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The symmetries intrinsic to quaternions and biquaternions give
rise to a class of identical Julia sets, which does not exist in
the complex number case. In the case of quadratic mapping
Xk+1 = εX2

k + C (X,C are biquaternions of special case), these
symmetries mean that the shape of a fractal Julia set is completely
defined by just two numbers, C0 and |C|. The involutions defined
for the set of biquaternions allow us to investigate discrete
symmetries of the geometric images of sets. The introducing
of three special types of biquaternions provides a convenience
in studying the symmetry properties of these algorithms under
discrete transformations as well.

Introduction

Beautiful and unexpected fractal properties of Julia�
Fatou and Mandelbrot sets spawned by a simple
iteration rule

zk+1 = z2
k + C, (1)

with z and a control parameter C being complex
numbers, have been intensively studied by many authors
[1�3]. Iterations of an arbitrary starting point z0 in
accordance with (1) ultimately result in the confinement
of all zk, k ≥ Nmax � 1, in a finite region, a basin of
attraction, of some zi. These zi are called attractors;
they are completely defined by the control parameter
C.

A key concept of fractal set research is the special
case of z =∞ attractor. In fact, each C of (1) classifies
all points of the complex plane as belonging to either
runaway subset or prisoners one. If z0 belongs to a
runaway subset, then (1) leads to z = ∞. In the other
case, ultimate cycles of zk will reside in a basin of some
finite attractor.

A fascinating boundary of the basin of attraction of
z = ∞ is called Julia set. All information about shapes
and topologies of these sets is encoded in C. These sets
are mostly fractals.

Prisoners of

Ck+1 = C2
k + Ck (2)

(i.e. of quadratic mapping (1) with the starting point
z0 = 0) form the famous Mandelbrot set. It classifies all
Julia sets as either connected or unconnected ones. The
latter are known as Cantor dust or Fatou sets.

There were many attempts to apply fractal sets to
various fields of physics (see [4, 5]). It was clear from the
very beginning that many attractive features of these
sets were due to remarkable properties of the algebra
of complex numbers. This suggests to generalize the
quadratic mapping (1) to different algebras and to study
their behavior.

In [6], such a generalization was undertaken for
double numbers, which differ from complex ones just
in definition of the imaginary unit ε, i.e. ε2 = 1.
Replacement of complex numbers by double numbers
actually means a transition from an Euclidean plane to
a pseudoeuclidean one, the latter being of special interest
for physics, in particular for relativistic kinematics.
Another example of validity of double numbers is
given by two-dimensional relativistic models, which are
prevalent in modern field theories. They also may be
successfully described in terms of double numbers [7].

Generally speaking, all hypercomplex algebras, i.e.
the algebra of double and dual numbers, of quaternions,
biquaternions, and octanions, have proved to be very
convenient in numerous physical applications. It may
be explained by their close relations with geometries of
Euclidean and pseudoeuclidean spaces and with spaces
of constant curvature [8].

In this paper, we focus on the quaternion algebra.
Really, the 'quaternion language' seems to be especially
natural for the physics of our four-dimensional space-
time. It has been already successfully exploited in a
describing of rigid body motion [9], in searching for
instanton solutions of Yang�Mills equations [10], in the
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problem of supersymmetric oscillator [11], and many
others.

1. Quaternions and Biquaternions

Let us first briefly recall the fundamentals of the
quaternion algebra. The quaternion X is a set of 4 real
numbers x0, x1, x2, x3 with 3 imaginary units e1, e2, e3,
and unit e0. The definition and commutation properties
are as follows:

X = e0x0 + e1x1 + e2x2 + e3x3, (3)

where

e2
1 =: e2

2 = e2
3 = −e0 = −1;

e1e2 = −e2e1 = e3;

e3e1 = −e1e3 = e2;

e2e3 = −e3e2 = e1; (4)

Hence quaternions are non-commutative with respect
to multiplication, so that

X1 ·X2 6= X2 ·X1. (5)

In some applications, a representation of quaternion
(3) as a pair of complex numbers,

X = (x0 + e1x1) + (x2 + e1x3)e2, (6)

may turn to be useful. The traditional notation of
arbitrary quaternion (3) as a combination of scalar x0

and three-dimensional vector x parts,

X = x0 + x, (7)

may be very convenient in many problems. In terms of
(7), the operation of quaternion conjugation is simply

X̄ = x0 − x.

The product of two arbitrary elements of the
quaternion algebra (i.e. of two four-dimensional vectors)
in the traditional notations reads:

XX ′ = x0x
′
0 − (x · x′) + x0x′ + x′0x + [xx′]. (8)

Consequently, the square of any quaternion X looks
like

X2 = XX = x2
0 − |x|2 + 2x0x. (9)

It should be noted that the operation of division
by a nonzero element (q 6= 0) is well defined for
quaternions.

The set of quaternions forms a group with respect to
the operations of addition and multiplication. However,
in the following, we consider in parallel the biquaternion
case as well.

Besides a) the complex numbers z = x +
εy with ε2 = −1, one may discuss b) the
double numbers (sometimes they are referred to as
hyperbolic complex numbers) with ε2 = 1 and c)
the dual numbers with ε2 = 0 [12]. Now, an
arbitrary biquaternion may be defined as a linear
combination of the four basis elements (4) with
coefficients being either complex or double or dual
numbers. Moreover, to obtain the object with only
four components, we restrict our consideration to the
special case of biquaternions; they may be derived from
general biquaternions by application of the following
condition:

X̄∗ = −X, (10)

where the star-operation denotes the corresponding
conjugation in a) � c) coefficient systems, and
the bar-operation denotes quaternion conjugation.
The introduced biquaternions have the following
structure:

X = εx0 − x, (11)

where

ε2 =

 −1 a)
1 b)
0 c)

. (12)

The biquaternions of case a) in (11) are four
dimensional vectors of the Minkowski space. There are
at least three reasons to introduce biquaternions of the
above three types:

1) these biquaternions have interesting physical
applications;

2) the algebraic and transformation properties of the
biquaternions defined by (10),(11) are closed with
respect to quadratic iterations analogical to (1)
and allow to discuss the algorithms analogical to
the Julia�Fatou ones;

3) the introducing of these three types of biquaternions
provides a convenience in studying the symmetry
properties of these algorithms under discrete
transformations.
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2. Quaternionic Analogs of Fractal Sets

The above-mentioned algebraic properties of
quaternions permit us to introduce a quaternionic analog
of the original complex number Julia�Fatou algorithm
(1). Namely,

Xk+1 = X2
k + C, (13)

with X and the control parameter C being quaternions.
This iteration rule maps the four-dimensional Euclidean
space on itself. Direct computer experiments justify that
(13) classifies again all quaternions with respect to X =
∞ as belonging to either prisoner or runaway subsets.
The border of these subsets is the quaternionic analog of
a Julia set; it is fully defined by coefficients of a mapping
rule, e.g. C in case of (13). However, in contrast to
complex and double numbers, these fractal sets are four-
dimensional.

The first treatment of this problem was given in [13],
where some aspects of quadratic mappings

Xk+1 = AX2
k +B (14)

with A,B and X being quaternions were discussed. It
was noted that the general case of the problem is very
difficult both for discussion and for representation of
results.

To simplify the problem, the consideration of [13]
was restricted to a special case of coefficients A and
B belonging to the complex number subalgebra of
quaternions. It was argued that this choice allowed one
to reduce the dimensions of the resulting Julia sets.
However, no good arguments were proposed to support
this statement.

A particular attention of [13] had been paid to the
analysis of topological properties of quaternionic Julia
sets. It was noted that, due to noncommutativity of
quaternions, there actually exist three different non-
equivalent generalizations of (1). Besides (14), one is also
to discuss

Xk+1 = XkAXk +B,

Xk+1 = X2
kA+B. (15)

The main goal of our research is to provide an
instrument for establishing the common features and
differences of fractal sets realized by algorithms (13)�
(15) from the algebraic, theoretical group point of view.

Let us consider the transformations connected
with multiplications and additions of quaternions as
transformations of the group of motion of a four-
dimensional Euclidean space [8, 15]. It is easy to

check that (13)�(15) are invariant under the following
transformations:

X
′

k = QXkQ̄, A
′

= QAQ̄,

B
′

= QBQ̄,C
′

= QCQ̄, (16)

where a quaternion Q satisfies the condition

QQ̄ = 1, (17)

i.e. Q̄ = Q−1.
Note that, due to commutativity of complex and

double numbers, the analogous transformations q = eiϕ

mean just a trivial rotation by an angle ϕ of the whole
plane.

Transformations (16) are inner automorphisms of the
division ring of quaternions. They are isomorphic to
the transformations of the group of three-dimensional
rotations SO(3.R). Note that x0 and |x| stay invariant
under such transformations.

Thus, we actually deal with a class of equivalent
iteration rules [7]

X ′k+1 = A′(X ′k)2 +B′, (18)

which with (14) satisfy relations (16)�(17). Applying
these transformations to mapping (13) we obtain the
equivalent rules

X ′k+1 = (X ′k)2 + C ′. (19)

To illustrate a manifestation of this symmetry,
let us show that there is a freedom in orientation
of the vector C′ (remember that C ′0 = C0, |C′| =
|C|). These transformations are analogous to the plane
transformations of the Lorentz group found in [16]. For
the vector parts of quaternions C and C ′, the plane
transformed quaternion Q and its conjugate Q̄ are

Q =
C + C′√
−(C + C′)2

C̄√
−C2

, (20)

Q̄ =
C√
−C2

C̄ + C̄′√
−(C + C′)2

=

=
C + C′√
−(C + C′)2

C̄′√
−C′2

. (21)

It may be convenient to rotate a vector C so that to
orient a vector C′ along, say, a vector i:

C ′ = C0 + |C|i. (22)
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If all starting points X0 of (14) lie in this complex
plane, the following points Xk will also lie in this plane.
Thus, one obtains a complex number Julia set which is
a subset of the full quaternionic one.

The most important example of a benefit from (16)
in studies of quaternionic Julia set symmetries is given
by the transformations that leave the control parameter
C intact, i.e.

C ′ = QCQ̄ = C, QQ̄ = 1. (23)

It is straightforward to check that the proper quaternion
is (see [8]):

Q =
1 + ntgϕ2√

1 + tg2 ϕ
2

= cos
ϕ

2
+ n sin

ϕ

2
, (24)

where n = C/|C|.
These transformations form the O(2) group. They are

similar to the gauge symmetries of field theories. One can
consider the resulting Julia set as a projective space and
bundle manifold. The invariance of fractal sets under
transformation (24) means that projections of these sets
on a three-dimensional subspace are axisymmetric.

These symmetries does not change the zero
quaternion component. They do exist for each C0, but
the corresponding two-dimensional Julia subsets are
different even for the same |C|. It fact, quaternionic
symmetries mean that one needs just two numbers, C0

and |C|, to describe all possible shapes of quaternionic
Julia sets.

It may be interesting to mention that the special
choice of parameters A and B in [13] as complex numbers
was not obligatory. Symmetries (16) imply that it would
suffice just to orient the vector parts of both quaternions
in the same direction. The resulting Julia sets would be
obtained by rotation of an arbitrary plane Julia subset
around the axis oriented along the direction of their
vector parts. The transverse cross-sections of these Julia
sets consist of concentric circles.

3. Biquaternion Analogs of Fractal Sets and
Their Symmetries

The above-mentioned algebraic properties of
biquaternions allow us to introduce a biquaternionic
analog of the original complex number Julia�Fatou
algorithm (1). Namely,

Xk+1 −→ εX2
k + C, (25)

with X and the control parameter C being
biquaternions. This iteration rule maps the four-
dimensional Euclidean space (ε2 = 1), Minkowski space
(ε2 = −1), and four-dimensional Galilei�Newton space
(ε2 = 0) on itself. In contrast to complex and double
numbers, these fractal sets are four-dimensional. The
symmetry properties of the quaternion set defined
by algorithm (14) analogous to (1) under continuous
transformations of the SO(3.R) group have been set
up above. Evidently, the symmetry properties of the
biquaternion set defined by algorithm (25) under
continuous transformations of the SO (3.R) group are
the same.

Now we investigate the symmetry properties of
sets generated by algorithm (25) under discrete
transformations. The operation of discrete symmetries
is connected in our approach with involutions defined
for biquaternions of the considered types. Together with
algorithm (25), we introduce the algorithms

−Xk −→ −εX2
k − C, (26)

X̄k −→ εX̄2
k + C̄, (27)

X∗k −→ −εX∗
2
k + C∗, (28)

−X̄k −→ −εX̄2
k − C̄, (29)

X̄∗k −→ −εX̄∗2k + C̄∗. (30)

Algorithm (28), due to condition (10), coincides with
algorithm (29), and algorithm (30) coincides with (26).
Algorithms (25), (26), and (27), (29) generate equivalent
but different sets which do not cross in the general case.
Unification of the sets generating by (25), (26) and (27),
(30) leads to the set which is invariant under a reflection
defined by a quaternion conjugation (three-dimensional
space reflection) and a full reflection.

Conclusions

Quaternion and biquaternion algebras provides non-
trivial generalizations of usual Julia sets. Although
these sets are much more complicated, the intrinsic
quaternionic symmetries allow one to simplify the
problem. It turns out that, in case of quadratic mapping
(13), (25), all essentially different quaternionic analogs
of Julia sets may be enumerated by just two numbers,
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C0 and |C|. Due to the O(2) symmetry, the three-
dimensional part of quaternionic Julia sets may be
restored by a rotation of some arbitrary two-dimensional
(e.g., a complex number) Julia subset around the
axis n = C/|C| which lies in this plane. Three types
of biquaternions defined by conditions (10) provide a
convenience in studying the symmetry properties of
these algorithms under discrete transformations.
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and a financial support.
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ÑÈÌÅÒÐIÉÍI ÂËÀÑÒÈÂÎÑÒI ÊÂÀÒÅÐÍIÎÍÍÈÕ
I ÁIÊÂÀÒÅÐÍIÎÍÍÈÕ ÀÍÀËÎÃIÂ ÌÍÎÆÈÍ ÄÆÓËIß

À.À. Áîãóø, À.Ç. Ãàçiçîâ, Þ.À. Êóðî÷êií, Â.Ò. Ñòîñói

Ð å ç þ ì å

Ñèìåòði¨, âíóòðiøíi ïî âiäíîøåííþ äî êâàòåðíiîíiâ i áiêâàòåð-
íiîíiâ, ïðèâîäÿòü äî êëàñó òîòîæíiõ ìíîæèí Äæóëiÿ, ÿêi íå
iñíóþòü ó âèïàäêó êîìïëåêñíèõ ÷èñåë. Ó âèïàäêó êâàäðàòè÷-
íîãî âiäîáðàæåííÿ Xk+1 = εX2

k +C (X,C � áiêâàòåðíiîíè ñïå-
öiàëüíîãî âèäó) öi ñèìåòði¨ âêàçóþòü íà òå, ùî ôîðìà ôðàê-
òàëüíèõ ìíîæèí Äæóëiÿ öiëêîì âèçíà÷à¹òüñÿ äâîìà ÷èñëàìè
C0 i |C|. Iíâîëþöi¨, âèçíà÷åíi äëÿ ìíîæèíè áiêâàòåðíiîíiâ, äî-
çâîëÿþòü äîñëiäèòè äèñêðåòíi ñèìåòði¨ ãåîìåòðè÷íèõ îáðàçiâ
ìíîæèí. Ââåäåííÿ òðüîõ ñïåöiàëüíèõ òèïiâ áiêâàòåðíiîíiâ òà-
êîæ çàáåçïå÷ó¹ äåÿêó çðó÷íiñòü ó âèâ÷åííi ñèìåòðiéíèõ âëàñ-
òèâîñòåé àëãîðèòìiâ ïðè äi¨ äèñêðåòíèõ ïåðåòâîðåíü.

ÑÈÌÌÅÒÐÈÉÍÛÅ ÑÂÎÉÑÒÂÀ ÊÂÀÒÅÐÍÈÎÍÍÛÕ
È ÁÈÊÂÀÒÅÐÍÈÎÍÍÛÕ ÀÍÀËÎÃÎÂ
ÌÍÎÆÅÑÒÂ ÄÆÓËÈß

À.À. Áîãóø, À.Ç. Ãàçèçîâ, Þ.À. Êóðî÷êèí, Â.Ò. Ñòîñóè

Ð å ç þ ì å

Âíóòðåííèå ïî îòíîøåíèþ ê êâàòåðíèîíàì è áèêâàòåðíèîíàì
ñèììåòðèè ïðèâîäÿò ê êëàññó òîæäåñòâåííûõ ìíîæåñòâ Äæó-
ëèÿ, íåñóùåñòâóþùèõ â ñëó÷àå êîìïëåêñíûõ ÷èñåë. Â ñëó÷àå
êâàäðàòè÷íîãî îòîáðàæåíèÿ Xk+1 = εX2

k + C (X,C � áèêâà-
òåðíèîíû ñïåöèàëüíîãî âèäà) ýòè ñèììåòðèè óêàçûâàþò íà òî,
÷òî ôîðìà ôðàêòàëüíûõ ìíîæåñòâ Äæóëèÿ ïîëíîñòüþ îïðåäå-
ëÿåòñÿ äâóìÿ ÷èñëàìè C0 è |C|. Èíâîëþöèè, îïðåäåëåííûå äëÿ
ìíîæåñòâà áèêâàòåðíèîíîâ, ïîçâîëÿþò èññëåäîâàòü äèñêðåò-
íûå ñèììåòðèè ãåîìåòðè÷åñêèõ îáðàçîâ ìíîæåñòâ. Ââåäåíèå
òðåõ ñïåöèàëüíûõ òèïîâ áèêâàòåðíèîíîâ òàêæå îáåñïå÷èâàåò
íåêîòîðîå óäîáñòâî â èçó÷åíèè ñèììåòðèéíûõ ñâîéñòâ àëãî-
ðèòìîâ ïðè äåéñòâèè äèñêðåòíûõ ïðåîáðàçîâàíèé.
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