
D. SHKLYAROV, S. SINEL'SHCHIKOV, A. STOLIN, L. VAKSMAN

ON A q-ANALOGUE OF THE PENROSE TRANSFORM 1

D. SHKLYAROV, S. SINEL'SHCHIKOV, A. STOLIN 1, L. VAKSMAN

UDC 538.9; 538.915; 517.957
c©2002

Institute for Low temperature Physics & Engineering
(47 Lenin Ave., 61164 Kharkiv, Ukraine;
e-mail: sinelshchikov@ilt.kharkov.ua, vaksman@ilt.kharkov.ua),

1Chalmers Tekniska H�ogskola, Mathematik
(412 96, G�oteborg, Sweden; e-mail: astolin@math.chalmers.se)

In the framework of the theory of quantum groups and their
homogeneous spaces we consider two geometric realizations for
the ladder representation of the quantum group SU(2, 2) and
their intertwining linear transformation which is a q-analogue
of the Penrose transform. Our results hint that a great deal of
constructions specific for the theory of quasi-coherent G-sheaves
admit non-commutative analogues.

1. Introduction

In the framework of the theory of quantum groups and
their homogeneous spaces, we consider two geometric
realizations for the quantum ladder representation,
together with an intertwining linear transformation �
the quantum Penrose transform.

In section 2, we supply a preliminary material on
the classical Penrose transform and prove (1). The q-
analogue of (1) is to be used in Section 3 to produce a
quantum Penrose transform.

Our results hint that a great deal of constructions
specific of the theory of quasi-coherent sheaves admit
non-commutative analogues. This research is motivated
by a possibility to use the results of non-commutative
algebraic geometry for producing and studying Harish-
Chandra modules over quantum universal enveloping
algebras.

There is a plenty of literature on the Penrose
transform, quantum groups, and non-commutative
algebraic geometry. We restrict ourselves to mentioning
monographs [2, 6, 3], papers [1, 10], and preprint [9].

Note that noncommutative analogues for the Penrose
transform and covariant differential operators are also
considered in preprints [8, 12] and in papers [5, 4, 7],
respectively, in a completely different context.

2. The Classical Case

To recall the definition of the Penrose transform, we
restrict ourselves to a simplest substantial example. In
this special case, the Penrose transform intertwines the
cohomology of the sheaf O(−2) on

U ′ = {(u1 : u2 : u3 : u4) ∈ CP3|u3 6= 0 or u4 6= 0}

and sections of the sheaf O(−1) on some open affine
submanifold of the Grassmann manifold Gr2(C4) ↪→
CP

5. Instead of the Grassmann manifold, we prefer
to consider the Stifel manifold of ordered linear
independent pairs of vectors in C4. In this context, the
GL2-covariant sections on the Stifel manifold work as
sections of the sheaf O(−1) on Gr2(C4).

To each matrix t = (tij)i=1,2;j=1,2,3,4 ∈ Mat2,4,
associate the pairs of vectors in C4:

(t11, t12, t13, t14), (t21, t22, t23, t24).

Consider U ′′ = {t ∈ Mat2,4| t13t24 − t14t23 6= 0}. Every
point u = (u1 : u2 : u3 : u4) ∈ U ′ determines a one-
dimensional subspace Lu ⊂ C4, and every point t ∈ U ′′
determines a two-dimensional subspace Lt generated by
the vectors of the corresponding pair. Let U = {(u, t) ∈
U ′ × U ′′|Lu ⊂ Lt}. We thus get a 'double fibration'
U ′ ←

η
U →

τ
U ′′, which leads to the Penrose transform. It

should be noted that every line Lt is of the form

L = C(ζ1, ζ2)
(
t11 t12 t13 t14

t21 t22 t23 t24

)
, (ζ1, ζ2) ∈ C2.

Hence, the above double fibration is isomorphic to the
double fibration

U ′ ←
π
CP

1 × U ′′ →
pr2

U ′′,
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with

π :
(

(ζ1 : ζ2),
(
t11 t12 t13 t14

t21 t22 t23 t24

))
7→

7→ ((ζ1t11 + ζ2t21) : (ζ1t12 + ζ2t22) : (ζ1t13+

+ζ2t23) : (ζ1t14 + ζ2t24)).

We thus get a coordinate description for the double
fibration in question; this coordinate description is going
to be implicit in all subsequent computations. Let us look
at the cohomologies.

Consider an open affine cover U ′ = U1 ∪ U2,

U1 = {(u1 : u2 : u3 : u4) ∈ U ′|u3 6= 0},
U2 = {(u1 : u2 : u3 : u4) ∈ U ′|u4 6= 0},

and compute the �Cech cohomology Ȟ1(U ′,O(−2)).
Let C[u1, u2, u

±1
3 , u±1

4 ] be the Laurent polynomials
in indeterminates u3, u4, with coefficients from
C[u1, u2]. In a similar way,introduce C[u1, u2, u

±1
3 , u4],

C[u1, u2, u3, u
±1
4 ]; of course, these appear to be Usl4-

modules.
It follows from the definition of the �Cech complex

that there exists a natural isomorphism of Usl4-modules:

Ȟ1(U ′,O(−2)) =

= {f ∈ C[u1, u2, u
±1
3 , u±1

4 ]
/(
C[u1, u2, u

±1
3 , u4] +

+C[u1, u2, u3, u
±1
4 ]
)∣∣ deg f = −2}.

Hence, the Laurent polynomials

uj11 u
j2
2

uj33 u
j4
4

, j3 ≥ 1 & j4 ≥ 1 & j3 + j4 = j1 + j2 + 2,

form a basis of the vector space H1(U ′,O(−2)).
Consider the trivial bundle over U ′′ with fiber

H1(CP1,O(−2)). It is known that H1(CP1,O(−2)) ' C,
and the isomorphism is available via choosing an open
affine cover CP1 = {(ζ1 : ζ2)| ζ1 6= 0}∪{(ζ1 : ζ2)| ζ2 6= 0}.
Specifically,

∑
j+k=−2

cjkζ
j
1ζ
k
2 7→ c−1,−1. In a different

notation, f 7→ CT(ζ1ζ2f), with CT :
∑
j,k

cjkζ
j
1ζ
k
2 7→ c00

(the constant term of a series). Now Pf is defined
as a higher direct image of the cohomology class η∗f :
Pf = τ1

∗ η
∗f . The linear map τ1

∗ is called the integration

along the fibers of τ . We restrict ourselves to computing
this 'integral' inside the infinitesimal neighborhood of

t0 =
(

0 0 0 1
0 0 1 0

)
by using formal series in t11, t12,

t13, t
−1
14 , t21, t

−1
23 , t24 with coefficients from C[ζ±1

1 , ζ±1
2 ].

Of course, η∗ : f(u) 7→ f(ζt). So, in the coordinate
description

P : f(u) 7→ CTζ(ζ1ζ2f(ζt)),
f ∈ u−1

3 u−1
4 C[u1, u2, u

−1
3 , u−1

4 ], (1)

with CTζ being the constant term in the indeterminate
ζ. Example. Compute P(1/(u3u4)). One has:

1
ζ1t13 + ζ2t23

=
1

ζ2t23

∞∑
i=0

(−1)i
(
ζ1t13

ζ2t23

)i
,

1
ζ1t14 + ζ2t24

=
1

ζ1t14

∞∑
j=0

(−1)j
(
ζ2t24

ζ1t14

)j
.

Hence,

P

(
1

u3u4

)
=

= CTζ

 1
t23t14

∞∑
i,j=0

(−1)i+j
(
ζ1t13

ζ2t23

)i(
ζ2t24

ζ1t14

)j =

=
1

t23t14

∞∑
k=0

(
t13t24

t23t14

)k
=

1
t23t14

· 1
1− t13t24

t23t14

=

= − 1
t13t24 − t14t23

.

Remark. It is known that the Penrose transform is
an isomorphism between the two realizations for the
'ladder' representation of sl4: the representation in
H1(U ′,O(−2)) and the representation in

{ψ(z1
1 , z

1
2 , z

2
1 , z

2
2)(t13t24 − t14t23)−1 ∈

∈ H0(U ′′,O(−1))|�ψ = 0},

where �ψ
def=

∂2ψ

∂z1
1∂z

2
2

− ∂2ψ

∂z1
2∂z

2
1

, and

z1
1 =

t11t23 − t13t21

t13t24 − t14t23
, z1

2 =
t12t23 − t13t22

t13t24 − t14t23
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z2
1 =

t11t24 − t14t21

t13t24 − t14t23
, z2

2 =
t12t24 − t14t22

t13t24 − t14t23
.

The vectors 1/(u3u4) and 1/(t13t24 − t14t23) are lowest
weight vectors for the above representations of sl4. Of
course, z1

1 , z
1
2 , z

2
1 , z

2
2 can be considered as the standard

coordinates on the big cell t13t24 − t14t23 6= 0 of the
Grassmanian Gr2(C4).

3. The Quantum Case

In the previous section, we have produced formula
(1) which can be treated as a definition of the
Penrose transform in the classical case. Now our
intention is to produce a q-analogue of (1). The
principal difference from the constructions of Section
2 is in replacement of the functors η∗, τ1

∗ of the
sheaf theory with the corresponding morphisms of
Uqsl4-modules. Here, Uqsl4 is a quantum universal
enveloping algebra. It is a Hopf algebra over the
ground field C(q) and is determined by the generators
{Ei, Fi,K±1

i }i=1,2,3 and the well-known Drinfeld-Jimbo
relations [6].)

The quantum projective space CP3
quant is defined in

terms of a Z+-graded algebra C[u1, u2, u3, u4]q whose
generators u1, u2, u3, u4 are subject to the commutation
relations

uiuj = qujui, i < j.

Just as in the classical case, deg uk = 1, k = 1, 2, 3, 4.
The localization C[u1, u2, u

±1
3 , u±1

4 ]q of C[u1, u2, u3, u4]q
with respect to the multiplicative system (u3u4)N is
equipped in a standard way with a structure of Uqsl4-
module algebra. The subalgebras C[u1, u2, u

±1
3 , u4]q,

C[u1, u2, u3, u
±1
4 ]q constitute Uqsl4-submodules of the

Uqsl4-module C[u1, u2, u
±1
3 , u±1

4 ]q. Thus, we come
to

V ′ = C[u1, u2, u
±1
3 , u±1

4 ]q/
(
C[u1, u2, u

±1
3 , u4]q +

+ C[u1, u2, u3, u
±1
4 ]q

)
(2)

as a q-analogue of the Usl4-module H1(U ′,O(−2)).
We have produced a q-analogue for the first

geometric realization of the 'ladder representation'.
Turn to a construction of its second geometric
realization.

The algebra C[Mat2,4]q of polynomials on the
quantum matrix space is determined by its generators

{tij}i=1,2;j=1,2,3,4 and the well-known commutation
relations

tiktjk = qtjktik, tkitkj = qtkjtki, i < j,

tijtkl = tkltij , i < k, j > l,

tijtkl − tkltij = (q − q−1)tiktjl, i < k, j < l.

The element t = t13t24 − qt14t23 quasi-commutes
with all the generators tij , i = 1, 2, j = 1, 2, 3, 4.
Let C[Mat2,4]q,t be a localization of C[Mat2,4]q with
respect to the multiplicative system tN and Uqsl2 the
quantum universal enveloping algebra (determined by
the generators E, F , K±1 and the Drinfeld-Jimbo
relations).
C[Mat2,4]q,t is equipped in a standard way with a

structure of Uqsl2⊗Uqsl4-module algebra. In particular,
C[Mat2,4]q,t is a Uqsl4-module algebra.

Introduce the notation:

z1
1 = t−1(t11t23 − qt13t21),

z1
2 = t−1(t12t23 − qt13t22),

z2
1 = t−1(t11t24 − qt14t21),

z2
2 = t−1(t12t24 − qt14t22).

It is well known and easily deducible that

zikz
j
k = qzjkz

i
k, zki z

k
j = qzkj z

k
i , i < j,

zijz
k
l = zkl z

i
j , i < k, j > l,

zijz
k
l − zkl zij = (q − q−1)zikz

j
l , i < k, j < l.

It follows that the subalgebra generated by z1
1 ,

z1
2 , z2

1 , z2
2 is 'canonically' isomorphic to the

algebra C[Mat2,2]q of 'polynomials on the quantum
matrix space'. It is easy to demonstrate that
C[Mat2,2]qt−1 is a Uqsl4-submodule of the Uqsl4-module
C[Mat2,4]q,t.

The simple submodule of the Uqsl4-module
C[Mat2,2]qt−1 we are interested in is distinguished
via a q-analogue �q of the wave operator
�:

�q =
∂

∂z1
1

∂

∂z2
2

− q ∂

∂z1
2

∂

∂z2
1

.

Specifically, V ′′ = {ψt−1|�qψ = 0, ψ ∈ C[Mat2,2]q}. It

is worth to note that the operators
∂

∂zij
are defined in

terms of a Uqsl4-invariant first order differential calculus
in C[Mat2,2]q:

df =
∑
i,j

∂f

∂zij
dzij .
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In turn, this first order differential calculus is defined by
the following well-known 'commutation' relations:
z1

1dz
1
1 = q−2dz1

1 · z1
1

z1
1dz

1
2 = q−1dz1

2 · z1
1

z1
1dz

2
1 = q−1dz2

1 · z1
1

z1
1dz

2
2 = dz2

2 · z1
1

z1
2dz

1
1 = q−1dz1

1 · z1
2 + (q−2 − 1)dz1

2 · z1
1

z1
2dz

1
2 = q−2dz1

2 · z1
2

z1
2dz

2
1 = dz2

1 · z1
2 + (q−1 − q)dz2

2 · z1
1

z1
2dz

2
2 = q−1dz2

2 · z1
2

z2
1dz

1
1 = q−1dz1

1 · z2
1 + (q−2 − 1)dz2

1 · z1
1

z2
1dz

1
2 = dz1

2 · z2
1 + (q−1 − q)dz2

2 · z1
1

z2
1dz

2
1 = q−2dz2

1 · z2
1

z2
1dz

2
2 = q−1dz2

2 · z2
1

z2
2dz

1
1 = dz1

1 · z2
2 + (q−1 − q)dz1

2 · z2
1+

+(q−1 − q)dz2
1 · z1

2 + (q−1 − q)2dz2
2 · z1

1

z2
2dz

1
2 = q−1dz1

2 · z2
2 + (q−2 − 1)dz2

2 · z1
2

z2
2dz

2
1 = q−1dz2

1 · z2
2 + (q−2 − 1)dz2

2 · z2
1

z2
2dz

2
2 = q−2dz2

2 · z2
2

We thus get two Uqsl4-modules V ′, V ′′; our intention
is to find an explicit form of the linear map which
provides an isomorphism P : V ′ → V ′′.

We follow the ideas of classical constructions
described in Section 2 in considering the quantum
projective space CP1

quant. More precisely, let us consider
a Z+-graded algebra C[ζ1, ζ2]q:

ζ1ζ2 = qζ2ζ1, deg(ζ1) = deg(ζ2) = 1,

together with its localization C[ζ±1
1 , ζ±1

2 ]q with respect
to the multiplicative system (ζ1ζ2)N. The algebra
C[ζ±1

1 , ζ±1
2 ]q is equipped in a standard way with

a structure of Uqsl2-module algebra. The following
homomorphism of algebras will work as the operator
f(u) 7→ f(ζt):

η∗ : C[u1, u2, u3, u4]q → C[ζ1, ζ2]q ⊗ C[Mat2,4]q,
η∗ : uj 7→ ζ1 ⊗ t1j + ζ2 ⊗ t2j , j = 1, 2, 3, 4.

To follow the constructions of Section 2, we have to
invert the elements ζ1⊗ t13 + ζ2⊗ t23, ζ1⊗ t14 + ζ2⊗ t24

in a suitable localization of C[ζ±1
1 , ζ±1

2 ]q ⊗ C[Mat2,4]q,t.
It is easy to verify that

(t14t23)2 · C[Mat2,4]q,t ⊂ C[Mat2,4]q,t · (t14t23),

C[Mat2,4]q,t · (t14t23)2 ⊂ (t14t23) · C[Mat2,4]q,t.

Thus, we have a well-defined localization of
C[Mat2,4]q,t with respect to the multiplicative system
(t14t23)N. In an appropriate completion of this algebra,
one has the following relations:

(ζ1 ⊗ t13 + ζ2 ⊗ t23)−1 =

= (ζ2 ⊗ t23)−1
∞∑
i=0

(−1)i
(
ζ1ζ
−1
2

)i ⊗ (t13t
−1
23

)i
,

(ζ1 ⊗ t14 + ζ2 ⊗ t24)−1 =

=

 ∞∑
j=0

(−1)j
(
ζ−1
1 ζ2

)j ⊗ (t−1
14 t24

)j (ζ1 ⊗ t14)−1.

We define the quantum Penrose transform by

Pqf = (CT⊗ id)(ζ1ζ2 ⊗ 1)(η∗f),

where, just as above, CT :
∑
ij

cijζ
i
1ζ
j
2 7→ c−1,−1, and f

belongs to the linear span of the elements

uj11 u
j2
2 u
−j3
3 u−j44 , j3 ≥ 1 j4 ≥ 1 j1 + j2 − j3 − j4 = −2.

(3)

Now (3.) determines a Uqsl4-module structure in this
linear span since monomials (3) form a basis in the vector
space V ′.

APPENDIX

We sketch here the proof of the fact that Pq is an isomorphism of
Uqsl4-modules V ′−̃→V ′′.

It follows from the definition that Pq is a morphism of Uqsl4-
modules. In view of the simplicity of V ′ and V ′′, it suffices to
prove that Pq takes the (lowest weight) vector u−1

3 u−1
4 ∈ V ′ to

the (lowest weight) vector −(t13t24 − qt14t23)−1. We start with
an auxiliary statement:

(1 −
(
t−1
23 t13

)(
t−1
14 t24

))−1
=
∞∑
k=0

q−2k
(
t−1
23 t13

)k (
t−1
14 t24

)k
.

(4)

It follows from the commutation relation(
t−1
14 t24

)(
t−1
23 t13

)
= q−2

(
t−1
23 t13

)(
t−1
14 t24

)
+ 1− q−2 (5)

and relation (6.5) of [11].
An application of (4) allows one to prove that

Pq
(
u−1

3 u−1
4

)
= −(t13t24 − qt14t23)−1.
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In fact,

Pq
(
u−1

3 u−1
4

)
= CT⊗ id

(
ζ−1
2 ⊗ t−1

23 ×

×
( ∞∑
i=0

(−1)i(ζ1ζ
−1
2 )i ⊗ q−i

(
t−1
23 t13

)i)
×

×

 ∞∑
j=0

(−1)j(ζ1ζ
−1
2 )j ⊗

(
t−1
14 t24

)j ζ−1
1 ⊗ t−1

14

)
.

On the other hand,

ζ−1
2

(
ζ1ζ
−1
2

)k (
ζ−1
1 ζ2

)k
ζ−1
1 = q−kζ−1

2 ζ−1
1 = q−k−1ζ−1

1 ζ−1
2 .

Hence,

Pq
(
u−1

3 u−1
4

)
= q−1t−1

23

( ∞∑
k=0

q−2k
(
t−1
14 t24

)k (
t−1
23 t13

)k)
t−1
14 =

= q−1
(
t14

(
1− t−1

23 t13t
−1
14 t24

)
t23

)−1
= −(t13t24 − qt14t23)−1,

(6)

which completes the proof.
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ÏÐÎ q-ÀÍÀËÎÃ ÏÅÐÅÒÂÎÐÅÍÍß ÏÅÍÐÎÓÇÀ

Ä. Øêëÿðîâ, Ñ. Ñèíåëüùèêîâ, À. Ñòîëií, Ë. Âàêñìàí

Ð å ç þ ì å

Â ðàìêàõ òåîði¨ êâàíòîâèõ ãðóï òà ¨õ îäíîðiäíèõ ïðîñòîðiâ ðîç-
ãëÿíóòî äâi ðåàëiçàöi¨ äðàáèí÷àñòîãî ïðåäñòàâëåííÿ êâàíòîâî¨
ãðóïè SU(2, 2) òà ñïëiòàþ÷èé ¨õ ëiíiéíèé îïåðàòîð, ùî ¹ q-
àíàëîãîì ïåðåòâîðåííÿ Ïåíðîóçà. Îòðèìàíi ðåçóëüòàòè âêàçó-
þòü íà òå, ùî áàãàòî êîíñòðóêöié òåîði¨ êâàçiêîãåðåíòíèõ G-
ïó÷êiâ ìàþòü íåêîìóòàòèâíi àíàëîãè.

Î q-ÀÍÀËÎÃÅ ÏÐÅÎÁÐÀÇÎÂÀÍÈß ÏÅÍÐÎÓÇÀ

Ä. Øêëÿðîâ, Ñ. Ñèíåëüùèêîâ, À. Ñòîëèí, Ë. Âàêñìàí

Ð å ç þ ì å

Â ðàìêàõ òåîðèè êâàíòîâûõ ãðóïï è èõ îäíîðîäíûõ ïðîñ-
òðàíñòâ ðàññìàòðèâàþòñÿ äâå ðåàëèçàöèè ëåñòíè÷íîãî ïðåä-
ñòàâëåíèÿ êâàíòîâîé ãðóïïû SU(2, 2) è ñïëåòàþùèé èõ ëèíåé-
íûé îïåðàòîð, ÿâëÿþùèéñÿ q-àíàëîãîì ïðåîáðàçîâàíèÿ Ïåíðî-
óçà. Íàøè ðåçóëüòàòû óêàçûâàþò íà òî, ÷òî ìíîãèå êîíñòðóê-
öèè òåîðèè êâàçèêîãåðåíòíûõ G-ïó÷êîâ èìåþò íåêîììóòàòèâ-
íûå àíàëîãè.
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