Q) P(j) = dim P(j) + dim Q(j) — dim(W(j)). (3.2)

Proof Let HG) =V(§) @ W) @ Y(j), and let Z(j)
be the subspace of vectors of the form (v,w,w,y). We
define the subspace T'(j) = P(j) ® Q(j) as the set of
all vectors of the form (v,w,w’,y), where (v,w) € @
and (w',y) € P. From imP(j) + D(Q(G)) = W(),
we have T(j) + Z(j) = H(j). Thus, T(§) N Z(j) has
dimension dim Z(j) + dim T'(j) — dim H (j) = dim P(j) +
dim Q(j) — dim W (j). Next we denote the projection
of H(j) onto V(j) ® Y(j) along W(j) ® W(j) by .
Then, as is easily seen, 7 (T'(j)) N Z(j)) is the product
Q@G)P(j). Furthemore, 7 is injective on T'(j) N Z(j).
In fact, 7(v,w,w'y) = 0 implies that v = 0 and
y = 0, while (v,w,w’,y) € Z(j) implies that w =
w'. Finally, (v,w,w,0) € T implies that w lies in
ker Q(j)NIndef P(j), which, in accordance to the equality
ker Q(j) N Indef P(j) = 0, consists merely of the origin.
This completes the proof of (3.2). O

ProrosiTIiON 3.2. The category CKU is well defined,
that is, a product of morphisms of the category CKU is
again a morphism of the category CKU.

Proof Let P € Morcku(V(§),W(j)) and @ €
Morcku(W(j),Y(j)). All we need to show is that
QJ)P(j) is a maximal subspace on which the form
(,)vGyew() is non-negative-definite. We claim that
Q@G)P(j) # null. In fact, condition (b) implies that
Indef P(j) Nker Q(j) = 0. Next we show that imP(j) +
D(Q(j)) = W(j). For this we consider a non-zero vector
w € D(Q(j))* in W(j). Note that (w,0) is orthogonal
to Q). If (w,w)w;) > 0, then the vector (w,0) can
be added to the subspace Q(j), as a result of which the
form (-, -)v (5 ew ;) would be non-negative-definite on the
linear span of Q(j) and the vector w. By maximality
of Q(j), we would then have (w,0) € @Q(j). But this
is possible (that is, (w,0) € Q(j) N @+(j)) only when
(w,w) = 0. We now have a contradiction with the strict
positive-definiteness of the form (-, -) on ker Q(j).

Thus, the form (-, )y ) is strictly negative-definite
on D(Q(j))*. In exactly the same way, it can be shown
that (-,-)wj) is strictly positive-definite on im(P(j))*.
Therefore D(Q(j))* N im(P())t = 0, and hence
D(Q()) +1im(P(j)) = W(j).

Thus, QP # null, and consequently (see Proposition
3.1) dim Q(j)P(j) = dim Q(j) + dim P(j) — dim W (j) =
pv() T qv (), as required. a
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LEMMA 3.1. The following conditions on a subspace
P(G) c V() ®V(j) are equivalent:

(a) P(3) € Aut(V(j));

(b) P(j) is the graph of an operator contained in the
Cayley—Klein group CK(V (3)).

Proof. Let g € CK(V(j)). Then for any v,v' € V(j)
we have
{gv,gv'} = {v,v'} (3.3)
that is, the graph P, of g is an isotropic subspace
V(j) ® V (j). Furthermore, the dimension of P, (j) is half
that of V(j) @ V(j), which means that it is a maximal
isotropic subspace.

Conversely, suppose that P(j) € Aut(V (j)). Let Q(j)
be the inverse of P(j). Then

ker P(j) C ker Q(§)P(j) = ker E(j) = 0,
D(P() D> D(Q(H)PGH) = D(E®G)) =V (),
Indef P(j) C Indef P(§)Q(j) = Indef E(j) = 0.

Hence P is the graph of an operator; in particular,
the dimension of P is half the dimension. Furthermore,
(3.3) holds in view of the isotropy of P(j). O

Note that the group Autcku(V(j)) is none
other than the Cayley—Klein pseudo-unitary group
U(pv(),qv))- In fact, an automorphism of the object
V(j) must be the graph of an invertible operator A :
V() = V(j) (see Lemma 3.1), where, by condition (a),
we have (Av, Av) < (v,v), (A71v, A= v) < (v,v) for all
v, and hence (Av, Av) = (v,v).

On the other hand, the semigroup End(V(j))
contains many operators (formally speaking, graphs of
operators). Namely, any operator T' : V(j) — V(j)
satisfying the condition
(Tv, Tv) < (v,v)

(v e V() (3.4)

is contained in End(V (j)).

Potapov transformation. Conditions
(a) and (b) in themselves do not have great intuitive
appeal, but there is a method of making them more
understandable. First we introduce suitable coordinates
on the set Mor(V (j), W(j)).

For each V(j) € Ob(CKU), we fix a decomposition
V(i) = V() ® V_(j) into a direct sum of orthogonal
subspaces V4 (j),V_(j) for which the form (., )y j) is
positive-definite on V4 (j) and negative-definite on V_(j).
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THEOREM 3.1. The space P(j) C V() & W(j) is a
morphism of the category CKU if and only if P(j) is
the graph of an operator

e =( 4 x ) WDV -

= Wi() & V-Q)
satisfying the conditions

(i) S]] <15

() |IKI[<1, [IN]|<1.

Before giving the proof, we note that the space
W_(j) @ Vi(j) is Euclidean, when all parameters take
unit values: j, = 1, while, on the space W, (j) ® V_(j),
the form (-, )y (5 @w ;) is negative-definite. Therefore the
form (-, ")y (jew(j) defines a scalar product in V4 (j) @
W_(j). Here the norm of the operator is, as always, the
Euclidean norm. In the proof which follows, the norm
of a vector refers to the norm in one of the spaces
Vi) @ W_(3) or V_(3) & W..(3).

Proof. Let P(j) € Morcku(V(j), W(j))- Since the form
(-, v ew() is negative-definite on W (j) © V_(j) and
non-negative-definite on P(j), we have P(j) N (W4.(j) @
V_(j)) = 0. Since dim P(j) = dim(Vy(§) & W_(j)), the
subspace P(j) is the graph of the operator S : W_(j) &
V() = Wi ()@ V-(j)- Next, for any h € W_(j)&V4.(j),
we have 0 < ((h,Sh),(h,Sh)) = ||h||%/v_ GeveiG) —
ISRl Gyov_(j)> Which means that ||S]| < 1.

Suppose that ||K|| = 1, and let w_ be a vector at
which this norm is attained:

K w-|| = |[w-]] (3.5)

Then S(w_,0) = (Kw_, Mw_), and hence
1S (w=, O)I* = [[Kw_||* + || Mw_]|*.

Bearing in mind that ||S|| < 1, we see that Mw; = 0.
Hence, we find that the vector r = (w_,Kw_) €
W_(j) ® W,(j) lies in P(j), that is, r € ker P(j). On
the other hand, it follows from (3.6) that (r,r) = 0,
which contradicts condition (b) and the definition of a
morphism. Thus, we have proved the ’only if’ half of
the theorem. It is easily seen that the above argument
is reversible, so that the converse holds as well. a

J\IZ ]{J] corresponding to the
subspace P the Potapov transform of the morphism P,
and we denote it by S(P).

We call the matrix
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Let P € Morcku(V(j),V'(J))
Morcku(V'(§), V" (j))- Let

se=( x) s@=(% &)

Then S(QP) is equal to

(5w ) (o x)=

_ ( K+LX(1-NX)"'M

and @ €

(3.6)

Z(1-NX)"'M

L(1- XN)"'Y
W+ Z(1-NX)~ly > '

The semigroup EndV(j). We now discuss what
the Potapov transformations look like on the semigroup
End(V (j)). To avoid confusion, we shall suppose that an
element P(j) € End(V (j)), rather than being a subspace
of V(§)® V(j), is a subspace of V(j) ® W (j), where W (j)
is a second copy of V(j) .

PROPOSITION 3.3. Let Y (j) = YL (j)DY_(j) and Z(j) =
Z.(j) @ Z_(j) be linear spaces. Let z+ € Z1(j), y+ €
Yi(j), and

(2)=(e5)()

Suppose that the matriz D is invertible. Then

<Z+ > _ < BD! 4-BDC ) < -

"ol n > . (3.8)
P roof. In view of (3.8), we have

(3.7)

zy = Ay +By—, z_=Cys+ Dy_.

Eliminating y_, we obtain

y_- = D7'2_ — D70y,

2y = BD 'z + (A - BD*IC) Yty

as required. |
PROPOSITION 3.4. (a) Let P(j) be the graph of an
invertible operator < é g ) from V(j) to W(J) =
V(). Then

BD! A-BD7'C
sy =( 5 TP 9)
(b) Let P € End(V(§)), and let S(P) = ]\I} ﬁ. .

Suppose that the block M is invertible. Then P is the
graph of an operator V(j) — W(j) = V(j) with the
matrix

A B L-KM-'N KM~
<C D)Z( _MIN M > (3.10)
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(¢) P € Mor(V(j)) is the graph of an operator
element of CKU(py),qv)) if and only S(P) is
unitary.

é D to the
vector (0,v_), then we obtain the vector (Bv_, Dv_).
By condition (3.4), we have ||Cv_|]> — ||Dv_|> <
—|lv_|]?>. Hence ||Bv_|| < ||v_|| and, consequently, D
is invertible. Finally (see Proposition 3.3), we simply
express v_ and wg in terms of vy and w_ from the
formula

(v)=(e o))

The proofs of (b) and (c) are obvious. O

Proof. (a) If we apply the operator <

The Cayley—Klein simplectic
category CKSp. Let Vi(j) be a real linear space
endowed with a non-degenerate skew-symmetric bilinear
form {-, }V(])

Consider the complexification V(j) of the space
V&(j). Then the skew-symmetric bilinear form Ly (-, )
is canonically defined on V(j) as the complexification
on the form {-,-}y . But the form {-,-}y( can be
extended to V(j) also by sesquilinearity. Hence the
following sesquilinear form is canonically defined on

V()

My ) (v, w) = %L(v,u’)). (3.11)
It is indefinite and its negative and positive indices of
inertia are the same.

An object of the category CKSp is a space V(j)
endowed with the above three structures (that is, the
structure of the complexification of Vi(j), the skew-
symmetric bilinear form Ly j), and the Hermitian form
My ). Thus, V(j) is simultaneously an object of the
category CKU and an object of the Cayley—Klein
complex category CK (see [34-36]). By definition, a
morphism V(j) — W (j) is a linear subspace P(j) C
V(j) ® W(j) that is simultaneously a morphism of the
category CKU and a morphism of the Cayley—Klein
complex category CK.

LeEMMA 3.2. The group Aut(V(j)) is the real Cayley—
Klein symplectic group Sp(Vr(j)).

Proof. Let P(j) € Aut(V(j)). Then P(j) is the graph of
an invertible operator A. Since P(j) is an automorphism
of the Cayley—Klein complex category CK, it follows
that L(Av, Av) ~ L(v,v) for all v. Since P(j) is an
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automorphism of the category CKU, it follows that
M(Av, Av) = M (v,v).

We claim that this implies the equality Aw = Aw.
In fact, for any v, w, we have L(v, Aw) = iM (v, Aw) =
iM(A 'v,w) = L(A 'v,w) = L(v,Aw), and hence

Aw = Aw.
Thus, A preserves the real subspace Vi (j) € V(j) and
the form {-,-} in this space. O

We decompose Vi(j) into a direct sum of two
subspaces: Ve(j) = V4(j) ® V_(j), which are isotropic
with respect to the skew-symmetric form L and
orthogonal with respect to the Hermitian form M, where
M is positive-definite on V4 (j) and negative-definite on
V_(j). We further require that the subspaces V4 (j) and
V_(j) be complex conjugates of each other.

Such a decomposition is indeed possible: let
{p1,---,Pn,q1,-.,qn} be a canonical basis in V(j), that
is, {ponpﬁ} = {Q(xaqﬂ} = 0, {pa;qﬂ} = 6(1B- Then
we can choose as Vi (j) the subspace spanned by the
vectors e, = (1/v/2)(pa—iqa), and as V_(j) the subspace
spanned by the vectors f, = (1/v/2)(pa+iga). It follows
now that

L(ea,es) = L(fa, f3) =0, Llea, fg) = dap,
M(ea:eﬁ) = 604,67
M(fa,fg) = —(5a3, M(ea,fg) =0. (3.12)

It is customary to think of V(j) as having a fixed
basis {eq, fo} satisfying (3.13) at the very outset.

Let @ € Aut(V(j)). As we have seen, () is the
graph of an operator in V' (j) which commutes with the
conjugation operation v — ©. Hence it follows that the
matrix of the operator @ : Vi (§)®V_(§) = Vi (§G) D V-()
must have the form

(33)

and, of course, it must also be symplectic, that is, it must

0 1
preserve the form ( 1 0 )

K L
( M N > of a
morphism P is defined in CKU in the same way as in
the category CKSp.

The Potapov transformation

THEOREM 3.2. A subspace P(j) C V(j) ® W(j) is
a morphism of the category CKSp if and only if its
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K L . .
Potapov transform < M N ) satisfies the conditions
M lIsl<1,
i) [IKlI <1, [IN] <1, (3.13)
(iii) S =S¢,
P r o o f. It follows from Proposition 3.4. O

As in the case of the category CKU, the condition
P € Autcksp(V(j)) is equivalent to the requirement
that the matrix S(P) be unitary.

The Cayley—Klein orthogonal cate-
gory CKSO*. As an object of this category, CKSO*
is a finite-dimensional quaternionic space V(j) endowed
with a non-degenerate skew-Hermitian form H (-, ).

Let VC(j) be the same space V (j) but regarded as a
linear space over C(j). We represent our skew-Hermitian
form H as a sum: H(v,w) = IM (v, w)+JL(v,w), where
M(n,m) € C(j) and L(v,w) € C(j). It is easy to see that
M is a Hermitian form on V¢ (j) and L is a symmetric
bilinear form. Thus, V(j) is, at the same time, an object
of the category CKU and an object of the Cayley—Klein
complex category CKGD [36]. A morphism from V (j)
to W(j) is a (complex) subspace of VC(j) @ WC(j) which
is simultaneously a morphism of the category CKU and
Cayley—Klein complex category CKGD.

The group of automorphisms of an n-dimensional
object V (j) (in the quaternionic sense) is isomorphic to
the group SO*(2n;j). As in the case of the category
CKSp, we decompose VC(j) into a direct sum of
subspaces VC(j) = V. (j)®V_(j), where V, (j) and V_(j)
are maximal isotropic subspaces with respect to the form
L which are orthogonal with respect to M, the form M
being positive-definite on V, (j) and negative-definite on
V_(j). It is also convenient to assume that the operation
of multiplication by J in VC(j) interchanges V. (j) and
V().

The Potapov transform

= (4 4)

of a morphism P is defined in the same way as before.
It satisfies the conditions

» S <1
(i) |IK|I<1, [IN]|I<1,
(i) K =-K!, N=-Nt M=L

Involution in Hermitian catego-
ries. Let P € Morcku(V(j), W(j)). We denote by P*
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the element of the space Morcku (W (j), V (j)) such that
the subspace P* C V(j) © W(j) is the orthocomplement
with respect to P.

ProrosITION 3.5. If

s =( 3w ).

then

S(P*):S":((l) é)s(?

_( N* M*
- L* K* .

O =
N—
I

It is not difficult to verify that
(@P)" = P*Q",

that is, P — P* really is an involution in the category
CKU.

Suppose further that P € Morcksp(V([), W(j)).
We denote by P* the element of Morcksp(W(j), V(j))
which is the orthocomplement of P with respect to the
Hermitian form My ow) in V(§) © W(j). It is not
immediately obvious that the same orthocomplement
is an isotropic subspace with respect to the skew-
symmetric form Ly ;ew). But it is easy to see
from (3.15) that, if S is the Potapov transformation
of the morphism P € Morcksp(V(§),W(j)) (that
is, it satisfies conditions (3.14)), then S s
the Potapov transformation of some element of
Morcksp(W(§), V' (j)). The involution in the category
CKSO" is defined in a similar fashion.

Canonical forms. Let CK be one of the three
categories CKSp, CKU, or CKSO*. We are interested
in two closely related questions;

1. How to describe the orbits of the group
Aut(V(j)) x Aut(W(j)) on Mor(V (j), W(j))-

2. How to describe the orbits of the group Aut(V (j))
on the set of self-adjoint elements of End(V (j)).

We begin with the following elementary problem
of linear algebra. Let V(j) be a space endowed with
a non-degenerate (generally indefinite) Hermitian form
My j) and let A be a self-adjoint operator in V'(j) with
respect to the form My ;) (that is, My ;) (Avi,ve) =
My (v, Avz)). We then say that the self-adjoint
operators A; and A, are equivalent if there exists
an operator B preserving the form My ;) such that
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B,B™! = A,. We wish to describe the equivalence
classes.

This problem is equivalent to the following. Let
V() and A be as above. We say that the triple
{V(§), My, A} is decomposable if there exist A-
invariant subspaces Vi (j), V2(j) C V(j) such that V(j) =
Vi) @ V2(j), V2(§) = Vi*(§). Our problem is to describe
all the indecomposable triples.

It is easy to show that all the indecomposable triples
are accounted for by the following two types:

(a) The type IT(\,n), where A € R, n € N. A basis
in V(j) consists of elements ey, ..., ey, where (for k # n)

M(ei, ej) = i(SH—j,n—H: €L — )\Sk|8k+1, Aen = >‘en-

(b) The type II*(\,n), where ImA > 0, n € N. A
basis in V'(j) consists of elements e1,...,en, fi,..., fn,
where (for k # n)

M(ei,e;) = M(fi, f)j) =0, Mfes, fj) = Sivjns1,
Aep = Xep, +epy1, Aep = Aey,
Afy = M + frt1, Afn = M.

From these types, it is not difficult to select those in
which the operator A is My j)-contraction. It turns
out that the indecomposable My, (j)-contractions are the
operators in a one-dimensional space and one of the two-
dimensional Jordan boxes I*(¥1,2).

The case of an arbitrary self-adjoint element P €
Endcku(V(j)) reduces immediately to the case of the
operator

V(j) = KerP @ Indef P @ (KerP @ Indef P)*.

This solves the problem of describing the orbits of
Autcku(V(j)) on the set of self-adjoint elements of
EndCKU(V(j)).

We now turn to the problem of the orbits
of the group Autcku(V(j)) x Autcxu(W(j)) on
Morcku (V(j), W (j)). It reduces to the previous problem
via transformation P — P*P. Again we say that an
element P € Mor(V(j), W(j)) is decomposable if there
exist Vl(j),VQ,(j)Wl(j),WQ(j) € Ob(CKU) and P, €
Morcku (Vi(3), W1(3)), P> € Morcku(V2(3), W2(3)),
such that V(j) = Vi) @ Va(§), W) = W1(j§) @ W2(j)
(orthogonal direct sums) and P = P, @ P.

Dissipative operators. Let V(j) be an
object of the category CKU. An operator A in V(j) is
said to be My ;)-dissipative if My ;) (Az,z) < 0 for all
r € V(j).

Finally, we point out that the My (;-dissipative
operators form a convex cone C' which is invariant with
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respect to the action g : A — g 'Ag of the group
Aut(V (j)). Furthermore C' decomposes into a direct sum
of the Cayley—Klein algebra CKA of Aut(V (j)) and the
invariant convex cone C' of all My ;)-self-adjoint My ;-
dissipative operators.

4. The Krein—Shmul’yan Functor

Let CK be an arbitrary Cayley—Klein category. From
each object Z° of CK, we construct a functor (I,i)
from CK to the category of sets as follows. Let V (j) €
Ob(CK). Then I(V(j)) = Mor(Z°,V(j)), while each
morphism P : Vi(j) — V2(j) is associated with the
map i(P) : @ — PQ from I(Vi(j))=Mor(Z°,V1(j)) to
I(V2(j)) = Mor(Z°,V2(j)).

In many particular cases, this generally trivial
construction proves to be of great interest. In this
Section, we shall apply the construction to the Cayley—
Klein categories CKU and CKSp, where, in all cases,
we shall take Z° to be the zero-dimensional object of
the appropriate category (which we shall denote by 0).

The Krein—Shmul’yan functor of
the category CKU. Let V(j) € Ob(CKU).

PROPOSITION 4.1. The following conditions on a
subspace H(j) C V(j) are equivalent:

(0,) H(J) S MOI“CKU(O,V(j));

(b) H(j) is the graph of an operator S = S(H) :
V_() = Vi), with ||S]] < 1.

P r o o f. This proposition is a particular case of Theorem
3.1. O

The operator S = S(H) : V_(j) = V4(j) is called the
Krein angular operator of the subspace H (j).

Thus the set Z(V(j)) = Mor(0,V(j)) can be
identified with the set of operators V_(j) — Vi (j) with
norm < 1 (or, in other words, with the set Z, ; of ¢ x p
matrices, where p = py(;) and ¢ = qy ;) are the indices
of inertia of the Hermitian form in V'(j) ). We call these
sets operator (or matriz) balls.

We now describe the action of the category CKU on
the matrix balls.

PROPOSITION 4.2. Let P € Mor(V(j),W(j)), and let
H e Z(V(j)) =Mor(0,V(j)). Let

S(P):(AI; ﬁ) S(H) = X.
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Then the transformation
7(P): H—~ PH
from Z(V(j)) to Z(W(j)) is given by the formula

7(P)X =K+ LX(1-NX)"'M. (4.1)

P r o o f. This is a particular case of formula (3.7). O

Since 7 is a functor, it follows that
(Q)7(P) = 7(QP) (4.2)

for any P € Mor(V(j), W(j)) and @ € Mor(W (j),Y (j)).

Let p = pv(5), ¢ = qv(; be the indices of inertia of
the Hermitian form My ;) on V(j). Then, clearly, the
group Aut(V'(j)) = U(p,q.j) acts on Z(v(j)) =~ Z, 4 by
invertible transformations.

PROPOSITION 4.3. The  space  Z(V(j)) is a

homogeneous U(p,q,j)-space, the stabilizer of the point
0€ Z(V(j)) being U(p,j) x U(q,Jj)-

The proof appeals to Witt’s theorem, which we recall
without proof.

THEOREM 4.1. (Witt; see [37]) Let V(j) be a finite-
dimensional vector space over K (where K is either
R,C, or H) endowed with a non-degenerate Hermitian
or skew-Hermitian form B. Let G(j) denote the Cayley—
Klein group of operators in'V (j) preserving B. Let W1 (j)
and W5(j) be subspaces of V(j) of equal dimension. If
A:Wi(§) = Wa(j) is an invertible operator such that

B(A"I"aAy) :B(ﬂf,y) fora‘llxaye Wl(-i):
then there exists an operator QQ € G such that Qr = Ax
for all x € W1 (j).

Proofof Proposition 4.3. The transitivity of the
action of U(p,q,j) follows from Witt’s theorem. Next,
suppose that 0 stays under the action of g € U(p,q,]J).
Then gV_(j) = V_(j) and Vi(j) = V*(j), and hence
gV () = V40). 0

It is helpful to have a convenient formula for this
action, which we now give in a slightly more general
setting.

PROPOSITION 4.4. Let P € Morcku(V (j), W(j)) be the
graph of the linear operator

A B
(¢ 3
Then
7(P)X = (AX + B)(CX + D)™'.

)mm@um+WMWWﬁ»

(4.3)

ISSN 0503-1265. Yxp. pis. ocypn. 20038. T. 48, N 4

P r o o f. Consider the subspace Q(j) with the
angular operator X. It consists of vectors of the form
(Xv_,v_) € Vi(j) @ V_(§) = V(§)- Then the subspace
QP C W (j) consists of vectors of the form

7=((AX + B)v_,(CX 4+ D)v_). (4.4)
Denoting (CX 4+ D)v_ by w_, we see that QP consists
of vectors of the form ((AX + B)(CX + D) tw_,w_),
that is, the angular operator of the subspace QP is given
by (4.3).

However, we still need to prove that the operator
CX + D is invertible. In fact, suppose that (CX +
D)v_ =0 for some v_. Then (r,r)y ewg = |I(AX +
B)v||?, which is non-negative. This contradicts the fact
that 7 € QP (in fact, the form (-, -) s is strictly negative-
definite on QP). O

Formula (4.3) is certainly more familiar to us than
(4.1). Maps of the form (4.3) are called fractional-linear,
while maps of the form (4.1) are called generalized
fractional-linear.

The Krein—Shmul’yan functor
for the category CKSp. Here we associate
the set L(V(j)) = Morcksp(0,V(j)) with each V(j) €
Ob(CKSp). Its elements are subspaces of V' (j) which are
maximal isotropic with respect to the form Ly, (;) and the
form My ;) is negative-definite on them. The Potapov
transformation identifies L(V (j)) with the set Z(V'(j)) of
symmetric operators V_(j) — Vi (j) with norm < 1 (we
call the set Z(V(j)) the matrix ball). Correspondingly
to each morphism V (j) — W (j), we have a generalized
fractional-linear map L(V(j)) — L(W(j)) defined by
(4.1).

We see that the group Autcksp(V(j)) = Sp(Ve(j))
consists of matrices of the form

¢ v . . . .
(3 5)n0ere->1nmere
preserving the  skew-symmetric  bilinear form
_01 é (see Lemma 3.2). This group acts on

Z(V(j)) by transformations of the form

< - > L7 o (7 +T)(TZ +B) " (see(4.2)).
LEMMA 4.1. The group Autcksp(V(§)) =~ Sp(Vk(j))
acts transitively on Z(Ve(j)).
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P r o o f. The fractional-linear transformation of the
region Z(V (j)) corresponding to the operator

1-Z2)Y?* z(1—-ZzZ)"'/? .
( Z((l - ZZ))—l/2 ((1 _ Z%) ) € Autcksp(V ()
takes the point 0 into Z. 0

It is easily seen that the stabilizer of 0 consists of all

matrices of the form ( > . Since such matrices are

0 ¢
symplectic, the matrix ® must be unitary.
Thus, if dimV(j) = 2n, then Z(V(j)) is the

homogeneous space Sp(2n, R(j))U(n,j).

5. Welil Representations of the Cayley—Klein
Symplectic Category CKSp

Operators with Gaussian ker-

K L .
nels. Let S = It M be a symmetric block
matrix of dimension (m + n) x (m + n). We denote by
B < f; ]\Z > the operator F' acting in C**™ with the
kernel

1, (K L P
{560 (5 o) ()} (1)
where 2 = (21+-2y) and @ = (41 Up) are row
matrices.

Reproducing property. Let ue H. We set

Pu(z) = exp((z,u)). (5.2)
LEMMA 5.1. The function ¢,(z) lies in F(H).
Furthermore,
(Du, dv) = exp(v,u). (5.3)
P r o o f. Expanding (5.2) in a series, we obtain
(o))"
bulz) =3 =
. ail...a%n Zil...zfln .
B il i Vil
i1 —q
N e
= T \/me“...ln (2). (5.4)
The assertion of the lemma is now obvious. O

THEOREM 5.1. For any f C F(H) and any u € H, we
have

(f,0u) = f(u). (5.5)
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Proof. Let

Zjl - -Zjn
f2) =) aj... ﬁ = 4y € (2)-
Then, by (5.4), we have

wlt - udn
(fs du) = Zajl---jnm;

as required. O

Note that (5.5) means, in particular, that the linear
functional §,(f) = f(u) is continuous on F(H).

Kernels of operators. Let A be abounded
operator from F(H;) to F(Hs). Consider the function

Ka(u,v) = (Ady, pu),

where ¢,, is defined by (5.2). We shall show presently
that K 4(u,?) is none other than the kernel of A in the
usual sense of the word.

Note that when we write the expression K(u,v),
it can be understood in two ways. We can suppose
that K 4(u,v) is a function of two variables u € H,
v € H, where the bar over v signifies that K4(u,?)
is antiholomorphic in v. Alternatively, the variable ©
can be regarded as the element of the dual space H'
corresponding to v under the identification of H and
H'. We introduce the functions

(5.6)

KA(z) = K(z,@),  rj3(u) = K(2,0). (5.7)
Then, as is easily seen,
K4 (2) = K(2,0) = (Adu, ¢:) = (A¢u)(2), (5.8)

wa(u) = K(z,0) = (¢, Apu) = (A" ¢z, du) = (A7¢2)(u).

In particular,

k% € F(Hy) and k% € F(H>). (5.10)

Weak convergence of operators.

PROPOSITION 5.1. Let A, and A be operators from
F(H) to F(K), and let K,,(z,a) and K(z,u) be their
respective kernels.

(a) If the sequence K,(z,u) is pointwise convergent
to K(z,u) and the quantities ||Ay|| are bounded
above by some constant C, then A is bounded and
A, — A weakly.
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(b) If A,, — A weakly, then the sequence K, (z,a) is
pointwise convergent to K(z,a).

P r o o f. Assertion (b) follows immediately from the
explicit formula (5.6) for the kernel of an operator.
Assertion (a) follows from the criterion for weak
convergence and the fact that the linear combinations
of the functions ¢, (z) are dense in the Fock space.

PROPOSITION 5.2. (¢f. Theorem 3.2) Suppose that the

K L .
operator B( It M ) is bounded. Then:
(a) ISl <1;
(b) (K[ <1, |IM|| <1

P roof. Let A be a bounded operator, and let K 4 be
its kernel. Then, by (5.6) and (5.3), we have

Ka(z,0) = (Ady, ¢z) < [|Alll|¢ullll9:]] =

1 1
= lllexs (3llulP ) exo (51017

Hence assertion (a) follows. Now B[S] - 1 =
exp{izA*z*} € F(C") and B[S]*1 = exp{3zMz'} €
F(C™), and hence (b) follows; see (5.13). O

The Weil representation (We,we)
of the category CKSp. We associate the
boson Fock space F/(V_(j)) with each object V (j) of the
category CKSp. We assume that We(X) = F(V (j)). Let
P € Morcksp(V (i), W(i), and let S(P) = ( oL )
be its Potapov transform. We then assume that

we(P):B<f; AZ)

Note that the simplest thing is to assume that the
canonical bases are fixed in all the spaces V(j) €
Ob(CKSp). Then (5.1) has a perfectly clear meaning.
Sometimes this point of view is not all that convenient,
so that we need to describe the invariant meaning of
expression (5.1). In this case, one must not pay attention
to the transposition sign over the vector (that is, over
z, ). Then 2t € W_(j), Kz' € W,(j), and zKz! :=
L(z,Kz"). The quantities aMu' and zLu' are defined
similarly.

(5.11)

THEOREM 5.2. The conditions ||S|| < 1, ||K|| < 1, and
[|M]| < 1 suffice for the boundlessness of the operator
BJ[S].
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THEOREM 5.3. (a) (We,we) is a  projective
representation  of the category CKSp. More
precisely, let P €  Morcksp(V(§), W () and

K L
<Lt M> and

< élt g > be their Potapov transforms. Then

@ € Morcksp(W(QJ),Y([). Let

we(Q)we(P) = det [(1 - KC)*1/2] we(QP).  (5.12)

(b) (We,we) is a x-representation of the category
CKSp.

(¢) Let P € Autcksp(V(j§)) ~ Sp(Vr(j)). Then, to
within multiplication by a constant, the operator we(P)
1S5 unitary.

Note that the matrix (1 — KC)~'/? is well defined.
In fact, ||KC|| < 1, and therefore

a

(l—KC)“:1+aKC+%(KC)2+---.

The rest of this section is taken up with the proofs
of Theorems 5.2 and 5.3. Among the auxiliary results,
the upper estimate of the norm of B[S] is of interest in
its own right ( see (5.30)), as is the fixed-point method
used in obtaining this estimate.

Gauss integrals.

K L
PROPOSITION 5.3. Let S = It M be a

symmetric ((n +n) x (n + n))-matriz, let ||S|| < 1, and
let a, B be row matrices of length n. Then

[Jeetaen (i) (2)+
(53 5

xexp{%(aﬁ) < ook >_1 ( gi >},(5.13)

where the integral is absolutely convergent.

+azt + Bit}d,u(z) = det

P r o o f. Everything reduces to the following standard
formula from elementary analysis

1
/exp <—§xA:r;t + b:z:t) de =

RE

_ (71./2)11/2 (_1 —1 t>

VoS exp 2bA b" |, (5.14)
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where A is a symmetric matrix whose real part is
positive-definite. On making the substitution z = x +1y,
Z = x — iy, we obtain the following formula for the left-
hand side of (5.13):

B Jonfaeon (5 o)
X(yﬂ(gfi%)(m

E iF

+(aﬁ)< B _ZE > < Zj > —w2—y2}dmdy,

that is, in the notation of (5.13),
A_(E ON_L(E B\
“\0 E 2\ £ —iE
« K L E iE
Lt M E —iE )’

E iE
b_(“5)< E —iE)'
These matrices A and b must then be substituted
into the right-hand side of formula (5.14). The only

thing that is not completely trivial is the calculation
of detA. To do this, in equality (5.15), we multiply

(5.15)

E E
by 6 = % ( iE —iE > on the left and by
0y = % ( g _le > on the right. Then

o K L
detA = det(6,60:)det (91 to,t — ( It M )) =

E 0
_det<0 —E>X

(s 6) (2w ))-

— (- 1)”det< -, 1__ML>

and, interchanging the columns, we obtain the required
expression. O

We are interested mainly in the case where L = 0.
In this case, expression (5.13) can be written in a more
convenient form as follows:

1 -M
det ( N 1 > =det(1 — MN), (5.16)
-M 1\
1 -—-N -
378

_(Mu-pr s

(1— MN)! - )

M(1 - NM)™!

((5.17) can be verified by direct multiplication).
We therefore have the following formula

1 1
//exp {ﬁzMzt + §2N2t + ozt + th} du(z) =

=det(1 - MN) /2 x
1 NA-MN) ' (1-NM)"
xexp{i(aﬂ)( (1— MN)~! M(l—NJW)1>><
(5.18)

(5}

The vectors b[T|l]. Let T be an operator from
V_(j) to V4 (j) with norm less than 1, and let It € V. (j).
We define a function b[T'|l] € F(V_(j)) by the formula

b[T|l](2) = exp {%szt + lzt} .

Note that if V (j) is a coordinate space, then zIt = [z
is simply the quantity > z;{;. In invariant language, z{*
is the result of pairing I € V4.(j) and z € V_(j).

LEMMA 5.2. We have b[T|l*] € F(V_(j)).
P r o o f. The result follows from Proposition 5.3. O

PROPOSITION 5.4. Let
5( g gy ) FO-G) - FOV-G)

be an operator satisfying the conditions of Theorem 5.2.
Then

K L _
B ( Y ) b[T|I'] = det [(1 — MT) 1/2] b[K+
+ LT(1— MT)"'LYL(1 - TM)""1"]. (5.19)
Furthermore, the integral
1
//K Z,) exp {iuTtut +lut} du(u) =
BT[] (w)) (5.20)

is absolutely convergent, and the vector in [-|-] on the
right-hand side of (5.19) in fact lies in F(W_(j)), that

18,

|IK+LT(1—-MT)'LY| < 1. (5.21)
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P r o o f. Expression (5.20) is equal to

1
exp {—ZK z }

M 0 ut ‘t
[ el (4 2)(3) et
and an application of (5.18) now proves (5.19).

To prove (5.21) ’by a frontal attack’ is fairly hard,
but fortunately we have already proved it, for (5.21)
means that the generalized fractional-linear map takes a
matrix ball to itself (see Proposition 4.2). O

Note that we still do not know whether the operators
BJ[S] are bounded.

Multiplication of the operator BI[S].
We denote by Fy(H) C F(H) the set of finite linear
combinations of vectors of the form b[T'|l'].

We now consider an arbitrary operator

(g ) FO-G) - FOV-G)

K L P
o(w)?(a

As a corollary, we obtain assertion (a) of Theorem
5.3, that is, P — we(P) really is a representation of the
Cayley—Klein symplectic category CKSp (see (3.7)).

g ) f=det(1-MP)"'/?B (

We now give a formal discussion. Calculating the
formal convolution of the kernels in accordance with
(5.5), we see that product (5.22) must have a kernel of

the form
L 2t
M at |t

) }aut) =

K
Lt
+—(uw)< P Q)

2 Q" R
1 , 1,
=expq -z2Kz +§wa X

—1/2
1 —-M 1 ;s 1
(—P 1 ) ]exp{ﬁsz +§wa} X
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In view of Proposition 5.2, the operator B I{(t ]\[2 >
takes Fo(V_(j)) to Fo(W_(j)). Thus, although we do not
know whether our operator is bounded, at least we know
that it is well defined as an operator from Fy(V_(j)) to
Fo(W_(j)). It is also clear from what has already been
said that the product of such an operator is also well
defined.

THEOREM 5.4. Suppose that we possess the operators
K L

(1 ap ) FOZG) > FOV-G)

(G § ) FOV-G) > FOZG),

Then, for any f and for any Fy(V_(j)), we have

K+LP(1—MP)"'Lt  L(1-PM)"'Q
[(5.22
Q'(1-MP)"'L' R+Q'(1-MP)'MQ ) [:5:22)
-1
wofan (7 2)7(9 2))
(5.23)

the last line being obtained from Proposition 5.3. After
this, an application of formulae (5.16)—(5.17) gives the
required expression.

Unfortunately, we do not know whether our
operators are bounded. We therefore need a further
argument justify this.

o(5 4)(e( & 9 )ume)-
S f1f fretion (5 5)
oo (5 9)(5)+

1
+ Ewth + lwt} du(w)} d

ISR
- o
N——
+

(5.24)
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To see this, we need to justify the possibility of changing
the order of integration from du(w)du(u) to du(u)du(w)
in the ’iterated’ integral. This can be done certainly if
(5.24) converges absolutely as a double integral. The
latter, at any rate, is true in the case where

‘PQ K L

Q' R Lt M

Considerations of continuity now complete the proof.
In fact, if we denote the operator with kernel (5.23) by U,
then Ub[T|I*] has the form det(A)*/2b[Z|m?], while (5.24)
has the form det(B)'/?b[Y|nf], where A,Z,B,Y,m,n
depend rationally on K,L,M,P,Q,R,T,l. Hence it
follows from continuity considerations that A = B,
Z =Y,and m =n. a

<1 and < 1.

Equivariant map from the matrix
ball Z(V(j)) to the projective space
PF(V_(j)). We associate the vector b[T] defined as
b[T|0] with each point T of the domain Z(V(j)) ~
MorCKSp (0, V(j))

Let @ € Mor(V(j),W(j)), and let S(Q) =

( f; J\I% ) be its Potapov transform. Then, by (5.19),
we have
we(Q)b[T] = det(1 — MT)~Y/?b]7(Q)T], (5.25)

where 7(-) denotes the Krein—Shmul’yan functor. We
point out also that (5.25) is a particular case of formula
(5.22); that is to say, if R € Mor(0, V'(j)) is the subspace
with angular operator T', then b[T] is none other than

we(R)-1, where 1 denotes the vacuum vector in F(C°) ~
C'.

Proof of assertion (b) of Theorem 5.3.

Let P € Moroxsy(V (), W()) and let S =~ ( nor )

be its Potapov transform. Then the Potapov transform
of the morphism P* is given by the matrix

S(,_KL“__MZt
M) T\ T K )

Calculating formally the kernel of the conjugate operator
to B[S] = we(P), we obtain precisely the kernel of
the operator B[S?] = we(P*). Unfortunately, however,
we still do not know whether we are dealing here with
bounded operators, and until we do, the formula B[S]* =
B[S7] is hazardous. We must observe rigour here.

LEMMA 5.3. For any fi € Fo(V_(3)), fo € Fo(W-(j)),
we have

(BIS]f1, f2) = (f1, B[S?]f2)-

(5.26)
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Proof If ||S]| < 1, then, on both sides of the equation,
we have the same absolutely convergent integral which
differs only in the order of integration. In the case

[|S]| = 1, we use continuity considerations, as in the
case of Theorem 5.4. Then, in particular, if S = S7,
then B[S] is symmetric on Fp. O

LEMMA 5.4. Let T be a projective x-representation of
the category CK . Then, for any P € Autgg (V (), the
operator 7(P) is unitary to within multiplication by a
constant.

Proof. In fact,
T(P)*1(P) = AM(P*P) = A(ly(5) = AE,
T(P)7(P") = pr(PP") = pr(ly5) = pE

for some A, € C(j). We then observe that 7(P)*7(P)
and 7(P)7(P*) are positive self-adjoint operators, from
which it follows that A > 0 and p > 0. But

AT(P) = 7(P) (7(P)*1(P)) = (P)7(P*)T(P) = pr(P).

Consequently A = pu and therefore the operator
A\~1/27(P) is unitary. O

Proof of assertion (c) of Theorem 5.3.
This is an immediate consequence of Lemma 5.4.

Reductiontothesymmetric case. OQurnext
aim is to prove that the operators we(P) are bounded,
which is the most difficult part of the theorem. Let us
recall that the usual method of calculating the norm of
an operator is to use the formula ||A|]? = [|A*A]|.

LEMMA 5.5. An operator B[S] is bounded if and only if
the operator B[S?]|B[S] is bounded.

P r o o f. Suppose that B[S?]B[S] is bounded. In
particular, the function ¢(f) = (B[S?]B[S]f,[f) is
bounded on the unit ball D of the space Fy. By Lemma
5.3, we have q(f) = (B[S°]f, BISIf) = ||BISIf|[*. The
boundedness of the latter expression on D now implies
that B[S] is bounded. O

The operator B[S?]|B[S] is symmetric and has
the form B[]. Thus, it suffices for us to verify the
boundedness of the operator B[S] in the case where it is
symmetric.
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Fixed point principle. We denote the vector
b[T'|0] by b[T]. Recall that

B ( ft ]\L{ ) b[T] = det(1 — MT)"/?b[K +

+LT(1— MT) LY. (5.27)
ProPOSITION 5.5. The  following  assertions are
equivalent:

(a) b[T] is an eigenvector of the operator
B K L

Lt M

(b) T is a fized point of the transformation

K L\ 17t
T<Lt M).THK+LT(1—MT) L. (5.28)

O

We emphasize once more that map (5.27) takes the
matrix ball into itself (see Proposition 4.2).
Suppose now that the operator

K L
B(Lt M

is symmetric, that is, K = M and L = L*.

) F(V_() = F(V_(3))

THEOREM 5.5. Suppose that the operator B ft ]\Z

is symmetric, and let T be a fivred point of
transformation (5.27) with ||T|| < 1. Then,

K L

B ( Y )H = det[(1 — MT)~/?], (5.29)

where the norm is attained at the vector b[T].

P r oo f. The case where T' = 0 is particularly simple. It
is then clear from (5.27) that K = 0, and hence M = 0

as well, that is, our operator has the formB( I(/)t S )
So,

0 L
B( R )f(z) — f(L2).
As before, let F)(V_(j)) ¢ F(V_(j)) be the space
of homogeneous polynomials of degree k. The bounded
operators f(z) + f(Lz) on F®)(V(j)) are the kth

symmetric powers S¥L of L. Taking into account that
||L|| <1, we find that ||S¥L|| = ||L||¥ < 1. We see that

0 L
o5 0|
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where the norm is attained at the vector f(s) = 1.

Next let T' be arbitrary. We have seen (see Lemma
4.1) that the Cayley—Klein symplectic group Sp(Vk(j))
acts transitively on the matrix ball Z(V(j)). Let
g € Sp(Vk(j)), and suppose that the corresponding
transformation 7(g) of the matrix ball takes 0 to T.
Then the operator we(g) takes the vector b[0] to b[T].
Therefore the vector b[0] is an eigenvector for the
operator

A=we(g) 'B < ft AZ ) we(g),

which, as before, is symmetric (we recall that we(g)
is unitary to within multiplication by a constant; see
Lemma 5.4) and has the form AB[H], where A is a scalar.
But we have just proved that the norm of the operator
A is attained at the vector b[0]. Therefore the norm of
the operator

B( 1y )= velgave(o)™

is attained at the eigenvector b[T']. Formula (5.29) now
follows immediately from equation (5.27). O

Existence of a fixed point. The previous
analysis implies the following lemma.

K L K L
(5 i) <nmen (5 7)

takes Z(V(j)) to Z(V (j)).

LEMMA 5.6. If

PROPOSITION 5.6. Let

()

Then the  generalized
K L . . .
™1t m of the matriz ball to itself has a fized

point.

< 1.

fractional-linear ~ map

P r oo f We denote by Z(V(j)) the set of symmetric
operators from V; (j) to V_(j) with norm < 1. We denote
by Z(V(j)) the set of symmetric operators from V. (j) to
V_(j) with norm < 1. Clearly, map (4.1) extends to a
continuous map

(5 ) 70 - 2.

From the topological point of view, Z(V'(j)) is a ball. By

L ) has a fixed

K
Browser’s theorem, the map 7 < It M
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point in Z(V(j)) and, by the above lemma, this fixed
point lies in Z(V (j)). O

Estimate of the of the

operator we(P)

norim

PROPOSITION 5.7. Let P €
where P = P*. Let

M L
()
be its Potapov transform. Then

[Iwe(P)|| < det(1 - |M])~"2.

Endcksp(V(3), V()

(5.30)

P r o o f. We start with the case where ||S|| < 1.
Then Theorem 5.5 and Proposition 5.6 are available. It
therefore suffices for us to establish the following lemma.

LEMMA 5.7. Let M and X be n X n matrices, with
[|M]|| <1 and || X]|| < 1. Then

|det(1 — XM)| > det(1 — | M]).

P r o of. We can suppose without loss of generality that
the matrix M is positive self-adjoint. We wish to prove
that

1 < det(1 — M)~ det(1 — X M) (5.31)
Transforming the right-hand side, we obtain

|det(1+ (1 — X)M(1 - M)™h). (5.32)
Let A = \/M(1 — M)~L. Then (5.32) is equal to
|det(1+ A(1 — X)A)|, (5.33)

and in order to prove (5.31), it suffices for us to verify
that the eigenvalues of the matrix A(1 — X)A have non-
negative real parts. For this, it suffices to verify that

Re(A(1 — X)Av,v) >0

for all v. Transforming this expression, we obtain
Re(A(1 — X)Av,v) = Re{(1 — X)Av, Av) =

= [|Av]]* = Re(X Av, Av) = [|Av]|* — [IX][[|Av][* > 0,

as required. This completes the proof of the lemma. [

Thus, Proposition 5.7 and the boundedness of the
operator we(P) in the case ||S|| < 1 are proved. Suppose
now that ||S]| = 1, and consider the sequence of linear
relations (P,) with the Potapov transform

<1—%>E>_

wn
3
|
VS
—
|
3= §|
=
=

Let K, (z,4) be the kernel of we(P,), and let K(z, )
be the kernel of we(P). Then, clearly, {K,(z,a)}
converges pointwise to K (z,u); furthermore, the norms
of the operators we(P,) are bounded by the constant
det(1 — |M|)~/2. Tt therefore follows from Proposition
(5.1) that we(P,) converges weakly to we(P) and

[[we(P)|| < det(1 — |M])/2.

(I
Howe duality for CKSp. Let CK be a Cayley—
Klein category, and let H(j) be a Cayley—Klein group.
Then we define the product CK x H (j) to be the category
whose objects are the same as those in CK, and

Morckxa () (V (), W(Jj)) := Morck (V(3), W(j)) x H(j).

Multiplication of morphisms is defined in obvious
fashion:

(p1, h1)(p2, he) = (p1p2, hihs).

Let R be a representation of CK x H(j). We say that
CK and H (j) are dual in R if

R=@P (T, ®n,),

where the T, are irreducible representations of CK, the
7, are irreducible representations of H (j), and the index
o runs through some set; here ¢ # o' implies that
T, # T, and 7w, # myr.

We now construct the canonical functor 7,
CKSp x O(n,j) — CKSp. Consider the space
R™(j) endowed with the standard scalar product. Let
V(i) € Ob(CKSp x O(n,j)) = Ob(CKSp). Then
™(V([§) = Ve(§) ® R*(j). Further, the pair (L,h) €
Mor(V(§),W(3)) x O(n,(j)) is associated with the
subspace 7,(L,h) C (V() @rg) B () & (WG) @rg)
R"(j)) generated by vectors of the form

(vex)®(we h),

where (v,w) € L, x € R*(j). We now consider the
representation W = We o 7, of the category CKSp x
O(n, (j)), where We is the Weil representation.

HOWE’S DUALITY THEOREM 5.6
(a) CKSp and O(n,j) are dual in W,
(b) In the decomposition

W =@ (1" @)
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of the W™ into  irreducible
subrepresentations, the representation 7T§\n) runs through
all the irreducible representations of O(n,j).
(c) If n #m, then T)(\") is mot equivalent to T;Sm).
(d) Each holomorphic projective %-representation of

CKSp has the form Tf\n).

representation

Thus, the holomorphic projective x-representations
of CKSp are indexed by pairs (n,7), where n € Z and
7 is an irreducible representation of O(n + 1,¢;j) (2.41),
(2.42).

Any projective *-representation of CKSp is the
product of a holomorphic projective *-representation
and an antiholomorphic projective *-representation [3].

Conclusions

We suppose that the true cosmological model belongs
to the class of models based on Cayley-Klein geometries
with permanent curvatures. This is one of the articles
[35, 36] which would be sufficient for an categorical
expression of the basic concepts of the theory of the
Cosmic Microwave Background. It makes possible in this
way to express the Cosmic Microwave Background data
in terms of monoidal Cayley-Klein categories.
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I[IPE/ICTABJIEHHS BENJISI EPMITOBOT
CUMILJIEKTUYHOI KATEI'OPIi KEJII-KJIEMHA

C.C. Mocxkaniox
Pesmowme

MeTton KaTeropiiilHUX HIpPOIOBXKEHb 3aCTOCOBAHO B Teopil rpym
Keni—Kuaeiina. Ileit meTon Bukopucroye npocropu Keni—Kuieitna
Ak 06’exkTu Kareropiit Keni—Kueitna 3 Mopdizmamu y Burisaai sce-
MOXKJIMBUX JIiHIMHUX neperBopensb abo OurinifiHux dopm. [Tobyro0-
BaHi iHayKoBaHi npencraBaenHsa rpyn Keni—Koeiina misxoMm ka-
reropidikaiii mepeHocaThCs Ha KOHCTPYKUIT npejcraBiedb Beis
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KJacHIHUX epMmiToBuX Kareropiit Kemxi—Kuneiina. B pobori orpu-
MaHO B SIBHOMY BUIJIsiJi IpejcTaBjieHHsi Beilsi epmiToBOI cumIi-
nektuaHol kareropii Kemi—Koeiina.

[IPEJ/ICTABJIEHUE BEWJISA SPMUTOBOM
CUMILJIEKTUYECKO KATETOPUN KEJIN—KJIENHA

C.C. Mocxkaniox
Pesmowme

Meros, KaTeropuiHBIX IIPOJOJI2KEHHIl IPUMEHHAETCH B Teopuu
rpynn Kemn—Koieiina. 9T0oT MeTOm HCHOIB3yeT IPOCTPAHCTBO
Kenu—Kuieitna B kauecrBe 06bekToB Kareropuit Kesm—Kuieitna ¢
Mopdu3MaMu B BUJE BCEBO3MOXKHBIX JIMHEWHBIX Ipeobpa3oBaHmit
unn OunuHeitHbIX dopM. [locTpoeHHBIE MHAYIMPOBAHHBIE IIPE-
crasienus rpynn Kenn—Kireiina nyrem kareropuduxkanuu mepe-
HOCATCA HA KOHCTPYKIMM IpeJCcTaBieHuit Beiinma kiraccmyueckux
spmurobbix Kareropuit Kemu—Kuieitna. Ilosydener B gBHOM BH-
e npeacTraBiaeHus Beilsis 3pMUTOBOM CHUMIIJIEKTUYECKON KaTero-
puu Kenu—Kuieiina.
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