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Elastic low-energy (below 2 eV) electron scattering by alkaline-
earth atoms and rare-earth itterbium atom to the energy-dependent
intervals of angles of the forward and backward hemispheres is
briefly considered. Energy dependences S  (E ) that characterize

scattering to the above intervals and are experimentally measured
by using a hypocycloidal electron spectrometer are calculated. Using

the 2P- (Be, Mg) and 2D- (Ca, Yb) shape resonances, as an
example, their different influence on the function S  (E ) is

demonstrated. Graphical comparison of the theoretical values of
S  (E ) and the total elastic and differential cross sections is carried
out.

1. The mechanism of shape- and Feshbach-resonance
formation in electron scattering by atoms (ions) at low
(about a few eV) energies is responsible for a strong
interaction between incident and atomic electrons. The
most important component of the general optical
potential (OP) of this interaction, which can be
calculated in various approaches, is due to the
polarization potential responsible for deformation
properties (monopole, dipole, and quadrupole) of the
electron shell of a target atom [1 ¯ 12].

Precise investigation of the low-energy structure in
electron-atom scattering cross sections, and, hence, the
potentials of their interaction requires a modification
of experimental methods. This modification is
necessary to perform precise studies of the scattering
process in more detail. A technique using a
hypocycloidal electron spectrometer (HES) was applied
in [13] to study the peculiarities of low-energy (< 2
eV) electron scattering by Ca atoms. The scattering
occurs at the collision energy E  dependent interval of
angles, and the energy dependence S  (E) is measured.
Earlier, a trochoidal spectrometer was also used to
measure the total cross sections. The function S  (E)
is neither total elastic nor elastic differential scattering
cross sections, but occupies a certain intermediate
place.

Such a nature of S  (E) provides an essential
advantage as compared to the above cross sections
measured, in some cases, with considerable difficulties,
because it allows the preliminary observation of the
features in electron-atom (ion) scattering. The
shortcoming of S  (E) is that the angular interval of

measuring S  (E) is defined by the experimental
parameters. This shortcoming, however, provides a
certain advantage to experimental studies since it
allows this interval to be varied by a simple selection
of some parameters. Note that the less the angular
interval, the better the function S  (E) reflects the
differential peculiarities of the scattering.

Taking into account the mentioned above, it is
evident that a thorough theoretical (preferably
analytical) analysis of the energy dependences under
study and their components can be done considering
them as the functions of collision energy and scattering
characteristics. Such an analysis is being carried out
permanently within last years (see [14 ¯ 16 and re-
ferences therein]). Its goal is to show the possibility
of using the measured energy dependence S  (E) in
studying the peculiarities of the low-energy interaction
with atoms during the scattering process. The
possibility to determine the value and behaviour of
the differential cross section is also important. In
addition, this analysis may serve as a basis for un-
derstanding the physics of the electron interaction with
ions and surfaces in the experiments with the use of
HES (see references in [14]).

In this work, electron scattering by several atoms
of group II and rare-earth Yb atoms is briefly reviewed
in the OP approach. OP [4, 5, 13, 17] takes into
account that Ca and Yb atoms, unlike Be and Mg,
have a stable negative ion in the ns2np configuration.
Thus, 2P- and 2D-resonances are revealed in the low-
energy electron scattering by Be, Mg [17] and Ca,
Sr, Ba, Yb, respectively [4, 5]. Hence, it is quite
important to compare the origin of the P- and D-
resonances in the energy  dependence S  (E).

2. The function S  (E) is related to the differential
scattering cross section [4, 5, 13]

S  (E) =  2π  ∫  
θ1

θ2

 d  θ sin θ 
dσ (E ,  θ)

d  θ . (1)

The boundary angles θ1 and θ2 are the functions of
electron energy E . In the case of the elastic electron
scattering with the experimental technique that uses
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HES, the scattering angle is defined by the following
relation to the experimental parameters [13, 14, 18,
19], in the particular case of the point-like electron
beam entrance to the collision region:

θ (E) =  arcsin √eUA  −  K/ D2

E
,    K  =  

Er

B
 L 





2e
m





− 1/ 2

.

(2)

In this formula, D is a spatial electron shift in the
analyzer drift region, Er and B are the electric and
magnetic field strengths, respectively, L is an analyzer
length, UA  is an analyzer potential, and e, m are
electron charge and mass, respectively. If the analyzer
has the ∆  D =  D2 −  D1 wide exit aperture, then an
electron will pass the analyzer provided it was scattered
within the ∆  θ =  θ1 (D2) −  θ2 (D1) angular range.

Thus, the energy dependences of angles for the
scattering in the forward and backward hemispheres
are, respectively:

θ1,2 (E) =  arcsin (a1,2/ E)1/ 2,

θ1,2 (E) =  180° +
__

 arcsin (b/ E)1/ 2. (3)

The values a1,2,  b are related to the experimental
conditions considered above and to the characteristics
from (2). To study the electron backscattering from
metal ions and thin films, all the HES components
are used similarly to the case of scattering from atoms
(see references in [14]). However, the position of the
analyzer with respect to the collision chamber is
changed [18].

In [13, 19], the elastic electron scattering by Ca
atoms was investigated in the energy-dependent mode.
In this case, the analyzer potential was UA  =  0.55 V,
and the respective constants were a1 =  0.482 eV,
a2 =  0.508 eV. For the measurements at small energies,
this potential is decreased and, for UA  =  0.20 V,
a1 =  0.0949 eV, a2 =  0.155 eV. The angular curves
θ1,2 (E) from (3) are presented in [16] (see also [14,
15]) with above two angular intervals of electron
scattering to the forward hemisphere. At the initial
energies, the values of angles for the above-mentioned
constants a1,2 are as follows: E  =  0.508 eV ¯
θ1 ≈  77°, θ2 =  90°; E  =  0.155 ¯ θ1 ≈  51.6°, θ2 =  90°.
At the final energy E  =  2 eV ¯ θ1 ≈  29.4°,
θ2 =  30.3°; θ1 ≈  12.6°, θ2 =  16.2° for both constants,
respectively. As we see, the value of 90°, at which
the Legendre polynomial P1 (cos θ) =  0, is at the upper
boundary of each interval only for the initial energy
value. The magic angle 54.7°, for which
P2 (cos θ) =  0, lies inside these intervals both at the
initial energy and with increase in the energy. At

E  > 0.76 eV (for the first angular interval) and
E  > 0.235 eV (for the second one), this angle goes
beyond the boundaries. On scattering in the backward
hemisphere for b =  0.1 eV (see the respective curves
in figures in [15, 16]) and at the initial energy
E  =  b −  θ1 =  90°, θ2 =  270° and at the final E  =  2 eV
¯ θ1 ≈  167°, θ2 ≈  193°.

From the partial wave expansion for the scattering
amplitude and from (1), one can easily obtain the
following general expression for S  (E) [14, 16]:

S  (E) =  ∑ 
l

σl (E) Qll (E) +  
π
E

 ∑ 
l,l′>l

  √(2l +  1)(2l ′  +  1)  ×

×  [ ηl sin 2δ
__

l ⋅  ηl′ sin 2δ
__

l′ +  

+  (1 −  ηl cos 2δ
__

l)(1 −  ηl′ cos 2δ
__

l′)]  Qll′ (E). (4)

Here, δ
__

l (E) is the real part and ηl (E) is connected
with the imaginary part of the phase shift
δl (E) =  δ

__
l (E) +  i η

__
l (E), ηl =  exp (− 2 η

__
l); σl (E) is the

elastic partial cross section; energy-dependent
functions Qll′ (E) are related to the Legendre polyno-
mials Pl (cos θ) [14 ¯ 16]. Functions Qll′ (E) have a
very important meaning, because they play the role
of Legendre polynomials in the energy-dependent
S  (E) and describe the scattering kinematics in this
formalism. Note that, for standard scaterring angles
(θ1 =  θ,  θ2 =  π), S  (E) coincides with the elastic cross
section.

If, in some partial wave l, the resonance may occur,
then it is convenient, similarly to the case of differential
and total cross sections [20], to present the energy
dependence (4) in the following potential-resonance
form:

S  (E) =  Spot (E) +  S l
r (E). (5)

In (5), Spot (E) describes only the potential part of
electron scattering (for real OP),

Spot (E) =  
1

2π  ∑ 
s,t

  √(2s +  1)(2t +  1)  ×

×  sin δs sin δt cos (δs −  δt) Qst (E), (6)

and the second term describes the resonance side of
scattering (a resonance with energy E  l

r and width Γl),
which defines the structure of the energy dependence
S  (E):

S  l
r (E) =  

Γl

2
 
Al (E)(E  −  E  l

r ) +  Bl (E) Γl / 2

(E  −  E  l
r )2 +  Γ l

2 /  4
.

(7)
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The antisymmetric Al (E) and symmetric Bl (E)
amplitudes in (7) have the following forms:

Al (E) =  −  
√2l +  1

4π  [ √2l +  1  sin 2δl
0 Qll (E) +

+  2 ∑ 
s≠  l

  √2s +  1  sin δs cos (2δ l
0 −  δs) Qsl (E)] ,

Bl (E) =  
√2l +  1

4π  [ √2l +  1  cos 2δl
0 Qll (E) −

−  2 ∑ 
s≠  l

  √2s +  1  sin δs sin (2δ l
0 −  δs) Qsl (E)] . (8)

In (8), δ l
0 is the potential (or background) part of

the resonance phase shift [14, 16] (sign '0“ indicates
the potential part of this phase, i.e. the important value
that defines the interference of the potential and
resonance scattering types). In [20], partition (5) and
expression (7) were suggested to analyze the total and
differential experimental cross sections for the
resonance electron scattering by atoms aimed at the
possible determination of the resonance characteristics
and value of δ l

0 and at the investigation of the potential
and resonance scattering interference.

Note that, as calculations of the phase function [4,
5] showed, the value of δ l

0 for l ≥  2 at low energies
is quite small (< 0.01 rad) for alkaline-earth atoms
indicating a weak penetration of d- and higher partial
waves inside the target atom and, therefore, the weak
attractive and strong repulsive potential action of the
effective (together with the centrifugical term) OP on
these waves.

We can see from (7) that the resonance existing
in the l-th wave can lead to the nonmonotonous
behaviour of S  l

r (E) (and S  (E)) revealed as a minimum
and maximum. In this case, the energy position of
the resonance lies between these extrema. The non-
monotonuos character is defined by amplitudes (8),
whose energy dependence is, to a certain extent, due
to the functions Qll′ (E). This will take place even if

δ l
0 =  0 or π/ 2, whereas the total cross section has

only a minimum or maximum [20], respectively, in
this case.

The phase shifts δl (E) [4, 5, 17] used in the present
paper were calculated with the help of the complex
or real OP within the framework of the variable phase
function method. OP of electron interaction with the
target atom has the following form (see [1 ¯ 5, 21
and references therein]) (in atomic units
h =  e =  m e =  1):

Vopt (r,  E) =  VR  (r,  E) +  iVabs (r,  E),
(9)

where the real part is

VR  (r,  E) =  VS  (r) +  VX  (r,  E) +  Vpol (r). (10)

VS  (r) is the static potential of the atom, which
describes the direct electrostatic interaction of the
incident electron with the nucleus (with charge Z ) and
electron shells (with electron density ρ (r)):

VS  (r) =  −  
Z
r

 +  VH (r),    VH (r) =  ∫  dr ′  
ρ (r ′  )

| r −  r ′ | . (11)

The exchange potential VX  (r,  E) in (10) is
calculated in the local approximation for the exchange
interaction between the incident electron and target
electrons. It is also defined in the free-electron gas
approximation with the local Fermi momentum for
atomic electrons kF (r) as

VX  (r,  E) =  −  
kF (r)

π  


1 +  
1 −  ξ2

2ξ  ln 




1 +  ξ
1 −  ξ









,

kF (r) =  [ 3π2 ρ (r)] 1/ 3, (12)

and

ξ =  kS  (r)/ kF (r),   kS  (r) =  k 2 +  k F
2  (r) +

+  2I/ [ 1 +  (kr)2 /  2] ,   k 2 =  2E . (13)

Here, I stands for the ionization potential.
The polarization potential Vpol (r) describes the

effects of deformation of the target electron shell under
influence of the incident electron. When modelling the
dipole and quadrupole deformation, this potential is

Vpol (r,  rc) =  −  αd (0) W 6 (r,  rc)/ 2r4 −

−  αq (0) W 8 (r,  rc)/ 2r6, (14)

where αd (0),  αq (0) are the dipole and quadrupole
static polarizabilities, and rc is an adjustable parameter.
The restricted function W m  (r,  x) is defined as

W m  (r,  x) =  1 −  exp [ −  (r/ x)m  ] . (15)

The absorption potential Vabs (r,  E) differs from zero
only for the energies higher than the inelastic
threshold. This potential takes into account the
absorption effects in the approximation of quasifree
electron scattering with the Pauli blocking:

Vabs (r,  E) =  −  υloc (r,  E) ρ (r) σb (r,  E)/ 2 ,
(16)
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where the local speed of the scattered electron is 

υloc (r,  E) =  {2 [ E  −  VS  (r) −  VX  (r,  E)] }1/ 2. (17)

The total cross section σb for Pauli-allowed electron-
electron collision events is

σb (r,  E) =  [ 4π/ 5Ek F
3  (r)]  f (r,  E),

f =  











f1,  ∆  +  k F
2  (r) ≤  E ,

f1 +  f2,  ∆  +  k F
2  (r)/ 2 ≤  E  ≤  ∆  +  k F

2  (r),

0,  E  ≤  ∆  +  kF
2  (r)/ 2,

 (18)

where

f1 =  5k F
3  (r)/ 2∆  −  k F

3  (r) ×

×  [ 10E  −  3k F
2  (r)] / [ 2E  −  k F

2  (r)] 2,

f2 =  27/ 2 [ k F
2  (r) +  ∆  −  E] 5/ 2/ [ 2E  −  k F

2  (r)] 2

and ∆  is the energy gap between the ground and first
excited states of the target. Its values for Be, Mg, Ca
and Yb are 2.73, 2.71, 1.88 , and 2.14 eV, respectively.

The electron density ρ (r) and, consequently, the
static potential VS  (r) are determined in the ordinary
approximations widely used in the atomic-structure
calculations: the Thomas ¯ Fermi approximation with
various corrections and fitting parameters, Hartree ¯
Fock (Hartree) method, the density functional theory
(as in our case), and others. These approximations
can also include some relativistic corrections. Note, that
no partitioning of the atomic (ionic) target electrons
into the valence electrons and core electrons is
performed, in this OP approach, and the incident
electron interacts with the whole shell.

Frequently, the analytic expressions or equations for
the potentials VX ,  Vpol, and Vabs can contain the fitting
parameters, which are determined from the available
spectroscopic characteristics of the system under
consideration. In our calculations of phase shifts for
Ca and Yb [4, 5], only one adjustable parameter
rc is used and is found from the condition that the

negative Ca−  or Yb−  ion (and, similarily, Sr−  and
Ba−  ) exists with the affinity energy of 43 ±  7 and
54 ±  27 meV, respectively (see ref. in [4, 5]).

Phase shifts for Be and Mg atoms in [1] (used in
this paper) were calculated by means of the dipole
polarization potential similar to that in (14) but with-
out the restriction function W 6. In [1, 2], this potential
was used for the same distance r0, the value of which
was found from the condition of equality of the
polarization and centrifuginal potentials. At small

distances (< r0), the potential is proportional to r. Note
here that in [3] the total scattering cross section at
low (< 5 eV) electron energies and differential one at
intermediate (10, 20, 40 eV) electron energies were
calculated for a Mg atom with the use of the adiabatic
polarization potential.

3. The first numerical evaluation of S  (E) and its
comparison with the experiment (a1 =  0.482 eV,
a2 =  0.508 eV) (see the respective curve in the Figure
for Ca atom) were carried out in [4, 5, 13] for the
electron scattering by Ca to the forward hemisphere.
Its nonmonotonous behaviour in the resonance region

(E  2
r  =  0.87 eV, Γ2 =  0.98 eV) was revealed and the

maximum S  (E) value at E  =  1.2 eV coincides with
the experimental one.

The analytical description of S  (E) [14] was applied
for the forward electron scattering by Ca, and the
analysis clearly demonstrates that its shape is related
to the kinematic (angular) and dynamic (resonance)
peculiarities of the scattering process. The shape of
S  (E) in this work was analyzed due to the description
via the direct, interference, resonance, and
nonresonance terms. The term-to-term inclusion of
partial waves in the calculation of S  (E) has revealed
a minimum and maximum of this function, starting
from the d-wave inclusion. S  (E) has only qualitatively
some features specific of the elastic σ (E) and
differential d  σ/ d  θ cross sections.

In [16], the theoretical function S  (E) for the
forward (a1 =  0.482 eV, a2 =  0.508 eV for Sr and Ba
and a1 =  0.0949 eV, a2 =  0.155 eV for Ba only) and
backward (b =  0.1 eV for both atoms) electron
scattering by Sr, Ba is considered. Important influence

of the  2D-resonances (E  2
r  =  0.60 eV, Γ2 =  0.68 eV;

E  2
r  =  0.34 eV, Γ2 =  0.13 eV, respectively) on S  (E)

was demonstrated. Moreover, in the Ba atom case due
to the small resonance energy, a qualitatively
coinsidence for S  (E), σ (E) and d  σ/ d  θ was
demonstrated using the small values of a1,2 for a
possible experiment. Electron scattering by these atoms
to the backward hemisphere of angles is also defined
by the 2D-resonance, especially in the Ba atom case.

In [17], the 2P-resonances for Be and Mg atoms
were calculated in the OP approach, and then more
accurate calculations gave the following parameters:

E  1
r  =  0.40 eV, Γ1 =  0.84 eV and E  1

r  =  0.25 eV,
Γ1 =  0.84 eV, respectively, defined from the energy
phase shifts behaviour. In [1], for these atoms (Be,
Mg) in the so-called static-exchange-polarization
approximation, the following values of parameters were

obtained only for the 2P-resonances: E  1
r  =  0.195 eV,

Γ1 =  0.283 eV and E  1
r  =  0.161 eV, Γ1 =  0.283 eV,

respectively. In [2], these values were obtained more
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Energy dependences S  (E ) (1), differential d σ/ d θ (2) (for the average angle value and at 180°), and total elastic σ (E ) (3 ) cross sections (in atomic
units) for electron scattering by Be, Mg, Ca, Yb atoms to the forward (upper part) and backward (bottom) hemispheres of angles. 1, 2 ¯
a1  =  0.482 eV, a2  =  0.508 eV; 1′ ,  2′  ¯ a1  =  0.0949 eV, a2  =  0.155 eV
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accurately due to the expansion in the function basis
and to the use of more accurate polarizability values.
The following values of parameters of the 2P- (for Be,
Mg) and 2D- (for Mg) resonances were obtained: Be
¯ E  1

r  =  0.14 eV, Γ1 =  0.13 eV; Mg ¯ E  1
r  =  0.14 eV,

Γ1 =  0.24 eV; E  2
r  =  1.74 eV, Γ2 =  3.27 eV. Also the

following resonance parameters of the 2P- and 2D-
resonances were obtained for the Ca atom:
E  1

r  =  0.06 eV, Γ1 =  0.10 eV; E  2
r  =  0.70 eV,

Γ2 =  0.57 eV.

In [22], the 2P-resonance for Be at 0.13 eV was
calculated by the close-coupling method. But, for Mg
atom, the 2P-resonance was not obtained because of
the small number of channels used. In [21, 23], the
R -matrix method with pseudostates was applied to
obtain the 2P-resonance in Mg at the 0.17 energy giving
a good coincidence with the experimental data at 0.16
eV [24] and 0.15 eV [25].

As seen, the theoretical results are defined to a great
extent by the approximation used. The first-principle
calculations are quite labour-consuming.

Note that, in the theoretical works [11, 12], the
function S  (E) for the electron scattering by Ca atoms
calculated and measured in [4, 5, 13] has been
erroneously identified with the total elastic cross
section. In [11, 12], our S  (E) was normalized to the
calculated cross section and not considered as a new
independent and additional experimental charac-
teristic, inherent in the novel methods using HES.
Calculations in [11] were carried out in the close-
coupling approximation for six S, P, D singlet and
triplet states with the use of the R-matrix method.
In [12], for e-Ca scattering, the influence of core-
valence electron correlations was studied. The
calculations were carried out in the close-coupling
approximation for five states of a Ca atom (three singlet
(S, P, D) and two triplet (P, D) ones) and with the
use of the R -matrix method. In [11], the 2D-resonance
was calculated at E  2

r  =  1.2 eV, while, in [12], it was
calculated without the above-mentioned correlations at
E  2

r  =  1.1 eV and with correlations at 1.3 eV.
In Figure, we present the dependences S  (E),

d  σ/ d  θ, and σ (E) for the electron scattering to the
forward (upper part) and backward (bottom)
hemispheres by Be, Mg for three partial waves and
by Ca, Yb for five partial waves. The energy depend-
ence of differential cross sections was calculated for
the average angle θ (E) =  [ θ1 (E) +  θ2 (E)] / 2.

F o r w a r d  s c a t t e r i n g. Electron scattering
by Be, Mg atoms is characterized by the 2P-shape
resonance with the above-mentioned parameters [17].
The shape of S  (E) for the scattering by Be and Mg
is similar to σ (E). For the initial (0.6 ¯ 0.7 eV) energy

values (for a1 =  0.482 eV, a2 =  0.508 eV), it is defined
by Q00,  Q01 [15] with maxima in this region. The
contribution from Q11 is small. The coincidence of
S  (E) and σ (E) in the Mg case is better for
a1 =  0.0949 eV, a2 =  0.155 eV ((see Mg in Figure and
compare curves 1, 1 ′  for S  (E) and 2,  2 ′  for
d  σ/ d  θ), and the contribution from Q11 is larger. This
agrees with the similar behaviour of S  (E) for Ba [16].
Zero value of the Legendre polynomial P1 (cos θ) at
90° (initial energy value) plays no role, probably, due
to the fact that this angle lies at the end of the interval.
One more possible reason is the large width of the
angular interval at the initial energy, i.e.,  ~  13° and
38° for different a1,2.

The functions S  (E) for the electron scattering by
Ca and Yb (a1 =  0.482 eV, a2 =  0.508 eV) are similar
because the resonances in these cases have the same
parameters (Ca ¯ E  2

r  =  0.87 eV, Γ2 =  0.98 eV; Yb

¯ E  2
r  =  0.89 eV, Γ2 =  0.89 eV). The shape of

S  (E) for the scattering by Ca and Yb is very different
from σ (E) because of the zero values of
Q2i (i =  0 ÷  4) at 0.7 eV  [ 15]  (from the magic angle
54.7°) that defines the nonmonotonous character of

S  (E) and indicates the 2D-resonance. A difference be-
tween S  (E) and d  σ/ d  θ remains very large. The
angular interval width is small in this case,
~  2.5 −  3°.

B a c k w a r d  s c a t t e r i n g. At the initial
(0.1 ¯ 0.3 eV) energy values, the functions
Qij (E) (i,  j =  0,  1) [15] play a principal role in the
shape of S  (E) for Be, Mg. However, the behaviour
of Q00 (> 0) almost coincides with Q01 (< 0), and the
main contribution is due to Q11.

Q2i functions (see [14, 15]) have more complicated
behaviour: zero values, extreme points (positive and
negative) reflected in S  (E) for Ca and Yb. The shape
of S  (E) partially coincides with d  σ/ d  θ at 180°.

Most likely, just the large width of the angular
interval within the entire energy range, including
resonance energies, does not allow one to reveal them
effectively by means of the functions S  (E).

4. The resonance mechanism of the electron
scattering by atomic systems is very clearly defined
from the energy dependences S  (E). The low-energy
resonances on the scattering to the forward hemisphere
should be found by means of S  (E) with the smallest
values of the constants a1,2.

Peculiarities of S  (E) for the forward scattering show
an evidence for the resonance interaction properties
better than those in the total elastic or differential
cross sections. The manifestation of the 2P- and 2D-
resonances in this function is very different, and this
favours their identification in scattering processes.
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Nevertheless, one has to calculate the phase shifts and
S  (E) functions with optical potentials, in which the
polarization and exchange potentials are calculated in
different approximations. This will stimulate new
experiments on electron-atom scattering, including
those angular intervals (e.g., converging to some chosen
angles: 54.7, 90, 120°) that will allow one to find clearly
both the resonance and other peculiarities of the
interaction process.

The nonmonotonous energy behaviour of S  (E)
resulted from (7) may be revealed only in the form
of a maximum due to the influence of the kinematic
term Qll′ (E).

The energy dependence S  (E) for backward
scattering has no nonmonotonous features due to the
resonances and is characterized by a monotonous
decrease with increase in the collision energy.

We are grateful to Dr. A.V.Snegursky for very
helpful discussion.
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