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It is proposed to consider any uniform class of information
transforming systems as morphisms of a certain category �
a category of information transformers (ITs). Composition of
ITs corresponds to their �consecutive application�. The paper
introduces an axiomatics for a category of ITs as a monoidal
category that contains a subcategory (of deterministic ITs) with
finite products and satisfies a certain set of axioms. Besides,
it shows that many IT-categories can be constructed as Kleisli
categories.

Introduction

Currently the growing interest is attracted to various
mathematical ways of describing uncertainty, most
of them being different from the probabilistic one,
(e.g., based on the apparatus of fuzzy sets). For
adequate theoretical study of the corresponding
�nonstochastic� systems of information transforming
and, in particular, for the study of important notions,
such as sufficiency, informativeness, etc., we need to
develop an approach general enough to describe different
classes of information transforming systems in a uniform
way.

It is convenient to consider different systems that
take place in information acquiring and processing as
particular cases of so-called information transformers

(ITs). Besides, it is useful to work with families of ITs
in which certain operations, e.g., sequential and parallel

compositions are defined.

It was noticed fairly long ago [1�6] that the
adequate algebraic structure for describing information
transformers (initially for the study of statistical
experiments) is the structure of category [7�10].

Analysis of general properties for the classes of
linear, multivalued, and fuzzy information transformers,
studied in [5, 6, 11�18, 20, 21], allowed one to extract
general features shared by all these classes. Namely,
each of these classes can be considered as a family

of morphisms in an appropriate category, where the
composition of information transformers corresponds to
their �consecutive application.� Each category of ITs
(or IT-category) contains a subcategory (of the so-
called deterministic ITs) that has products. Moreover,
the operation of morphism product is extended in a
�coherent way� to the whole category of ITs.

Works [6, 19] undertook an attempt to formulate a
set of �elementary� axioms for a category of ITs, which
would be sufficient for an abstract expression of the
basic concepts of the theory of information transformers
and for study of informativeness, decision problems, etc.
This paper proposes another, significantly more compact
axiomatics for a category of ITs. According to this
axiomatics, a category of ITs is defined in effect as a
monoidal category [7, 9] containing a subcategory (of
deterministic ITs) with finite products.

Among the basic concepts connected to information
transformers, there is one that plays an important role
in the uniform construction of a wide spectrum of IT-
categories � the concept of distribution. Indeed, fairly
often an IT a:A → B can be represented by a mapping
from A to the �space of distributions� on B (see, e.g., [6,
14,15,18,20,21]). For example, a probabilistic transition
distribution (an IT in the category of stochastic ITs)
can be represented by a certain measurable mapping
from A to the space of distributions on B. This
observation suggests to construct a category of ITs as
a Kleisli category [7, 22, 23] arising from the following
components: an obvious category of deterministic ITs;
a functor that takes an object A to the object of
�distributions� on A; and a natural transformation
of functors, describing an �independent product of
distributions�.

It appears that a rather general axiomatic theory
obtained in this way makes it possible to express,
in terms of IT-categories, the basic concepts for
information transformers and to derive their main
properties.

1This article was presented at the II International Symposium �Fundamental Problems in Modern Quantum Theories and
Experiments� (September 2�7 2002, Odessa, Ukraine) on the occasion of Professor Walter Thirring's 75th birthday.
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Of course, the most developed theory of
uncertainty is probability theory (and statistics based
on probability). Certainly, mathematical statistics
accumulated a rich conceptual experience. It introduced
and deeply investigated such notions as joint and
conditional distributions, independence, sufficiency, and
others.

At the same time, it appears that all these concepts
have very abstract meaning and, hence, they can be
treated in terms of alternative (i.e., not probabilistic)
approaches to the description of uncertainty. In fact,
the basic notions of probability theory and statistics, as
well as the methodology and results, are easily extended
to other theories dealing with uncertainty. In [13, 15],
it is shown that a rather substantive decision theory
may be constructed even on the very moderate basis
of multivalued or fuzzy maps.

Approaches proposed in this work may provide
a background for construction and study of new
classes of ITs, in particular, dynamical nondeterministic
ITs, which may provide an adequate description for
information flows and information interactions evolving
in time. Besides, a uniform approach to problems of
information transformations may be useful for a better
understanding of information processes that take place
in complex artificial and natural systems.

1. Categories of Information Transformers

1.1. Common Structure of Classes

of Information Transformers

It is natural to assume that, for any information
transformer a, there are defined a couple of spaces: A and
B, the space of �inputs� (or input signals), and the space
of �outputs� (results of measurement, transformation,
processing, etc.). We say that a �acts� from A to B and
denote this as a:A → B. It is important to note that
typically an information transformer not only transforms
signals, but also introduces some �noise�. In this case, it
is nondeterministic and cannot be represented just by a
mapping from A to B.

It is natural to study information transformers of a
similar type by aggregating them into families endowed
by a fairly rich algebraic structure [5, 11]. Specifically,
it is natural to assume that families of ITs have the
following properties:

(a) If a:A → B and b:B → C are two ITs, then their
composition b ◦ a:A → C is defined.

(b) This operation of composition is associative.
(c) There are certain neutral elements in these

families, i.e., ITs that do not introduce any alterations.
Namely, for any space B, there exists a corresponding
IT iB:B → B such that iB ◦ a = a and b ◦ iB = b.

Algebraic structures of this type are called
categories [7, 9].

Furthermore, we assume that, to every pair of
information transformers acting from the same space
D to spaces A and B, respectively, there corresponds
a certain IT a ∗ b (called product of a and b) from D
to A × B. In a certain sense, this IT �represents� both
ITs a and b simultaneously. Specifically, ITs a and b
can be �extracted� from a ∗ b by means of projections
πA,B and νA,B from A×B to A and B, respectively, i.e.,
πA,B◦(a∗b) = a, νA,B◦(a∗b) = b. Note, that typically an

IT c such that πA,B◦c = a, νA,B◦c = b is not unique, i.e.,

a category of ITs does not have products (in category-
theoretic sense [7�10] ). Thus, the notion of a category
of ITs demands for an accurate formalization.

Analysis of classes of information transformers
studied in [5, 6, 11�18, 20, 21] gives grounds to consider
these classes as categories that satisfy certain fairly
general conditions.

1.2. Categories: Basic Concepts

Recall that a category (see, for example, [7�10]) C
consists of a class of objects Ob(C), a class of morphisms
(or arrows) Ar(C), and a composition operation ◦ for
morphisms such that:

(a) To any morphism a, there corresponds a certain
pair of objects A and B (the source and the target
of a) which is denoted a:A → B.

(b) To every pair of morphisms a:A → B and b:B →
C, their composition b ◦ a:A → C is defined.

Moreover, the following axioms hold:

(c) The composition is associative:

c ◦ (b ◦ a) = (c ◦ b) ◦ a.

(d) To every object R, there corresponds an ( identity)
morphism iR:R → R so that

∀a:A → B a ◦ iA = a = iB ◦ a.

A morphism a:A → B is called isomorphism if there
exists a morphism b:B → A such that a ◦ b = iB and
b ◦ a = iA. In this case, objects A and B are called
isomorphic.
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Morphisms a:D → A and b:D → B are called
isomorphic if there exists an isomorphism c:A → B such
that c ◦ a = b.

An object Z is called terminal object if, for any object
A, there exists a unique morphism from A to Z which
is denoted zA:A → Z in what follows.

A category D is called a subcategory of a category C
if Ob(D) ⊆ Ob(C), Ar(D) ⊆ Ar(C), and a morphism
composition in D coincides with the composition in C.

It is said that a category has (pairwise) products
if, for every pair of objects A and B, there exist their
product, that is, an object A×B and a pair of morphisms
πA,B:A×B → A and νA,B:A×B → B called projections

such that for any object D and for any pair of morphisms
a:D → A and b:D → B, there exists a unique morphism
c:D → A× B that yields a commutative diagram:

C

A A× B B�
πA,B -

νA,B

�
�
�
�
��+

a
Q
Q
Q
Q
QQs

b

?
c

i.e., satisfies the following conditions:

πA,B ◦ c = a, νA,B ◦ c = b. (1)

We call such a morphism c the product of morphisms

a and b and denote it a ∗ b.
It is easily seen that the existence of products in a

category implies the following equality:

(a ∗ b) ◦ d = (a ◦ d) ∗ (b ◦ d). (2)

In a category with products, for two arbitrary
morphisms a:A → C and b:B → D, one can define the
morphism a × b:

a×b:A×B → C×D, a×b
def= (a◦πA,B)∗(b◦νA,B).(3)

This definition and (1) obviously imply that the
morphism c = a × b satisfy the following conditions:

πC,D ◦ c = a ◦ πA,B, νC,D ◦ c = b ◦ νA,B. (4)

Moreover, c = a × b is the only morphism satisfying
conditions (4).

It is also easily seen that (2) and (3) imply the
following equality:

(a × b) ◦ (c ∗ d) = (a ◦ c) ∗ (b ◦ d). (5)

Suppose A×B and B×A are two products of objects
A and B taken in different order. By the properties of

products, the objects A × B and B × A are isomorphic
and the natural isomorphism is

σA,B:A× B → B ×A, σA,B
def= νA,B ∗ πA,B, (6)

i.e., a unique morphism that makes the following
diagram commutative:

A× B

B B ×A A�
πB,A -

νB,A

�
�
�

�
��+

νA,B
Q
Q
Q
Q
QQs

πA,B

?
σA,B

Moreover, for any object D and for any morphisms
a:D → A and b:D → B, the morphisms a ∗ b and b ∗ a
are isomorphic, that is,

σA,B ◦ (a ∗ b) = b ∗ a. (7)

Similarly, by the properties of products, the objects
(A× B)× C and A× (B × C) are isomorphic. Let

αA,B,C: (A× B)× C → A× (B × C)

be the corresponding natural isomorphism. Its �explicit�
form is:

αA,B,C
def= (πA,B ◦ πA×B,C)∗

(
(νA,B ◦ πA×B,C)∗νA×B,C

)
. (8)

It can be easily obtained with the following diagram:

A× B (A× B)× C

A B C

A × (B × C) B × C

�
πA×B,C

-
νA,B×C

�
�
��	

πA,B
@
@
@@R

νA×B,C

@
@
@@I

πA,B×C
�
�
���
νB,C

@
@
@@R

νA,B

@
@
@@I πB,C

��
��

��
��

��
��	

αA,B,C

?

t

Here t = (νA,B ◦ πA×B,C) ∗ νA×B,C
Then, for any object D and for any morphisms

a:D → A, b:D → B, and c:D → C, we have

αA,B,C ◦
(
(a ∗ b) ∗ c

)
= a ∗ (b ∗ c). (9)
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1.3. Elementary Axioms for Categories of

Information Transformers

In this subsection, we set forward the main properties of
categories of ITs. All the following study will rely exactly
on these properties.

In [5, 6, 11, 12, 14, 17, 18], it was shown that
classes of information transformers can be considered
as morphisms in certain categories. As a rule, such
categories do not have products, which is a peculiar
expression of the nondeterministic nature of ITs in
these categories. However, it turns out that deterministic
information transformers, which are usually determined
in a natural way in any category of ITs, form a
subcategory with products. This point makes it possible
to define a �product� of objects in a category of ITs.
Moreover, it provides an axiomatic way to describe an
extension of the product operation from the subcategory
of deterministic ITs to the whole category of ITs.

Definition 1.1 We say that a category C is a category

of information transformers if the following axioms hold:

1. There is a fixed subcategory of deterministic ITs
D that contains all the objects of the category C
(Ob(D) = Ob(C)).

2. The classes of isomorphisms in D and in C
coincide, that is, all the isomorphisms in C are
deterministic.

3. The categories D and C have a common terminal

object Z.

4. The category D has pairwise products.

5. There is a specified extension of morphism product

from the subcategory D to the whole category
C, that is, for any object D and for any pair of
morphisms a:D → A and b:D → B in C, there is
a certain information transformer a∗b:D → A×B
(which is also called a product of ITs a and b) such
that

πA,B ◦ (a ∗ b) = a, νA,B ◦ (a ∗ b) = b.

6. Let a:A → C and b:B → D be arbitrary ITs in
C, then the IT a × b defined by Eq. (3) satisfies
Eq. (5):

(a × b) ◦ (c ∗ d) = (a ◦ c) ∗ (b ◦ d).

7. Equality (7) holds not only in D but in C as
well, that is, product of information transformers
is �commutative up to isomorphism.�

8. Equality (9) also holds in C. In other words,
product of information transformers is � associative
up to isomorphism� too.

Now let us make several comments concerning the
above definition.

We stress that, in the description of the extension of
morphism product from the category D to C (Axiom 5),
we do not require the uniqueness of an IT c:D → A×B
that satisfies conditions (1).

Nevertheless, it is easily verified that Eqs. (4) are
valid for c = a × b not only in the category D, but in C
as well, that is,

πC,D ◦ (a × b) = a ◦ πA,B, νC,D ◦ (a × b) = b ◦ νA,B.

However, the IT c that satisfy Eqs. (4) may be not
unique. Note also that Eq. (2) does not hold in the
category C in general.

Further, note that Axiom 6 immediately implies

(a × b) ◦ (c × d) = (a ◦ c) × (b ◦ d).

Finally, note that any category that has a terminal
object and pairwise products can be considered as a
category of ITs in which all information transformers
are deterministic.

2. Category of Information Transformers as a
Monoidal Category

As we have already mentioned above, in a category
of ITs, there are certain �meaningful� operations of
product for objects and for morphisms. However, these
operations are not product operations in category-
theoretic sense. Nevertheless, every category of ITs is a
monoidal category (see, e.g., [7, 9]). Before introducing
this notion, we need to recall the basic notions of a
functor and a natural transformation.

2.1. Functors and Natural Transformations

Definition 2.1 A functor F from a category C to a
category D is a function which maps all the objects and
morphisms of C respectively to objects and morphisms of
D that �preserves� a category structure in the following
sense:

(a) If a:A → B in C, then Fa:FA → FB in D;

(b) F (i
A

) = i
FA for every A ∈ Ob(C);
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(c) F (a ◦ b) = Fa ◦ Fb whenever a ◦ b is defined in C.

Definition 2.2 Given two functors F and G from C
to D, a natural transformation (also called functor

morphism) τ :F → G is a function which assigns, to each
object A of C, a morphism τA (also denoted τA) in such
a way that every C-morphism a:A → B of C yields a
commutative diagram:

A

B
?
a

FA GA

FB GB

-
τA

-
τB

?
Fa

?
Ga

In addition, if τA is an isomorphism for all A ∈
Ob(C), then τ is called natural equivalence (or natural

isomorphism).

Definition 2.3 Given two categories C and D, their
product is defined as a category whose objects are the
ordered pairs 〈C,D〉 of objects C ∈ Ob(C) and D ∈
Ob(D) and for which morphisms 〈C,D〉 → 〈C′,D′〉 are
just pairs 〈a, b〉 with a:A → A′ and b:B → B′ with the
identities and composition induced by C and D:

i〈C,D〉 =
〈
iC, iD

〉
, 〈a, b〉 ◦ 〈a′, b′〉 = 〈a ◦ a′, b ◦ b′〉 .

It is easily seen that a binary product in a category C
may be considered as a functor (called product functor)
× : C × C → C if its action on a morphism 〈a, b〉 is
defined by Eq. (3), i.e., as a unique morphism a× b that
yields a commutative diagram:

〈A,B〉

〈C,D〉
?
〈a, b〉

A A × B�
πA,B

-
νA,B

B

C C × D D�
πC,D -

νC,D
?
a

?
a × b

?
b

It is also seen from this diagram that π and ν are
natural transformations from the product functor to the
obvious projection functors C×C→ C.

In addition, one can easily see that σ and α
defined by Eqs. (6) and (8) are natural equivalences,
respectively, of the obvious functors C × C → C and
C×C×C→ C.

Let us also note here that there is a �diagonal� natural
transformation δ defined on D:

δC
def= iC ∗ iC: C → C × C.

Note that �naturality� of δ is expressed by the following
diagram

A

B
?
a

A A×A

B B × B

-
δA

-
δB

?
a

?
a × a

meaning that

(a × a) ◦ δA = δB ◦ a (10)

and immediately follows from (2) and (5).
It is easily seen that, with the help of a �diagonal�

natural transformation, the product of morphisms a ∗ b
may be expressed through their �functorial product�
a× b, i.e.,

a ∗ b = (a× b) ◦ δC.

2.2. Monoidal Category

Let us recall briefly the definition and basic properties
of monoidal category. Further details can be found in
[6, 7, 9].

Definition 2.4 A monoidal category is a 6-tuple
〈C,⊗, I, α, λ, ρ〉 such that C is a category, ⊗: C×C→ C
is a functor, I is an object of C and αA,B,C: (A⊗B)⊗C →
A⊗ (B ⊗ C), λA: I ⊗A → A, ρA:A⊗I → A are natural
equivalences of functors C×C×C→ C, C→ C, C→ C
such that the following coherence axioms hold:

((A⊗B)⊗C)⊗D (A⊗B)⊗(C⊗D) A⊗(B⊗(C⊗D))

(A⊗(B⊗C))⊗D A⊗((B⊗C)⊗D)

-
αA⊗B,C,D

-
αA,B,C⊗D

-
αA,B⊗C,D?

αA,B,C⊗iD
6

iA⊗αB,C,D

I ⊗ I I-
λI = I ⊗ I I-

ρI

(A⊗ I)⊗ B A⊗ (I ⊗ B)-
αA,I,⊗B

A⊗ B

HHH
HHj

ρA⊗ iB
���

���
iA⊗ λB

It can be easily seen that if a category D has
pairwise products × and a terminal object Z, then
〈D,×,Z, α, λ, ρ〉 is a monoidal category, where ×: D ×
D→ D is the product functor and αA,B,C: (A×B)×C →
A × (B × C), λA:Z × A → A, and ρA:A × Z → A
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are the �obvious� natural equivalences that are explicitly
expressed through π and ν, i.e.,

λA
def= πZ,A, ρA

def= νA,Z,

αA,B,C
def= (πA,B ◦ πA×B,C) ∗

(
(νA,B ◦ πA×B,C) ∗ νA×B,C

)
.

2.3. Second Definition for a Category

of Information Transformers

First note that every category D with pairwise products
and with terminal object Z constitutes a monoidal
category 〈D,×,Z, α, λ, ρ〉, where ×: D × D → D is
the product functor and αA,B,C: (A × B) × C → A ×
(B × C), λA:Z × A → A, and ρA:A × Z → A are
the obvious natural equivalences. Besides, as a category
with products, the category D has a natural equivalence
σA,B:A × B → B × A, which interchanges components

in a product, and a �diagonal� natural transformation
δC: C → C × C.

Definition 2.5 We say that a category C is a category
of information transformers over a subcategory D if all
the objects of C are contained in D and the following
three axioms hold.

Axiom 1. Category D has binary products and a
terminal object Z.
Thus, D is equipped with a product functor × and
natural transformations π, ν, α, λ, ρ, σ, and δ.
Besides, 〈D,×,Z, α, λ, ρ〉 is a monoidal category.

Axiom 2. Object Z is a terminal object in C, and
there exist an extension ×: C × C → C of the
functor × from D to the whole category C such
that 〈C,×,Z, α, λ, ρ〉 is also a monoidal category
with the functor ×: C × C → C, object Z, and
natural equivalences α, λ and ρ defined on a level
of the subcategory D.

Axiom 3. Natural transformations π, ν and σ (in the
category D) are natural transformations in the
whole category C as well.

We will refer to morphisms of the category
C as information transformers . Morphisms of the
subcategory D will be called deterministic information
transformers.

Let us note that since all the mentioned natural
transformations π, ν, α, λ, ρ, σ, and δ are defined on
the level of the subcategory D, all their components are

deterministic ITs. Besides, they satisfy all the mutual
commutativity relations that they satisfied in D. Thus,
the nontrivial part, say, of Axiom 2 is that α, λ, and ρ
are natural transformations.

More precisely, we can substitute Axioms 2 and 3 by
the following ones:

Axiom 2'. Object Z is a terminal object in C, and
there exists an extension ×: C × C → C of the
functor × from D to the whole category C (in fact,
to all morphisms of C).

Axiom 3'. Natural transformations π, ν, α, λ, ρ, and
σ (defined within D) are natural transformations
in the whole category C as well.

Let us also note that, strictly speaking, we did not
define yet a product operation ∗ for all compatible
information transformers. Indeed, it is well defined only
for deterministic ITs (morphisms in D).

However, we can extend the product operation for
morphisms from the subcategory D to C. Specifically,
we define a product ∗ in C by the following relation
which is true in D:

a ∗ b def= (a× b) ◦ δC. (11)

Since Eq. (11) is always true in the category with
products D, it provides a consistent extension of the
product operation ∗ on morphisms from the subcategory
D to C.

Let us stress here that we do not require that δ
be a natural transformation on the whole category C.
Furthermore, typically, in many important examples of
categories of ITs, δ is not a natural transformation.
Such categories do not have products in category-
theoretic sense. We will present a simple example of
non-naturality of δ in the category of multivalued ITs.

Theorem 2.1 Definitions 1.1 and 2.5 for a category of

information transformers are equivalent.

3. IT-Category as a Kleisli Category

3.1. Concept of Distribution. Kleisli Category

Two equivalent definitions presented above provide
the minimal conceptual background for studying the
categories of ITs, e.g., for definition and analysis
of informativeness, semantic informativeness, decision
problems, etc. [1�5,11,14,19]. However, these definitions
do not provide any tools for constructing the categories
of ITs on the basis of more elementary concepts. The
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concept of distribution is one of the most important
and it plays a critical role in the uniform construction
of a wide spectrum of IT-categories. Its importance is
connected to the observation that, in many important
IT-categories, an information transformer a:A →
B may be represented by a morphism from A to
the �object of distributions� over B. For example,
a probabilistic transition distribution (an IT in the
category of stochastic ITs) may be represented by
a certain measurable mapping A to the space of
distributions on B.

Thus, we suppose that, on some fixed �base� category
D (category of deterministic ITs), there is defined a
functor T , which takes an object A to the object TA of
�distributions� on A. Besides, we assume that there are
two natural transformations connected to this functor:
η: I → T and µ:TT → T . Informally, ηA:A → TA takes
an element of A to a �discrete distribution concentrated
on this element�, and µA:TTA → TA �mixes� (averages)
a distribution of distributions on A, by transforming it
to a certain distribution on A. Besides, there are natural
�coherence� conditions for η and µ:

µA ◦ TµA = µA ◦ µTA
and

µA ◦ TηA = i
TA µA ◦ ηTA = i

TA

that may be presented by the following commutative
diagrams:

TTA TA

TTTA TTA

-µ
?
µT

-
Tµ

?
µ

TA TTA TA

TA

Q
Q
Q
Q
QQs

T

-
ηT

?
µ

�
Tη �
�
�
�
��+

T

Commutativity of the square means that, for any
�third-order distribution� on A (i.e. distribution on a
collection of distributions on a family of distributions
on A), the result of �mixing� of distributions does not
depend on the order of �mixing�. More precisely, the
result of mixing over the �top� (third order, element
of TTTA) distribution first and mixing the resulting
second-order distribution next should give the same
result as for mixing over �intermediate� (second-order,
elements of TTA) distributions first and then mixing
the resulting second-order distribution. Commutativity
of the left triangle means that mixing of a second order
distribution, concentrated in one element (which is itself
a distribution on A) gives this distribution. Finally,
commutativity of the right triangle means if we take

some distribution on A, transform it to �the same�
distribution of singletons and then mix the resulting
second-order distribution, we will obtain the original
distribution.

It is well known that a collection 〈T, η, µ〉, satisfying
the two commutative diagrams above, is called a triple

(monad) [7, 9, 23] on the category D.
The concept of triple provides an elegant technique

of constructing a category of ITs C on the basis of
the category of deterministic ITs, as a Kleisli category
[6,7,22,23]. In this construction, each morphism a:A →
B in the category C is determined by a morphism
a′:A → TB of the category D. The composition a ◦ b
of ITs a:A → B and b:B → C in C is represented by the
morphism

(b ◦ a)′ def= µC ◦ Tb
′ ◦ a′

(b ◦ a)′ = A -a
′

TB -Tb
′
TTC -µ TC

in D, and any deterministic IT c: C → D (in C) is
determined by the morphism

c′
def= ηD ◦ c

c′ = C -c D -η TD

in D.

3.2 Independent Distribution. Monoidal Kleisli

Category

The main factor in the construction of the category of
ITs as a Kleisli category is the equipping of it with
a structure of monoidal category. For this purpose,
we introduce a natural transformation γ:×T → T×,
γA,B:TA × TB → T (A × B), which �takes� a pair of

distributions to their �independent joint distribution�
(see also [24]). Then the product c = a∗b of ITs a:D → A
and b:D → B (in C) is determined by the morphism

c′
def= γA,B ◦ (a′∗ b′)

D TA× TB-a′∗b′ T (A× B)

TA

��
��
��*a′ 6πT

TB

HH
HHHHjb′ ?

νT

-γ

in D. Note that a′ ∗b′ here exists and is uniquely defined
since D is a category with products.
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Theorem 3.1 Suppose that D is a category with

pairwise products and with terminal object Z; π, ν, α,
σ are the corresponding natural transformations, and

〈T, η, µ〉 is a triple on D with ηB monomorphic for every

B. Then the generated Kleisli category C, equipped with

a natural transformation γ, is a category of information

transformers if and only if the following compatibility

conditions of γ with the natural transformations π, ν,
α, σ, η, and µ hold:

π-γ and ν-γ conditions:

TπA,B ◦ γA,B = π
TA,TB, T νA,B ◦ γA,B = ν

TA,TB

σ-γ condition:

TσA,B ◦ γA,B = γB,A ◦ σTA,TB ;

α-γ condition:

TαA,B,C ◦ γA×B,C ◦ (γA,B× iTC) =

= γA,B×C ◦ (i
TA× γB,C) ◦ αTA,TB,TC ;

µ-γ condition:

µA×B ◦ TγA,B ◦ γTA,TB = γA,B ◦ (µA× µB) ;

η-γ condition:

γA,B ◦ (ηA× ηB) = ηA×B.

Thus, the construction of the categories of ITs is,
in effect, reduced to the selection of a base category
D, a functor T : D → D, and a natural transformation
γ:×T → T×.

All these conditions have rather transparent meaning
that we will try to comment below.

For better understanding, we also provide the
corresponding commutative diagrams in which we omit
the obvious indices for the sake of readability:
π-γ a n d ν-γ c o n d i t i o n s. Marginal

distributions extracted from an independent joint
distribution coincide with the original distributions:

TA× TB T (A× B)-
γ

TA

�
��
��*πT

H
HH

HHY Tπ

TB

H
HHHHjνT

�
����� Tν

σ-γ c o n d i t i o n. Transposition of components
of an independent joint distribution leads to the
corresponding transformation of the joint distribution,

i.e., an independent joint distribution is �invariant�
with respect to transposition of its components. More
precisely, we can say that the independent distribution
morphism for transposed components γB,A:TB × TA →
T (B × A) is naturally isomorphic to the original
morphism γA,B:TA×TB → T (A×B). The corresponding
isomorphism (of morphisms) is provided by the pair〈
σ
TA,TB , TσA,B

〉
:

TB × TA T (B ×A)-γ

TA× TB T (A× B)-
γ

?
σT

?
Tσ

α-γ c o n d i t i o n. Independent joint distribution
for three components is �naturally invariant� with
respect to the order of parentheses. More precisely, the
morphisms

γA,B×C ◦ (i
TA×γB,C):TA×(TB×TC)→ T (A×(B×C))

and

γA×B,C ◦ (γA,B×iTC): (TA×TB)×TC → T ((A×B)×C)

(that take independent joint distributions for three
components with different order of parentheses) are

naturally isomorphic via
〈
α
TA,TB,TC , TαA,B,C

〉
:

TA×(TB×TC) -T×γ
TA×T (B×C) -γ T (A×(B×C))

(TA×TB)×TC -
γ×T T (A×B)×TC -

γ T ((A×B)×C)

?
αT

?
Tα

µ-γ c o n d i t i o n. Independent joint
distribution for results of the mixing of two second-
order distributions may also be obtained by mixing the
corresponding second-order independent distributions:

TA× TB -γ
T (A× B)

TTA× TTB -
γT T (TA× TB) -

Tγ TT (A× B)

?
µ× µ

?
µ

η-γ c o n d i t i o n. Independent joint distribution
for two �singleton� distributions is just the corresponding
�singleton� distribution on a product space:

TA× TB -γ
T (A× B)

A× B
�

�
��	

η × η @
@
@@R

η
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Conclusions

The most developed theory of uncertainty in
statistical physics is the probability theory.
Certainly, mathematical methods of statistical physics
accumulated a rich conceptual experience. At the same
time, it appears that all these concepts have very
abstract meaning and, hence, they can be treated
in terms of category theory. We have shown in this
article that the basic notions of probability theory and
statistical physics are easily extended to the concept of
information transformers.

Results of this article may provide a background
for construction and study of new classes of ITs in
dynamical nondeterministic systems.

For this purpose we have formulated a set of
�elementary� axioms for a category of ITs, which would
be sufficient for an abstract expression of the basic
concepts of statistical physics.

The author wishes to express his deepest gratitude
to Yu. P. Pyt'ev, who initiated and inspired the
author's studies of informativeness, and S. S. Moskaliuk
for fruitful discussions and encouraging the author in
writing this paper.
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ÑÒÐÓÊÒÓÐÀ ÊËÀÑIÂ ÏÅÐÅÒÂÎÐÞÂÀ×IÂ IÍÔÎÐÌÀÖI�
ßÊ ÌÎÍÎ�ÄÀËÜÍÀ ÊÀÒÅÃÎÐIß ÊËÅÉÑËI

Ï. Â. Ãîëóáöîâ

Ð å ç þ ì å

Ïðîïîíó¹òüñÿ ðîçãëÿäàòè áóäü-ÿêèé îäíîðiäíèé êëàñ ñèñòåì
ïåðåòâîðåííÿ iíôîðìàöi¨ ÿê ñóêóïíiñòü ìîðôiçìiâ äåÿêî¨ êà-
òåãîði¨ � êàòåãîði¨ ïåðåòâîðþâà÷iâ iíôîðìàöi¨ (ÏI). Êîìïîçè-
öiÿ ÏI âiäïîâiäà¹ ¨õ �ïîñëiäîâíîìó çàñòîñóâàííþ�. Ïðîïîíó¹òü-
ñÿ àêñiîìàòèêà äëÿ êàòåãîði¨ ÏI ÿê ìîíî¨äàëüíî¨ êàòåãîði¨, ùî
ìiñòèòü ïiäêàòåãîðiþ (äåòåðìiíîâàíèõ ÏI) çi ñêií÷åííèìè äî-
áóòêàìè i çàäîâîëüíÿ¹ ïåâíèì àêñiîìàì. Êðiì òîãî, ïîêàçàíî,
ùî áàãàòî êàòåãîðié ÏI ìîæóòü áóòè ïîáóäîâàíi ÿê êàòåãîði¨
Êëåéñëi.

ÑÒÐÓÊÒÓÐÀ ÊËÀÑÑÎÂ ÏÐÅÎÁÐÀÇÎÂÀÒÅËÅÉ
ÈÍÔÎÐÌÀÖÈÈ ÊÀÊ ÌÎÍÎÈÄÀËÜÍÀß
ÊÀÒÅÃÎÐÈß ÊËÅÉÑËÈ

Ï. Â. Ãîëóáöîâ

Ð å ç þ ì å

Ïðåäëàãàåòñÿ ðàññìàòðèâàòü ëþáîé îäíîðîäíûé êëàññ ñèñòåì
ïðåîáðàçîâàíèÿ èíôîðìàöèè êàê ñîâîêóïíîñòü ìîðôèçìîâ íå-
êîòîðîé êàòåãîðèè � êàòåãîðèè ïðåîáðàçîâàòåëåé èíôîðìàöèè
(ÏÈ). Êîìïîçèöèÿ ÏÈ îòâå÷àåò èõ �ïîñëåäîâàòåëüíîìó ïðèìå-
íåíèþ�. Ïðåäëàãàåòñÿ àêñèîìàòèêà äëÿ êàòåãîðèè ÏÈ êàê ìî-
íîèäàëüíîé êàòåãîðèè, ñîäåðæàùåé ïîäêàòåãîðèþ (äåòåðìèíè-
ðîâàííûõ ÏÈ) ñ êîíå÷íûìè ïðîèçâåäåíèÿìè è óäîâëåòâîðÿþ-
ùåé îïðåäåëåííûì àêñèîìàì. Êðîìå òîãî, ïîêàçàíî, ÷òî ìíî-
ãèå êàòåãîðèè ÏÈ ìîãóò áûòü ïîñòðîåíû êàê êàòåãîðèè Êëåé-
ñëè.
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