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A group of hidden dynamic symmetry in a model of quantum-
mechanical problem of two-centers with Coulomb and oscillator
interactions is obtained. The group properties of the system
of PDE is studied. The similarity solutions of one-parameter
subgroups of the Poincaré and Galiley groups are received. The
obtained solutions are used for the calculation of energy terms of
the problem.

Introduction

As a rule, when systems possessing a hidden (or higher
dynamic) symmetry are considered, two methods are
used [1, 2]. The first of them consists in rewriting the
Schrédinger equation and putting it in the form where
the symmetry, having been hidden before, becomes
explicit. The second one implies the construction of
integrals of motion which play the role of hidden
symmetry group generators. In the paper, based on the
example of a physically important model of confinement-
type two-centered potential we try to emphasize the
deep relationship of the hidden symmetry to the
possibility of separation of variables in the Schrédinger
equation. The knowledge of such kind of relationships
in two recent decades [3] has resulted in the intense
application of the method of separation of variables
to the equations of mathematical physics and led to
a series of important and far from trivial results in
this field of mathematics (see, for instance, [4, 5]).
The method of separation of variables is much simpler
compared to the two above methods. In the framework of
this method, the eigenvalues of hidden symmetry group
generators acquire the sense of separation constants, and

the eigenfunctions, common for the Hamiltonian and the
generators, which commutative with the Hamiltonian
and with each other, are the solutions of the Schrédinger
equation the corresponding coordinates. Below, the
group properties of a model quantum problem of the
motion of a light particle (a gluon) in the field of
two heavy particles (a quark — antiquark pair) are
studied. Recently this problem has become the subject
of intense studies due to its relation to a wide range of
problems of hadron physics: models of baryons with two
heavy quarks (QQq baryons) [6] and models of heavy
hybrid mesons with open flavor (QQq mesons) [7].
In spite of the lac k of strict theoretical substruction,
the potential models give a satisfactory description
of mass spectra for heavy mesons and baryons (see
e.g. [6—8] and references therein), which, according to
modern views, represent bound states of quarks. While
modeling the interquark interaction potential, as a rule,
confinement-type potentials are used [8, 9]. One of such
potentials is the so-called Cornell potential, containing a
Coulomb-like term of single-gluon exchange and a term,
responsible for string interaction, providing the quark
confinement. The confinement part of the potential is
most often modeled by a spatial spherically symmetric
oscillator potential [6, 7]. Then the motion of a light
quark (gluon) in a field of two heavy quarks can be
described in the non-relativistic approximation by a
stationary Schrédinger equation with a model combined
potential, being the sum of the potential of two Coulomb
centers and the potential of two harmonic oscillators:
Vi) =~ 24 202 4 03). (1)
1 T2

In this formula, r; and 7o are the distances from

the particle to the fixed force centers 1 and 2, Z; o =
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%as, as is the strong interaction constant, and the
phenomenological parameter w is chosen from the
condition of the best agreement of the calculated mass
spectra of the quark system with experimental data.
In order to avoid ambiguities, we mention that, in our
consideration, concerning not only the case of purely
Coulomb interaction of the light particle with each of
the centers, the notion of the force center is preserved
for the 71 2 = 0 points, where the combined potential (1)
has singularities.

In the dimensionless variables, the Schrédinger
equation with the model potential (1) is given by

HU= |50 -2 22 ) ws R) =
2 Ty T2
= B(R)W(s; ) @

where r is the distance from the particle to the midpoint
of the intercenter distance R, E(R) and U(r;R) are
the particle energy and wave function. Hereinafter, the
spectral problem for the Schrédinger equation (2) with
the combined potential (1) is conveniently denoted by
eZ1 Zsw. The sense of such a notation follows from the
fact that the traditional quantum-mechanical problem of
two purely Coulomb centers [10] has a standard notation
eZ1Z5. Note that the Schrédinger equation for the eZ; 7
problem can be obtained from Eq. (2) by the limiting
transition w — 0.

The group properties, eigenvalue, and eigenfunction
spectrum for the eZ;Zsw problem of two Coulomb
centers have been studied substantially [10-16]. Namely,
the choice of a certain non-canonical basis in a group
being a direct product of two groups of motion of three-
dimensional spaces P(3)®P(2), or in the wider groups of
motions of six-dimensional spaces P(5,1) and P(4,2) is
known to result in the necessity to solve the problem of
a linear algebra of two-centerd integrals obtained in [16].
Here we show that, in our case of eZ; Zsw, a generally
similar situation takes place. This problem can also be
considered as a problem of theory of representations of
certain non-compact groups, where the function being
a product of a quasiradial and a quasiangular two-
centered functions by exp(ima + i) comprises the
basis of a degenerate non-canonical representation of the
group being a direct product of two three-dimensional
space motion groups P(3) ® P(2,1), or the wider six-
dimensional space motion groups P(5,1),P(4,2), etc.
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1. Spheroidal Integral of Motion in the
eZZsw Problem

The variables in Eq. (2) can be separated by introducing
a prolate spheroidal (elliptic) coordinate system &, n «
with the origin at the midpoint of R segment and focus
at its endpoints [10]:

§=(r1+r2/R), 1<E< 0,
n=(1-rz/R), -1<n<1l, \ 3)
o = arctan (;—f), 0<a<22r

Here, « is the angle of rotation around OXj3 directed
from center 1 to center 2. Consider the explicit form of
the differential equations resulting from the procedure
of separation of the variables in Eq. (2) in the prolate
spheroidal coordinates (3). By presenting the wave
function ¥(¢,n, «, R) as a product F(&, R)G(n, R)®(«a)
and substituting it into (2), one obtains three ordinary
differential equations linked by the separation constants
A and m:

[d(ﬁ B

d€ d¢
2
_ F(¢: = 4
d d
L L 2 _ 02Y(] — p2)—
[dn( n)dn+bn+(p ) (1 —n7)
m2
-l emm =0 )
ﬁ+m2 U(a) =0 (6)
da? e
Here we use the notation
2 p2 2 pd
p:E/2E/, E/:E—WR7 ’ysz7
2 2 4
a:(Z1+Z2)R 5 b:(ZQ+Zl>R.

In order to have the complete wave function ¥(r, R)
normalized, the functions F (¢, R) and G(n, R) should
obey the boundary conditions

|[F(1;R)| <oo,  F(o0;R) < o0, (7)
|G(£1; R)| < oo. (8)
The procedure of obtaining the energy terms E(R) is
reduced to the following steps. At first, two boundary
problems are considered independently: (4), (7) for the

quasiradial equations and (5), (8) for the quasiangular
ones, A& and A(" being considered the eigenvalues and
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p being left as a free parameter. Each of eigenfunctions
can be conveniently characterized by two quantum
numbers n,m and the eigenvalue A, namely: ng¢, m,
A for Foem(§,R) and ny,m, A for Gnem(n, R).
The quantum numbers n¢, n, are non-negative integers
0,1,2... and coincide with the number of nodes for
Foem(§, R),Gny m(n, R) functions on the radial (1 <
¢ < o0) and angular (-1 < n < 1) intervals,
respectively. The general theory of Sturm-Liouville-
type one-dimensional boundary problems implies that
the quantum numbers n¢, n,, m, remain constant
under continuous variation of the intercenter distance
R, and the eigenvalues /\flém(p,a,w) or Al (p,,7)
are non-degenerate. The pair of one-dimensional
boundary problems for F,, .,(§, R) and G, m(n, R) is
equivalent to the initial eZ(1)Z(2)w problem under
condition of equality of the eigenvalues )\flfm(p, a,y) =
)\an(p, b,~) and the account of a relationship of p, a, b,y
with the FE,Zy,Z5,w, R parameters. The eigenvalues
Erenyms Anen,m and eigenfunctions W,y m(r; R) of the
three-dimensional eZ;Zsw problem are enumerated by
a set of quantum numbers j = (ngn,m) which are
conserved under the continuous variation of 71, Zs,w, R
parameters:

EJ(R) = E’”f{’ﬂy,m(R7 Z17227w>7 (9)
Vor

The normalization constant N;(R) is found from the
condition

/ AQUIT; = 55,
A i =0

Wj(r; R) = N;(R)F(§ R)G(n; R) (10)

R3 R3

dQ = ?(52 —n?)dé dnda = §d7'd04, (11)
where d;; is the Kronecker symbol, and Q = {£,n,a|1 <
<00, -1<n<1,0< < 2n}.

Hence, the system of functions {¥;(r,R)} forms
a complete set of orthonormalized wave functions.
Now we proceed to establish the relationship between
the symmetry properties of the eZ;Z;w problem and
the above separation of variables in the Schrédinger
equation (2) in the prolate spheroidal coordinates (3).
The very fact of such a separation indicates an additional
(with respect to the geometric one) symmetry of
Hamiltonian (2) causing the existence of an additional
integral of motion, whose operator commutes with H
and the operator I:3, the projection of the angular
moment on the intercenter axis R. In order to reveal
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it, we exclude the energy parameter p? and the magnetic
quantum number m from the above differential equation
system (4) — (6). Thus, we derive the equation

AU, (r; R) = AU, (r; R), (12)
where \ denotes a differential operator
~ 1
A= 752 s X
0 0 0 0

2 Y9y 29 o 29 0 O
@ -nga-mg-a-tgE-ng

1 1 0? n+1

[1—W@—1}&ﬁzﬁgf+n+

&n—1  w’R! 2 2

+RZ,y + 1 (& -1 —-n7). (13)

§=n
The purely geometric symmetry group of the
eZ1)Z2)w problem is the Oy group containing rotations
around the intercenter axis R and reflections in the
planes containing this axis. In the symmetric case (Z; =
Zy = Z), the eZZw system possesses an additional
element, of geometric symmetry — the reflection in the
plane, perpendicular to the R vector and cutting it at
its center. In addition to the geometric symmetry, the
eZ1Zsw problem possesses a higher dynamic symmetry
related to the exact separation of variables in the
Schrodinger equation (2) in the prolate spheroidal
coordinates (3). In the following subsections, we show
how, by means of the separation of variables, the
dynamic symmetry group of the quantum-mechanical
eZ1 Zow problem can be determined.

2. Asymptotic Expansion for the Wave
Functions and Energy Terms

Let us consider a partial case of the considered problem
eZ(1)Z2)w, when parameter w vanishes. In this case,
quasiradial (4) and quasiangular (5) equations are
transformed, correspondingly, into equations for the
Coulomb spheroidal function (CSF) II,.k(p,a,€) and
qu(pv b,n)

(5@ -0+ e -0

2
+ aé-_ASLZc_gngl}} Hmk(paaag):07 (14)
d d
{ o=+ [P =)
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m2 _
+ anr)\EZ,)C -7 —772]} Emr(p,b,n) =0,

with boundary conditions

%11%(52 - 1)_m/2Hmk(p7 avg) = 13

fhm Hmk(pa a7€) = O’

lim  (1-7%)""/2Zk(p,b,n) = 1.

n—=+1F0 (16)

Here, )\ is a constant of separation, and we use standard
notations as follows [10]:

a = (Z2 + Zl)R , b= (Zg — Z1)R, (17)

p?=—-ER?*/2 ,E<O. (18)
Quantum numbers k and ¢ coincide with zeros of CSF
according to variables £ and 7, respectively, and the
azimuthal quantum number m runs over 0, +1, £2,.... If
we assume that the parameters /\£§L and )\5,:7,1 are related

by

ASLL - )\5:7,]])@ - /\kqma (19)

so the simultaneous solution of the couple of the
boundary-value problems (14) and (15) for radial and
angle CSF is equivalent to that of the two-center
Coulomb problem related to the motion of an electron
in the field of two fixed point-like charges Z; and Zj
separated by the distance R

U(r,R) =0. (20)
Let us restrict ourselves and consider a symmetric case
Zy = Z. For this symmetric case, the CSF’s are reduced
Emg to spheroidal functions S,.¢(p,n) related to by
qu(p7 0, 77) = Smé(p: 77)

CSF’s are used for the solution of different problems
in atomic physics [10, 19, 20]. Some effective numerical
algorithms should be developed in order to calculate the
CSF’s with a good accuracy and for the broad region
of variation for spatial variables, free parameters, and
quantum numbers.

But general properties of CSF’s such as (i)
integral equations and integral relations, (ii) double
orthogonality, (iii) Green functions, and so on should
be investigated to the same extent as the spheroidal
functions, which describe a free motion in spheroidal
coordinates.
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Let us consider the quasiradial equation (14). Two
linear independent solutions are denoted as Hfrll% (p, &) =
1100 (P, @ Ame; €) and T (p, €) = Ien)(p, a4, A €). The
solution Hg%(p, €) is a regular function for £ — 1 and
irregular for £ — oco. It is just opposite to the behaviour
of the second solution Hgi%(p, &) which is irregular for
¢ — 1 and regular for £ — oo. The points £ = 1
and £ = oo are singular points of the coefficients of
the differential equation for these functions (14). The
asymptotic behaviour of the solutions in the vicinity of
singular points reads

a

W, (0.6) ~ e P8 ()72 a= o
P

mé

(21)

Let us introduce new independent variables and a new
function in Eq. (14) as follows:

xr =p(xl), 2p <y <00,0< 2 < 00),

B m/2
1200 = (S21) M. (22)

- ~ (4
Here and below, the upper indices belong to Hgne)(a:i),

and lower one to ﬁgﬁ) (z+), correspondingly. Using (22),

. ~ (&
Egs. (14) can be transformed to equations for Hgne)(xi):

d d
{dmi (xidxi) — 2% + 202y — s(s + 1)} X

~ d
o) _P2 Dy —
I () + e +2(m + Dox 7t
1 - )\77), I
N (% : 2@) T F 25(s + 1>} M, (ws) =

= Ty(22)T15) (22) + pQu (22) 1) (21) = 0. (23)

Operator Ts(z) corresponds to a radial Schrodinger
operator in spherical coordinates for the one-center
Coulomb problem with charge 27 with orbital
momentum s. When p — 0, both equations are
transformed in each other T)R(z) = 0 (0 < z < 0).
These equations have solutions in the form

Rél)(z) = RSZ) (x) = 2t *®(—a+ £+ 1,20+ 2,2x),(24)

Rf)(x) = ng) (x) = 2*e U (—a+ L +1,20 +2,21).(25)
So, the regular solution ﬁfi}i)(wi) and irregular one
ﬁgiéi)(wi) of each of Eqs. (24) for zy = 2p,a_ =0
have to be transformed in the limit in Coulomb radial
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functions Rél)(xi) and REQ) (x
permits us to present functions II

1), correspondingly. This

Efwi )(z4) as follows

M (2e) = TG () (0 A, pi ) =
i B (plas e B (1), (26)
s=0

M (2e) = 0 () (0 A, pi ) =

fzh Pla Ame) B (22). (27)

Let us substitute (26) and (27) into Eqgs. (23) and use
the recurrent relations for functions RS" (z) and R (x).
We derived the system of linear algebraic equations for
the coefficients h (p|a, Ane), h (pla, Ame) as follows:

B

+
+pashy™) + (Bs — Ame)hE 3FP75h2+)1 =0,

s=0,1,2...h%) =0, (28)

?p&sﬁgﬂ + (Bs — Ame) B imsh(i) =0,

s=0,1,2....h%) =0, (29)

where

_2(s*—a?)(s+m)
%= @)@ r1)

:55 :S(S+1)a

Vs =2(s +1)(s+1—m);

5 4(s — a)(s +m)
s 2s -1 ’
- (sta+1)(s—m+1)
s 25+ 3 '

(31)

Each of the recurrent systems (29)-(30) establishes the

coefficients hgi) (Eéi)) to be exact to an arbitrary
constant factor. Eqs. (27), (28) give us no possibility
to write the exact expressions for the coefficients hgi)
and (%@) But, according to (27), (28), we can obtain
the coefficients in an approximate form. Now we have to
know the asymptotic behaviour of solutions of Egs. (14)
— (15) for small values of the distance between centers.
So we have to construct the asymptotic expansion of
the functions Spe(p,n), i® (r4) and n jE)(

ml mé ) in a
small parameter for the fixed quantum numbers ¢ and m.
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Let us consider angular spheroidal functions S,,¢(p, 7).
We write them using Legendre polynomials as

0o
Smf (pa 77) = N;l} (p) Z dg:lz+5pﬁ2n+6 (77)7
n=Ent[(m—1)/2]
0, if €—m=2k
5_{1, i l—m=2k+1,k=01,2. (32)

Here and below, Ent(p) is the integer part of a real
number p. Coefficients dj!, ; satisfy the recurrent
conditions as follows [10]:

P*BantsBons145d50 04 5+
+ [/\f;” —(l+2n+8)(L+2n+1+6) —

+ p*(Ban—145B2n+s + BontsBony146)] X

ng#ﬂs +p2E27L+5E2n71+5d72T#,2+5 =0, (33)
B A+ k+m+1 _l+k-m
P20y 2k+3 0 TP T 20+ 2k— 10
Let us present the constant )\((;") and coefficients

me
dy . 5 via p?:

d2n+6 \27L| Z d2n+6 2Jp d(5 = 17 (34)
7=0
A =3 slo;p™ (35)
7=0

By substituting (34) — (35) into Egs. (33) beginning
with n = 0 and nullifying all coefficients with the
same degree in p?, we obtain recurrent relation for
coefficients [d5', s]2; and [As]2;can be expressed in terms
of coefficients [d7,s]2j—4 from the equations which

correspond to n = 0:
[Asly

_E6E71+6 [d*2+5]2j—4 :

i *BéBH-é [d2+5]2j—4 -
(36)

To continue the procedures mentioned above, we can
write the same results for the separation constant for
the radial equation in the form of asymptotic series (13)
in the parameter p

(V2 +v—1+m?)

-0 +3)
a?(V?+v—3m*)

viv+1)2v —1)(2v +3)

2\ = v(v+1) + 2p?

+2p?
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(12 —m?)(a® —v?) [ (1?2 —m?)(a? —v?)
~2p' v2(4v2 — 1) ( v(dvt —1)
(v + 1) = m?][o® — (v + 1)°]

v+ 1)(2v+1)(2v+3)

=17 = m?e? — (v — 1)2]) B
(2v —1)2(2v — 3)

201+ O(P%). (37)

After the replacement {...},_,_,_1 in (36), we put
all values multiplied by p* into the brackets {..}.
Substituting (34) and (35) in (18) instead of the
separation constants A& and A in the case of s-level
(36), we obtain the asymptotic formula for energetic
terms of the system ZjeZs:

4s
ZR)3 4+ —
(ZR)"+ on 8

22
on2

519 165
22 @Rty
X[S(sn+27> }(R)+9nx

2ZR 2 139 1

4s

E:
3n

4s 9
{18y

1652

43 n(ZRWhuz+ch%}.

+}(Zf35

240 (38)

Here, () is a logarithmic derivative of the T' function.
Z = Zi + Zy is the complete nucleus charge, and
v = 0.5775 is the Euler constant.

Conclusions

Summarizing the results of the work, we focus on its
most important points. By means of the separation of
variables, an additional spheroidal integral of motion
\ is constructed, whose eigenvalues are the separation
constant in the model quantum-mechanical eZ;Zsw
problem. The developed group treatment of the model
eZ1Zsw problem is related to the group treatment of
the traditional quantum-mechanical problem of two
Coulomb centers eZ; Zow [10—16]. But its consequence is
a more rich linear algebra of two-center integrals, which
contains the corresponding linear algebra of the eZ; 2,
problem as a partial case (i.e. at w = 0). A separate
publication will be devoted to the construction of such an
algebra. Here, we only note that the presence of the both
mentioned algebras enables and essentially simplifies
the quantum-mechanical calculations of matrix elements

ISSN 0508-1265. Vp. Pis. owcypn. 2003. T. 48, N 4

and effective potentials in the three-body problem
with Coulomb and oscillatory interactions [10]. In
particular, the obtained results may appear useful
in the calculation of the energy spectra of QQg-
mesons. Note also that the model eZ;Z>w problem
can be treated under certain conditions as a step
to the solution of a relativized Schrodinger equation
[18] with the two-center confinement-type potential
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PO3JIVIEHHS 3MIHHUX TA JESKIN PO3’BA30K
JIBOIIEHTPOBOT 3AJAYT 3 TTOTEHIIIAJIOM
TUITY KOHOATHMEHTA

B.1O. Jlasyp, I.B. I[ozna

Peswowme

Suaiigeno rpymy mpuxosaHol guHaMmiuaOl cuMerpil gBOIEHTPOBOL
KBAaHTOBO-MEXaHIYHOI 3a7a4i 3 KYJIOHIBCHKOIO Ta OCIUJIATOPHOIO

B3aemogismu. Busueno rpymnosi BmactuBocTi cucremu gudepen-
iaJIbHUX PIBHSIHB i€l 3a/a4i B 9aCTHHHUX NOXigaux. OTprMaHo
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noAibHI PO3B’sI3KM OJHONAPAMETPUYHHUX TiaArpyn rpynu [Tyankape
Ta rpynu laninesa. OgepkaHi po3B’I3KH BUKOPUCTAHO 1T OOUMC-
JIEHHsI eHePreTUYHOr0 CIeKTPa Iiel 3amadi.

PA3JIEJIEHUE TIEPEMEHHBIX 1 HEKOTOPOE PEIIIEHNE
JIBYXIIEHTPOBOW 3ATAYN C IIOTEHIIMAJIOM
TUIA KOHOAMTHMEHTA

B.IO. Jla3yp, U.B. ljozaa
Peszmowme

Haiineno rpynmy CKpBITOH OMHAMHYIECKON CHMMETPUM JBYXIIEHT-
POBOit KBAHTOBO-MeXaHUIECKOH 3a1aY1 ¢ KyJTOHOBCKUM U OCITHJIISA-
TOPHBIM B3auMogeicTBusaAMH. VI3y4deHbl IPyNIOBbIE CBOMCTBA CHUC-
TeMbl AuddepeHnanbHbIX yYpPaBHEHHUI 3TO# 3a7a4d B HaCTHBIX
IPOU3BOJHBIX. HOJ’Iy‘{GHbI OJVMHAKOBBIE DEIMEeHus JJis1 OJHOIapa-
MeTpHYecKuX noarpymnn rpynnsl Ilyankape m rpynnel lamues.
HonyquHme penieHnda UCIIOJIb30BAHBL JJId BBIYUC/JICHUA 9HEPTeTHU-
9eCKOTO CIIEKTPA 3TOH 3a7a4h.
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