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A group of hidden dynamic symmetry in a model of quantummechanical problem of two-centers with Coulomb and oscillator
interactions is obtained. The group properties of the system
of PDE is studied. The similarity solutions of one-parameter
subgroups of the Poincare and Galiley groups are received. The
obtained solutions are used for the calculation of energy terms of
the problem.

Introduction

As a rule, when systems possessing a hidden (or higher
dynamic) symmetry are considered, two methods are
used [1, 2]. The first of them consists in rewriting the
Schr
odinger equation and putting it in the form where
the symmetry, having been hidden before, becomes
explicit. The second one implies the construction of
integrals of motion which play the role of hidden
symmetry group generators. In the paper, based on the
example of a physically important model of confinementtype two-centered potential we try to emphasize the
deep relationship of the hidden symmetry to the
possibility of separation of variables in the Schr
odinger
equation. The knowledge of such kind of relationships
in two recent decades [3] has resulted in the intense
application of the method of separation of variables
to the equations of mathematical physics and led to
a series of important and far from trivial results in
this field of mathematics (see, for instance, [4, 5]).
The method of separation of variables is much simpler
compared to the two above methods. In the framework of
this method, the eigenvalues of hidden symmetry group
generators acquire the sense of separation constants, and

the eigenfunctions, common for the Hamiltonian and the
generators, which commutative with the Hamiltonian
and with each other, are the solutions of the Schr
odinger
equation the corresponding coordinates. Below, the
group properties of a model quantum problem of the
motion of a light particle (a gluon) in the field of
two heavy particles (a quark  antiquark pair) are
studied. Recently this problem has become the subject
of intense studies due to its relation to a wide range of
problems of hadron physics: models of baryons with two
heavy quarks (QQq baryons) [6] and models of heavy
hybrid mesons with open flavor (QQq mesons) [7].
In spite of the lac k of strict theoretical substruction,
the potential models give a satisfactory description
of mass spectra for heavy mesons and baryons (see
e.g. [68] and references therein), which, according to
modern views, represent bound states of quarks. While
modeling the interquark interaction potential, as a rule,
confinement-type potentials are used [8, 9]. One of such
potentials is the so-called Cornell potential, containing a
Coulomb-like term of single-gluon exchange and a term,
responsible for string interaction, providing the quark
confinement. The confinement part of the potential is
most often modeled by a spatial spherically symmetric
oscillator potential [6, 7]. Then the motion of a light
quark (gluon) in a field of two heavy quarks can be
described in the non-relativistic approximation by a
stationary Schr
odinger equation with a model combined
potential, being the sum of the potential of two Coulomb
centers and the potential of two harmonic oscillators:
Z2
Z1
−
+ ω 2 (r12 + r22 ).
(1)
V (r1 , r2 ) = −
r1
r2
In this formula, r1 and r2 are the distances from
the particle to the fixed force centers 1 and 2, Z1,2 =

1 This article was supported by the Gesellschaft zur F
orderung von Wissenschaft und Forschung in Vienna and presented at the
II International Symposium Fundamental Problems in Modern Quantum Theories and Experiments (September 27 2002, Odessa,
Ukraine) on the occasion of Professor Walter Thirring's 75th birthday.
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4
3 αs ,

αs is the strong interaction constant, and the
phenomenological parameter ω is chosen from the
condition of the best agreement of the calculated mass
spectra of the quark system with experimental data.
In order to avoid ambiguities, we mention that, in our
consideration, concerning not only the case of purely
Coulomb interaction of the light particle with each of
the centers, the notion of the force center is preserved
for the r1,2 = 0 points, where the combined potential (1)
has singularities.
In the dimensionless variables, the Schr
odinger
equation with the model potential (1) is given by



1
Z1
Z2
2 2
2
HΨ ≡ − 4 −
−
+ ω (r1 + r2 ) Ψ(r; R) =
2
r1
r2

= E(R)Ψ(r; R)

(2)

where r is the distance from the particle to the midpoint
of the intercenter distance R, E(R) and Ψ(r; R) are
the particle energy and wave function. Hereinafter, the
spectral problem for the Schr
odinger equation (2) with
the combined potential (1) is conveniently denoted by
eZ1 Z2 ω . The sense of such a notation follows from the
fact that the traditional quantum-mechanical problem of
two purely Coulomb centers [10] has a standard notation
eZ1 Z2 . Note that the Schrodinger equation for the eZ1 Z2
problem can be obtained from Eq. (2) by the limiting
transition ω → 0.
The group properties, eigenvalue, and eigenfunction
spectrum for the eZ1 Z2 ω problem of two Coulomb
centers have been studied substantially [1016]. Namely,
the choice of a certain non-canonical basis in a group
being a direct product of two groups of motion of threedimensional spaces P (3)⊗P (2), or in the wider groups of
motions of six-dimensional spaces P (5,1) and P (4,2) is
known to result in the necessity to solve the problem of
a linear algebra of two-centerd integrals obtained in [16].
Here we show that, in our case of eZ1 Z2 ω , a generally
similar situation takes place. This problem can also be
considered as a problem of theory of representations of
certain non-compact groups, where the function being
a product of a quasiradial and a quasiangular twocentered functions by exp(imα + im̃α) comprises the
basis of a degenerate non-canonical representation of the
group being a direct product of two three-dimensional
space motion groups P (3) ⊗ P (2, 1), or the wider sixdimensional space motion groups P(5,1),P(4,2), etc.
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1.

Spheroidal Integral of Motion in the

eZ1 Z2 ω

Problem

The variables in Eq. (2) can be separated by introducing
a prolate spheroidal (elliptic) coordinate system ξ , η α
with the origin at the midpoint of R segment and focus
at its endpoints [10]:

ξ = (r1 + r2 /R) , 1 ≤ ξ < ∞, 

η = (r1 − r2/R), −1 ≤ η ≤ 1,
.
(3)

α = arctan x2 , 0 ≤ α ≤ 2π 
x1

Here, α is the angle of rotation around OX3 directed
from center 1 to center 2. Consider the explicit form of
the differential equations resulting from the procedure
of separation of the variables in Eq. (2) in the prolate
spheroidal coordinates (3). By presenting the wave
function Ψ(ξ, η, α, R) as a product F (ξ, R)G(η, R)Φ(α)
and substituting it into (2), one obtains three ordinary
differential equations linked by the separation constants
λ and m:

d 2
d
(ξ − 1)
+ aξ + (p2 − γξ 2 )(ξ 2 − 1)−
dξ
dξ

m2
−
+ λ F (ξ; R) = 0,
(4)
ξ2 − 1

d
d
(1 − η 2 )
+ bη + (p2 − γη 2 )(1 − η 2 )−
dη
dη

m2
−
−
λ
G(η; R) = 0,
(5)
1 − η2
 2

d
2
+
m
Ψ(α) = 0.
(6)
dα2
Here we use the notation
R√ 0
ω 2 R2
p=
2E ,
E0 = E −
,
2
2

a = (Z1 + Z2 )R

,

γ=

ω 2 R4
,
4

b = (Z2 + Z1 )R.

In order to have the complete wave function Ψ(r, R)
normalized, the functions F (ξ, R) and G(η, R) should
obey the boundary conditions

|F (1; R)| < ∞,
|G(±1; R)| < ∞.

F (∞; R) < ∞,

(7)
(8)

The procedure of obtaining the energy terms E(R) is
reduced to the following steps. At first, two boundary
problems are considered independently: (4), (7) for the
quasiradial equations and (5), (8) for the quasiangular
ones, λ(ξ) and λ(η) being considered the eigenvalues and
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V.YU. LAZUR, I.V. TSOGLA

p being left as a free parameter. Each of eigenfunctions
can be conveniently characterized by two quantum
numbers n, m and the eigenvalue λ, namely: nξ , m,
λ(ξ) for Fnξ ,m (ξ, R) and nη , m, λ(η) for Gnξ ,m (η, R).
The quantum numbers nξ , nη are non-negative integers
0, 1, 2... and coincide with the number of nodes for
Fnξ ,m (ξ, R),Gnξ ,m (η, R) functions on the radial (1 ≤
ξ < ∞) and angular (−1 ≤ η ≤ 1) intervals,
respectively. The general theory of Sturm-Liouvilletype one-dimensional boundary problems implies that
the quantum numbers nξ , nη , m, remain constant
under continuous variation of the intercenter distance
R, and the eigenvalues λξnξ m (p, a, γ) or ληnη m (p, b, γ)
are non-degenerate. The pair of one-dimensional
boundary problems for Fnξ ,m (ξ, R) and Gnη ,m (η, R) is
equivalent to the initial eZ(1)Z(2)ω problem under
condition of equality of the eigenvalues λξnξ m (p, a, γ) =
ληnη m (p, b, γ) and the account of a relationship of p, a, b, γ
with the E, Z1 , Z2 , ω, R parameters. The eigenvalues
Enξ nη m , λnξ nη m and eigenfunctions Ψnξ nη m (r; R) of the
three-dimensional eZ1 Z2 ω problem are enumerated by
a set of quantum numbers j = (nξ nη m) which are
conserved under the continuous variation of Z1 , Z2 , ω, R
parameters:
Ej (R) = Enξ nη m (R, Z1 , Z2 , ω),
eimα
Ψj (r; R) = Nj (R)F (ξ; R)G(η; R) √ .
2π

(9)
(10)

The normalization constant Nj (R) is found from the
condition
Z
dΩΨ∗i Ψj = δij ,

it, we exclude the energy parameter p2 and the magnetic
quantum number m from the above differential equation
system (4)  (6). Thus, we derive the equation

b j (r; R) = λΨj (r; R),
λΨ

(12)

where λ̂ denotes a differential operator

b=
λ

1
×
ξ 2 − η2



∂
∂
∂
∂
− (1 − η 2 ) (ξ 2 − 1)
+
× (ξ 2 − 1) (1 − η 2 )
∂η
∂η
∂ξ
∂ξ

 2
1
1
∂
ξη + 1
+
− 2
− RZ2
+
1 − η2
ξ − 1 ∂α2
ξ+η
+RZ1

ξη − 1 ω 2 R4 2
+
(ξ − 1)(1 − η 2 ).
ξ−η
4

(13)

The purely geometric symmetry group of the
eZ( 1)Z( 2)ω problem is the O2 group containing rotations
around the intercenter axis R and reflections in the
planes containing this axis. In the symmetric case (Z1 =
Z2 = Z), the eZZω system possesses an additional
element of geometric symmetry  the reflection in the
plane, perpendicular to the R vector and cutting it at
its center. In addition to the geometric symmetry, the
eZ1 Z2 ω problem possesses a higher dynamic symmetry
related to the exact separation of variables in the
Schr
odinger equation (2) in the prolate spheroidal
coordinates (3). In the following subsections, we show
how, by means of the separation of variables, the
dynamic symmetry group of the quantum-mechanical
eZ1 Z2 ω problem can be determined.

Ω

dΩ =

R3 2
R3
(ξ − η 2 )dξ dη dα =
dτ dα,
8
8

(11)

where δij is the Kronecker symbol, and Ω = {ξ, η, α|1 ≤
ξ < ∞, −1 ≤ η ≤ 1, 0 ≤ α < 2π}.
Hence, the system of functions {Ψj (r, R)} forms
a complete set of orthonormalized wave functions.
Now we proceed to establish the relationship between
the symmetry properties of the eZ1 Z2 ω problem and
the above separation of variables in the Schr
odinger
equation (2) in the prolate spheroidal coordinates (3).
The very fact of such a separation indicates an additional
(with respect to the geometric one) symmetry of
Hamiltonian (2) causing the existence of an additional
integral of motion, whose operator commutes with Ĥ
and the operator Lˆ3 , the projection of the angular
moment on the intercenter axis R. In order to reveal
336

2.

Asymptotic Expansion for the Wave
Functions and Energy Terms

Let us consider a partial case of the considered problem
eZ( 1)Z( 2)ω , when parameter ω vanishes. In this case,
quasiradial (4) and quasiangular (5) equations are
transformed, correspondingly, into equations for the
Coulomb spheroidal function (CSF) Πmk (p, a, ξ) and
Ξmq (p, b, η)


d 2
d
(ξ − 1) + −p2 (ξ 2 − 1)+
dξ
dξ

m2
(ξ)
+ aξ − λmk − 2
Πmk (p, a, ξ) = 0,
(14)
ξ −1


d
d
(1 − η 2 )
+ −p2 (1 − η 2 )+
dη
dη
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(η)

+ bη + λmk −

m2
1 − η2



Ξmk (p, b, η) = 0,

(15)

with boundary conditions

lim (ξ 2 − 1)−m/2 Πmk (p, a, ξ) = 1,

ξ→1

lim Πmk (p, a, ξ) = 0,

ξ→∞

lim (1 − η 2 )−m/2 Ξmk (p, b, η) = 1.

η→±1∓0

(16)

Here, λ is a constant of separation, and we use standard
notations as follows [10]:

a = (Z2 + Z1 )R

,

b = (Z2 − Z1 )R,

p2 = −ER2 /2 , E < 0.

(17)
(18)

Quantum numbers k and q coincide with zeros of CSF
according to variables ξ and η , respectively, and the
azimuthal quantum number m runs over 0, ±1, ±2, . . .. If
(ξ)
(η)
we assume that the parameters λmk and λmk are related
by
(ξ)

(η)

λmk = λmk = λkqm ,

(19)

so the simultaneous solution of the couple of the
boundary-value problems (14) and (15) for radial and
angle CSF is equivalent to that of the two-center
Coulomb problem related to the motion of an electron
in the field of two fixed point-like charges Z1 and Z2
separated by the distance R


1
Z1
Z2
− 4r −
−
− E(R) Ψ(r, R) = 0.
(20)
2
r1
r2
Let us restrict ourselves and consider a symmetric case
Z1 = Z2 . For this symmetric case, the CSF's are reduced
Ξmq to spheroidal functions Sm` (p, η) related to by
Ξmq (p, 0, η) = Sm` (p, η).
CSF's are used for the solution of different problems
in atomic physics [10, 19, 20]. Some effective numerical
algorithms should be developed in order to calculate the
CSF's with a good accuracy and for the broad region
of variation for spatial variables, free parameters, and
quantum numbers.
But general properties of CSF's such as (i)
integral equations and integral relations, (ii) double
orthogonality, (iii) Green functions, and so on should
be investigated to the same extent as the spheroidal
functions, which describe a free motion in spheroidal
coordinates.
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Let us consider the quasiradial equation (14). Two
(1)
linear independent solutions are denoted as Πm` (p, ξ) =
(1)
(2)
(2)
Πm` (p, a, λm` ; ξ) and Πm` (p, ξ) = Πm` (p, a, λm` ; ξ). The
(1)
solution Πm` (p, ξ) is a regular function for ξ → 1 and
irregular for ξ → ∞. It is just opposite to the behaviour
(2)
of the second solution Πm` (p, ξ) which is irregular for
ξ → 1 and regular for ξ → ∞. The points ξ = 1
and ξ = ∞ are singular points of the coefficients of
the differential equation for these functions (14). The
asymptotic behaviour of the solutions in the vicinity of
singular points reads

Πm` (p, ξ) ∼ e ±pξ (2pξ)−1±α
(1,2)

,

α=

a
.
2p

(21)

Let us introduce new independent variables and a new
function in Eq. (14) as follows:

x± = p(ξ±1) , (2p ≤ x+ < ∞ , 0 ≤ x− < ∞),
(±)
Π̃m` (x± )

=



ξ±1
ξ∓1

m/2

(22)

Πm` (p, ξ).
(±)

Here and below, the upper indices belong to Π̃m` (x± ),
(±)
and lower one to Π̃m` (x± ), correspondingly. Using (22),
(±)
Eqs. (14) can be transformed to equations for Π̃m` (x± ):




d
d
x2±
− x2± + 2αx± − s(s + 1) ×
dx±
dx±

p
d
e (±) (x± ) +
×Π
±2(m + 1)x±
+
ml
x± ∓ 2p
dx±



s(s + 1) − λml
e (±) (x± ) ≡
+
± 2α x± ∓ 2s(s + 1) Π
ml
p
(±)

(±)

e (x± ) + pQ± (x± )Π
e (x± ) = 0.
≡ Ts (x± )Π
ml
ml

(23)

Operator Ts (x) corresponds to a radial Schr
odinger
operator in spherical coordinates for the one-center
Coulomb problem with charge 2Z with orbital
momentum s. When p → 0, both equations are
transformed in each other Tl R(x) = 0 (0 ≤ x < ∞).
These equations have solutions in the form
(1)

(1)

(2)

(2)

R` (x) ≡ Rα` (x) = x` e−x Φ(−α + ` + 1, 2` + 2, 2x),(24)
R` (x) ≡ Rα` (x) = x` e−x Ψ(−α + ` + 1, 2` + 2, 2x).(25)
e (1,±) (x± ) and irregular one
So, the regular solution Π
ml
(2,±)
e
Π
(x
)
of
each
of
Eqs.
(24) for x+ = 2p, x− = 0
±
ml
have to be transformed in the limit in Coulomb radial
337

V.YU. LAZUR, I.V. TSOGLA

(1)

(2)

functions R` (x± ) and R` (x± ), correspondingly. This
(i,±)
permits us to present functions Πm` (x± ) as follows

Let us consider angular spheroidal functions Sm` (p, η).
We write them using Legendre polynomials as

e (1,±) (x± ) ≡ Π
e (1,±) (x± )(α, λm` , p; x± ) =
Π
m`
m`

−1
S̄m` (p, η) = Nm`
(p)

=

∞
X
s=0

∞
X
s=0

(27)

(2)
e
h±
s (p|α, λm` )Rs (x± ).

Let us substitute (26) and (27) into Eqs. (23) and use
(1)
(2)
the recurrent relations for functions Rs (x) and Rs (x).
We derived the system of linear algebraic equations for
e±
the coefficients h±
s (p|α, λm` ), hs (p|α, λm` ) as follows:
(±)
±pαs hs−1

s=

+ (βs −

(±)
0, 1, 2..., h−1

λm` )h(±)
s

∓

(±)
pγs hs+1

δ=



0, if
1, if

` − m = 2k,
` − m = 2k + 1, k = 0, 1, 2...

p2 B2n+δ B2n+1+δ dm`
2n+2+δ +
h
(η)
+ λδ − (` + 2n + δ)(` + 2n + 1 + δ) − p2 +

+ p2 (B2n−1+δ E2n+δ + B2n+δ E2n+1+δ ) ×
2
m`
×dm`
2n+δ + p E2n+δ E2n−1+δ d2n−2+δ = 0,

(28)

`+k+m+1
,
2` + 2k + 3

Bk =

Ek =

`+k−m
.
2` + 2k − 1
(η)

Let us present the constant λδ
via p2 :

(±)
(±)
∓pe
αs e
hs−1 + (βes − λm` )e
h(±)
± pe
γs e
hs+1 = 0,
s
(±)
s = 0, 1, 2..., e
h−1 = 0,

(29)

|2n|
dm`
2n+δ = p

(η)

λδ

βs = βes = s(s + 1),

2j
[dm`
2n+δ ]2j p ,

dδ = 1,

(34)

(30)

4(s − α)(s + m)
,
2s − 1
(s + α + 1)(s − m + 1)
.
2s + 3

=

∞
X

(35)

[λδ ]2j p2j .

j=0

(31)

Each of the recurrent systems (29)(30) establishes the
(±) e (±)
coefficients hs
(hs ) to be exact to an arbitrary
constant factor. Eqs. (27), (28) give us no possibility
(±)
to write the exact expressions for the coefficients hs
(±)
and (e
hs ). But, according to (27), (28), we can obtain
the coefficients in an approximate form. Now we have to
know the asymptotic behaviour of solutions of Eqs. (14)
 (15) for small values of the distance between centers.
So we have to construct the asymptotic expansion of
e (1,±) (x± ) and Π
e (2,±) (x± ) in a
the functions Sm` (p, η), Π
m`
m`
small parameter for the fixed quantum numbers ` and m.
338

∞
X
j=0

γs = 2(s + 1)(s + 1 − m);

γ
es =

and coefficients

dm`
2n+δ

where

α
es =

(33)

= 0,

= 0,

2(s2 − α2 )(s + m)
,
αs =
s(2s − 1)(2s + 1)

(32)

Here and below, Ent(ρ) is the integer part of a real
number ρ. Coefficients dm`
2n+δ satisfy the recurrent
conditions as follows [10]:

e (2,±) (x± ) ≡ Π
e (2,±) (x± )(α, λm` , p; x± ) =
Π
m`
m`
=

m
dm`
2n+δ P`+2n+δ (η);

n=Ent[(m−l)/2]

(26)

(1)
h±
s (p|α, λm` )Rs (x± ),

∞
X

By substituting (34)  (35) into Eqs. (33) beginning
with n = 0 and nullifying all coefficients with the
same degree in p2 , we obtain recurrent relation for
coefficients [dm`
2n+δ ]2j and [λδ ]2j can be expressed in terms
of coefficients [dm`
±2+δ ]2j−4 from the equations which
correspond to n = 0:

[λδ ]2j = −Bδ B1+δ [d2+δ ]2j−4 −
−Eδ E−1+δ [d−2+δ ]2j−4 .

(36)

To continue the procedures mentioned above, we can
write the same results for the separation constant for
the radial equation in the form of asymptotic series (13)
in the parameter p

λξ = ν(ν + 1) + 2p2
+2p2

(ν 2 + ν − 1 + m2 )
+
(2ν − 1)(2ν + 3)

α2 (ν 2 + ν − 3m2 )
−
ν(ν + 1)(2ν − 1)(2ν + 3)
ISSN 0503-1265. Óêð. ôiç. æóðí. 2003. Ò. 48, N 4
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−2p4

(ν 2 − m2 )(α2 − ν 2 )
ν 2 (4ν 2 − 1)



(ν 2 − m2 )(α2 − ν 2 )
−
ν(4ν 4 − 1)

[(ν + 1)2 − m2 ][α2 − (ν + 1)2 ]
−
(ν + 1)(2ν + 1)(2ν + 3)

[(ν − 1)2 − m2 ][α2 − (ν − 1)2 ]
−
−
(2ν − 1)2 (2ν − 3)

−

−2p4 {...}ν→−ν−1 + O(p6 ).

(37)

After the replacement {...}ν→−ν−1 in (36), we put
all values multiplied by p4 into the brackets {..}.
Substituting (34) and (35) in (18) instead of the
separation constants λ(ξ) and λ(η) , in the case of s-level
(36), we obtain the asymptotic formula for energetic
terms of the system Z1 eZ2 :

Z2
4s
4s
4s
E =− 2 1−
(ZR)2 +
(ZR)3 +
×
2n
3n
3n
5n
 


19
16s
5
× s
+
− 1 (ZR)4 +
×
3n 27
9n

 
2ZR
2
139
1
+ ψ(n + 1) + 2γ − −
+
+
× s ln
n
n
60
48n2


43
16s2
5
6
6
(ZR) −
(ZR) lnR + O(R ) .
(38)
+
240
9n
Here, ψ(x) is a logarithmic derivative of the Γ function.
Z = Z1 + Z2 is the complete nucleus charge, and
γ = 0.5775 is the Euler constant.

and effective potentials in the three-body problem
with Coulomb and oscillatory interactions [10]. In
particular, the obtained results may appear useful
in the calculation of the energy spectra of QQgmesons. Note also that the model eZ1 Z2 ω problem
can be treated under certain conditions as a step
to the solution of a relativized Schr
odinger equation
[18] with the two-center confinement-type potential
(1).
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Summarizing the results of the work, we focus on its
most important points. By means of the separation of
variables, an additional spheroidal integral of motion
λ̂ is constructed, whose eigenvalues are the separation
constant in the model quantum-mechanical eZ1 Z2 ω
problem. The developed group treatment of the model
eZ1 Z2 ω problem is related to the group treatment of
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ÐÎÇÄIËÅÍÍß ÇÌIÍÍÈÕ ÒÀ ÄÅßÊÈÉ ÐÎÇ'ÂßÇÎÊ
ÄÂÎÖÅÍÒÐÎÂÎ ÇÀÄÀ×I Ç ÏÎÒÅÍÖIÀËÎÌ
ÒÈÏÓ ÊÎÍÔÀÉÍÌÅÍÒÀ
Â.Þ. Ëàçóð, I.Â. Öîãëà

Ðåçþìå
Çíàéäåíî ãðóïó ïðèõîâàíî¨ äèíàìi÷íî¨ ñèìåòði¨ äâîöåíòðîâî¨
êâàíòîâî-ìåõàíi÷íî¨ çàäà÷i ç êóëîíiâñüêîþ òà îñöèëÿòîðíîþ
âçà¹ìîäiÿìè. Âèâ÷åíî ãðóïîâi âëàñòèâîñòi ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü öi¹¨ çàäà÷i â ÷àñòèííèõ ïîõiäíèõ. Îòðèìàíî
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ïîäiáíi ðîçâ'ÿçêè îäíîïàðàìåòðè÷íèõ ïiäãðóï ãðóïè Ïóàíêàðå
òà ãðóïè Ãàëiëåÿ. Îäåðæàíi ðîçâ'ÿçêè âèêîðèñòàíî äëÿ îá÷èñëåííÿ åíåðãåòè÷íîãî ñïåêòðà öi¹¨ çàäà÷i.
ÐÀÇÄÅËÅÍÈÅ ÏÅÐÅÌÅÍÍÛÕ È ÍÅÊÎÒÎÐÎÅ ÐÅØÅÍÈÅ
ÄÂÓÕÖÅÍÒÐÎÂÎÉ ÇÀÄÀ×È Ñ ÏÎÒÅÍÖÈÀËÎÌ
ÒÈÏÀ ÊÎÍÔÀÉÍÌÅÍÒÀ
Â.Þ. Ëàçóð, È.Â. Öîãëà

Ðåçþìå
Íàéäåíî ãðóïïó ñêðûòîé äèíàìè÷åñêîé ñèììåòðèè äâóõöåíòðîâîé êâàíòîâî-ìåõàíè÷åñêîé çàäà÷è ñ êóëîíîâñêèì è îñöèëëÿòîðíûì âçàèìîäåéñòâèÿìè. Èçó÷åíû ãðóïïîâûå ñâîéñòâà ñèñòåìû äèôôåðåíöàëüíûõ óðàâíåíèé ýòîé çàäà÷è â ÷àñòíûõ
ïðîèçâîäíûõ. Ïîëó÷åíû îäèíàêîâûå ðåøåíèÿ äëÿ îäíîïàðàìåòðè÷åñêèõ ïîäãðóïï ãðóïïû Ïóàíêàðå è ãðóïïû Ãàëèëåÿ.
Ïîëó÷åííûå ðåøåíèÿ èñïîëüçîâàíû äëÿ âû÷èñëåíèÿ ýíåðãåòè÷åñêîãî ñïåêòðà ýòîé çàäà÷è.
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