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We present the mathematical apparatus of a new quantum scheme

using a dual pair of reflexive topological vector spaces connected by

any non-Hermitian form. Non-Fock (non-selfadjoint) representations

of Heisenberg algebras and non-unitary representations, induced by

them, of their automorphism groups underlie the theory, which gives

a unique joint description of quantum objects and physical vacuum

(ether).

1. Introduction

As is shown in [1], there is a strong theoretical support
for the idea that, under extremal conditions (at
supersmall distances or superhigh concentrations of
energy), one has to take a non-standard dynamical
system (called relativistic bi-Hamiltonian one
described by the Heisenberg algebra h8

(∗)) into
condideration. In the case, the Fock representation of
the algebra h8

(∗) and the unitary representation
(generated by it) of its automorphism group
Sp(∗) (4, C) (a dynamical group of the system) was
found to be incompatible to the condition of
integrability of Hamiltonian flows pµ and p

.
µ in the

representation space, i.e., in a Hilbert space H . Hence,
it is necessary to use other representations together
with a more general scheme (called non-unitary for
brevity) of functional analysis based on the pair of
topological vector spaces (F

.
,  F) dual with respect to

some non-Hermitian form 〈., .〉. The theory of such
representations is developed here.

Non-unitary quantum theory originated its
beginning still in the 60st years when infinite-
dimensional non-unitary representations of the
rotation group and the Lorentz group called later as
semispinor ones were considered in [2]. They result
from the Dirac ¯ Clifford operation applied to
Grassmann spinors. Then a large part of these results
was represented in difficultly accessible editions or in
preprints.

The mathematical tools of a new quantum theory
are developed here: non-Fock representations of those
Heisenberg algebras being of interest from a physical
standpoint are effeciently built, and their connection
with extended Fock representations including some
additional variables is established. The general purpose

of this paper is to prove the theorem formulated here
in a conditional form:

Non-unitary Quantum Theory =  Unitary Quantum
Theory +  Hidden Parameters (*)

Reading this theorem from right to left allows one
to say that the introduction of hidden (or additional)
variables into the usual (unitary) quantum theory
makes it non-unitary, i.e., as von Neumann [3]
assumed, this results in a radical reorganization of
the theory. A rather long way leads to the theorem.
We have to go it. On this way, the notion of non-unitary
quantum theory will be defined more procisely and
those representations of the Heisenberg algebra and
its automorphism group will be described that underlie
the theory. It has to note that there is an own inner
logic in the investigation and we follow it in our
exposition. The paper is organized as follows. After
a brief review in Section 2 of the Fock representation
of Heisenberg algebras describing the standard
oscillator whose spectrum is isomorphic to the standard
model of natural number series, we move directly into
Section 3 to the non-Fock representation and the non-
standard oscillator having an infinite number of states
with negative numbers of occupation and having no
ground state. The main technical obstacle seems to
be a cycling of creation and annihilation operators
overcomed by means of a decycling operation. In
Sections 4 ¯ 6 (see part 2 of this paper), we compare
Fock and non-Fock representations in detail. Finally,
in sections 7 ¯ 8 (see next paper), physical
consequences are discussed.

2. Fock Representation of the Algebra h2 and a
Representation of the Algebra sl (2, C) Related with it

1) We start our consideration of Heisenberg algebra
representations connected in a certain way with Fock
representations underlying the Heisenberg-
Schr o

..
dinger unitary quantum theory from a brief

mention about the latter.
The Heisenberg algebra h2n is usually written in

terms of 2n  generators qk,  pk (k =  1, ...,n) by
commutation  relations  (h2n  is isomorphic  to the
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nilpotent Lie algebra n3n):

[ qj,  pk]  =  i δjk,   [ qj,  qk]  =  [ pj,  pk]  =  0. (1)

It is convenient to go over to the Fock operators ak
a

where

ak
1 =  

1
√2  (qk +  ipk),    ak

2 =  
1

√2  (qk −  ipk) (2)

obeyed the commutation relations

[ ak
a,  ak′

a′ ]  =  δkk′ ε
aa′,    a,  a′  =  1,  2; k,  k′  =  1, ...,  n (3)

(here, δkk′ is the Kronecker symbol, εaa′ =  




   0   1
− 1   0





is the Levi ¯ Civita symbol). The enveloping algebra
U [ h2n]  is an infinite-dimensional Lie algebra which
contains a finite-dimensional Lie subalgebra denoted
by ln(2n+ 3)+ 1 and called as a subalgebra of small
oscillations, whose structure is described by the
formula (the Levi ¯ Mal’tzev decomposition)

ln(2n+ 3)+ 1 =  (σn(2n+ 1) ⊕ 1) +  ) h2n, (4)

where σn(2n+ 1) ⊕ 1 =  h2n
2 , and σn(2n+ 1) are isomorphic

to the Lie algebra sp (n ,  C) (h2n is understood to be
the complex algebra h2n (C)). Generators of the algebra

σn(2n+ 1) are bilinear forms ak
a ak′

a′.
As the group Sp (n ,  C) is a group of internal

automorphisms of the algebra h2n (C), we formally
write

T  (υ) ak
a T − 1 (υ) =  υkk′

aa′ ak′
a′ , (5)

where υ ∈  Sp (n ,  C),   and T  (υ) is a ' spinor“  ( infinite-
dimensional) representation of the group Sp (n ,  C). By
definition, Lie brackets (3) are invariant under
transformation (5).

The Fock representation of the algebra h2n is built,
as is known [4], in the space

FF =  U [ ak
2]

______
 
τ
, (6)

where U [ ak
2]  is the maximal commutative subalgebra

in U [ h2n]  (ak
2 are coordinates on the so-called

Lagrangian plane), τ is a topology. In the Fock

realization, we have ak
2 =  zk ∈  C and ak

1 =  
∂

∂zk
. In this

case, the Hermitian inner product on FF is defined
as
( f,  g) =  ∫  

Cn

 f(z)
____

 g(z) dµ (z),
(7)

where f,  g ∈  FF (z =  (z1, ...,  zn) ∈  Cn), with the
measure

dµ (z) =  




i
2π





n

 ∏ 
k= 1

n

 e− z
_

kzk dzk ∧  d  z
_

k (8)

(∧   is the external Cartan multiplication). In the
Heisenberg-Schr o

..
dinger quantum theory, the Hilbert

topology and the Hilbert space FF =  H are usually
considered. An additional symmetry of the operators
ak

a  or ak
1 =  (ak

2)+ ,  where ' + “  is the conjugation for
form (7), is connected with the inner product (7):

(ak
2 f,  g) =  ( f,  ak

1 g). (9)

Therefore, the Fock representation deals with a certain
real form of the algebra h2n (C) denoted as h2n (R)
having Sp (n ,  R) as a group of automorphisms. As is
known [4], the unitary two-valued representation
υ → T (υ) of the group Sp (n ,  R) ⊃−   υ is realized in H.
The Fock representation is known also to be unitary
equivalent to the Schro

..
dinger representation (1) (the

Stone ¯ von Neumann theorem about uniqueness of
unitary representations of the Heisenberg group
H2n).

We are interested in other real forms of the algebra
h2n (C) and the group Sp (n ,  C) (in particular, the
compact group USp (n ,  C) =  Sp (n)) and their repre-
sentation which have completely another nature: the
operators T  (υ) corresponding them, first, are
unbounded on the representation space F (its topology
will be determined further) and, secondly, are
multiple-valued on the group.

The Fock representation of the algebra h2n (C) has
a serious lack: in any sense, it is inconsistent (this
inconsistency is eliminated further). To see this, it is
enough to consider the case n  =  1.

2) We recall that the square root operation (see [5])
applied to the Pauli bundle E  =  (A3,1,  S2,  L

__
 ) where

the structural group L
__

 of a fiber S2 is the group
SL (2, C) ≈  Sp (1, C) results us in the algebra h2 (C).

As is known, the Fock representation of the algebra
h2 is built in the space

FF =  ⊕
m= 0

∞
  fm (10)

(here, ⊕ is understood to be an orthogonal sum), where
{fm}  is  a  canonical basis on which the operators

aα act under the law

0 ←
a1

 f0  →←
a1

a2

  f1  →←
a1

a2

 `   fm   →←
a1

a2

  fm+ 1`
(11)
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i.e., a2 fm  ~  fm+ 1, and a1 fm  ~  fm− 1 ( f0 is called a

ground state1 : a1 f0 =  0). In the z-realization, we have

aα =  


d/ dz
z





,     fm  =  
zm

√m !
,     m  =  0,  1,  2, ... (12)

Under the action of bilinear forms aα a β, the space
FF breaks up into the orthogonal sum of two subspaces
of even and odd (rather z → −  z) functions:

FF =  F(+ ) ⊕ F(− ).

Statement 1. Infinite-dimensional irreducible repre-

sentations (corresponding to spins −  
1
4

 and −  
3
4

) of

the Lie algebra usp (1, C) ≈  su (2) are realized in
F(+ ) and F(− ), are given by the operators

L
→

 =  
1
4

 aα σ→ α
β aβ,   where aβ =  εβγ a

γ (εβγ =  




   0  1
− 1  0





,  σ→

are the Pauli matrices), and are denoted D+  (−  
1
4

)

and D+  (−  
3
4

) [6].

In the z-realization, we have (L±  =  L1 ±  iL2)

L3 =  
1
2

 z 
d
dz

 +  
1
4

,   L+  =  
1
2

 z2,    L−  =  −  
1
2

 
d2

dz2 (13)

and the Casimir operator is L
→

 2 ≡  −  
3

16
 =  λ (λ +  1),

whence it follows that λ =  −  
1
4

, −  
3
4

.

In general case, D+  (λ) is understood to be a repre-
sentation of the algebra su (2) with the lowest Cartan
vector (see [7] where such representations refer to
semispinor ones) with spin λ. As sl (2, C) =  suc (2),
the semispinor representation D+  (λ) of the algebra
su (2) extends obviously up to the representation
(λ,  0)+  of the algebra sl (2, C) [8].

Next, let us introduce the notations

F(+ ) =  F−  
1
4

(+ )
,     F(− ) =  F−  

3
4

(− )
.

By definition,

aα : F−  
3
4

(− )
 ← F−  

1
4

(+ )
,

(14)

so the operators aα, changing a parity of space, lower

a weight of representation (spin) by 
1
2

:

−  
1
4

 → −  
1
4

 −  
1
2

 =  −  
3
4

. On the other hand, in the Fock

representation,

aα :  F−  
3
4

(− )
 → F−  

1
4

(+ )
, (15)

i.e., the same operators raise a weight of representation

by 
1
2

: −  
3
4

 → −  
3
4

 +  
1
2

 =  −  
1
4

. The phenomenon

described by formulae (14), (15) refers us to a cycling
of the operators aα, and here is this cycle:

F
−  

3
4

(− )
  →←

aα

aα

  F−  
1
4

(+ )
.

The given phenomenon is connected with a weight
of representation (spin, as we actually consider re-
presentations of the rotation group
SO(3) ~  SU(2) ≈  Sp (1)) taking on values in the
numerical field Z2 of the simple characteristic 2 [9].
Indeed, it is possible to present the pair of numbers

−  
1
4

 and −  
3
4

 as λ =  −  
1
4

 −  
p
2

 where p ∈  Z2 =  {0, 1}.

Thus, we can write

FF =   ⊕
p∈ Z 2

  F −  
1
4

− p
2

((− 1)p)
. (16)

It is an inconsistency of the Fock representation of
the algebra h2 from the point of view of the theory
of spin that consists in that, in this representation,
a spin takes its values from the field Z2 while it must
take the values in the field of zero characteristic on
physical reasons. This remark is extremely importance
for the whole subsequent consideration.

The decycling operation to be formulated further
is connected with a transition from the ring Z2 to the
standard ring of zero characteristic Z which is
connected  with Z2 by the formula Z2 =  Z/ mod 2.
From the point of view of this formula, Z is a universal
covering for Z2.

3. Decycling Operation. Non-Fock Representation of the
Algebra h4

1) At first, we describe a non-Fock representation of
the algebra h2 [9].

As is known, the Fock representation (denoted as
T 0 (h2)) of the algebra h2 plays an important role in
the Heisenberg ¯ Schro

..
dinger quantum (unitary)

1
The existence of the ground state is connected extremely with the

condition for the Hermitian symmetry (9). Indeed, in the equation

a
2
 a

1
 f =  mf, there is the number m  =  

(a
1
 f,  a

1
 f)

(f,  f)  ≥  0 such that m  =  0

if a
1
 f =  0. So in this case, m  ∈  Z + .
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theory. It is completely characterized by its ground
state | 0〉, called sometimes the mathematical vacuum,
or the spectrum of the operator N̂  =  a2 a1 =  a1

+  a1,
which is isomorphic to the standard model of natural
number series Z+  =  {0, 1, 2, ...}. The standard
oscillator (it has a ground state) is described by this
representation.

Another non-standard (or non-Fock) representation
denoted by T 1 (h2) is possible and underlies another
quantum theory ¯ the non-unitary one. A refusal from
the additional condition for the Hermitian symmetry
a2 =  a1

+ , and, hence, from the condition for a positive

definite spectrum of the operator N̂  =  a2 a1 results in
the representation T 1 (h2). Under these more general

conditions, a spectrum of the operator N̂ , remaining
equidistant, becomes unlimited in both sides, and, in

general, it is complex: Spec N̂  =  {ε +  p}p∈ Z. Weight
vectors | p〉 of such (non-standard) an oscillator satisfy

the equation N̂  | p〉 =  (ε +  p) | p〉, and the spectrum of

the operator N̂  is isomorphic to a non-standard model
of natural number series Z =  {...,  − 2, − 1, 0, 1,  2, ...}
(Z satisfies the all arithmetics axioms, excepting the
axiom of choice).

ε ∈  C/ Z associates with inequivalent representations
such that a representation is irreducible for ε ≠  0 (for
ε =  0 it is incompletely reducible, as there is an
invariant subspace strained on vectors
| 0〉,  | 1〉,  | 2〉, ...). As is seen, h2 has many non-standard
representations, but all of them describe the same
object ¯ the non-standard oscillator.

The non-standard oscillator has an infinite set of
states with negative numbers of occupation:
| − 1〉,  | − 2〉,... (which we call by states of physical
vacuum or ether), and, hence, does not have a ground
state (the first element is not present). Z is said to
be ordered as a set, while Z+  is completely ordered.
However, according to the Zermelo theorem, any set
can be completely ordered. Our basic result ¯
Theorem (*) about the existence of additional (hidden)
parameters in the non-unitary theory ¯ is
predetermined by the Zermelo theorem (see Section
5).

2) We return to the Fock representation of the
algebra h2. Taking into account the physical nature
of spin (see above), it is necessary to pass from the
space FF to the space [10].

Fz ≡  ⊕
p∈ Z

  F −  
1
4

+ p
2

((− 1)p)
(17)

which is a kind of covering for the pair of spaces (16)
(as Z is a covering for Z2). Here, ⊕ is understood
to be a direct sum of spaces, as an opportunity of

the usual sum is already exhausted (we would like
to notice that, in the theory of representations of the
group SO(2, 1) ~  SU (1, 1) ≈  Sp (1, R), a weight of rep-
resentation is not any spin, and, consequently, the
expansion FF ⊂  Fz  is not obligatory in this case) .

On the space Fz (17), the operators aα act under
the law

`  ←
a

  F −  
5
4

(+ )
  ←

a
  F −  

3
4

(− )
  ←

a
  F −  

1
4

(+ )
  ←

a
 ` ,

i.e., they always only lower spin λ by 
1
2

 (λ → λ −  
1
2

),

so aα: F −  
1
4

+ p
2

((− 1)p)
 → F −  

3
4

+ p
2

((− 1)p− 1 )
. The operators raising

spin by 
1
2

 (λ → λ +  
1
2

) are denoted by bα and act on

Fz under the law:

`  →
b

  F −  
3
4

(− )
 →

b
  F −  

1
4

(+ )
  →

b
  F 1

4

(− )
  →

b
 ` ,

i.e., bα: F −  
3
4

 +  
p
2

((− 1)p− 1 )
 ← F −  

1
4

 +  
p
2

((− 1)p)
. The operators bα were

found in [11], and, in the z-realization, they are
written down as

bα =  (p)bα =  
1
2

 


z,  −  
d
dz

 +  
2p
z





,     p ∈  Z , (18)

With aα, they are connected by the relation (it is
checked directly)

(p)bα =  z2p a β z− 2p εβα. (19)

As is seen, it is the phenomenon of cycling that is
connected with a degeneracy at p =  0:
(0)bα =  

1
2

 a β εβα.

Statement 2. On the space Fz, the operators bα
satisfy the relations

(p+ 1)bα (p)bα′ −  (p+ 1)bα′ 
(p)bα =  εαα′,

and, hence, set some representation of the algebra
h2 on Fz. This representation (as well as the repre-

sentation given by the operator aα) is incompletely
reducible, as, in Fz, there is a flag

0 ⊂  `  ⊂  Fz
N  ⊂  Fz

N+ 1 ⊂ ` ⊂  Fz from h2-invariant
subspaces

Fz
N  =     ⊕

p= −  ∞

N
    F −  

1
4

 +  
p
2

((− 1)p)
.
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It is important to notice that the operators a and
b do not commute among themselves. Further, these
operators will be transformed into the operators ϕ and
ϕ
__

 obeying the absolutely other commutation relations
(20).

Now we note that space Fz contains subspaces of
different parity having some inconveniences. Moreover,
the z-realization possesses a defect such that the
operators (p)bα belong not to the algebra U [ h2] , but

the divisive body K  (h2) =  S− 1 U [ h2]  (introduced in
[6]) builded over h2 on the multiplicative
S  =  U [ b1] . All this forces, making use of a connection

between spaces of different parity F λ
(− ) =  zF λ

(+ ), to
go to spaces of a single, namely, positive parity. As

aα F λ
(+ ) ⊆  F λ− 1

2

(− )
 =  zF λ− 1

2

(+ )

and

bα F λ
(− ) =  b α zF λ

(+ ) ⊆  F λ+ 1
2

(+ )
,

we have

1
z

 aα F λ
(+ ) ⊆  F λ− 1

2

(+ )
,     bα zF λ

(+ ) ⊆  F λ+ 1
2

(+ )
.

Theorem 1. The operators

ϕ =  
1
z

 aα =  




z− 1 d/ dz
1





,

(p)ϕ
__

 =  
1
2

 (p)bα z =  
1
2

 


z2,  −  z 
d
dz

 +  2p +  1



are densely defined on the space

Fz
(+ ) =  ⊕

p∈ Z
 F − 1

4
+ p

2

(+ )
,

act on it under the law

`  →←ϕ

( − 1 ) ϕ
__

   F −  
3
4

(+ )
   →←ϕ

( 0 ) ϕ
__

  F −  
1
4

(+ )
   →←ϕ

( 1 ) ϕ
__

   F 1
4

(+ )
   →←ϕ

( 2 ) ϕ
__

  `

and obey the commutation relations

ϕα ϕα′ −  ϕα′ ϕα =  (p+ 1)ϕ
__

α
(p)ϕ

__
α′ −  (p+ 1)ϕ

__
α′ 

(p)ϕ
__

α =  0,

ϕα (p+ 1)ϕ
__

α′ −  (p)ϕ
__

α′ ϕ
α =  δα′

α . (20)

Let us introduce the operators aα
a  defining them by

their restrictions on each of subspaces

F −  
1
4

+ p
2

(+ )
 (p ∈ Z):

aα
1  F −  

1

4
+

p

2

( + )  =  ϕα,     aα
2  F −  

1

4
+

p

2

( + )  =  (p)ϕ
__

α. (21)

(the language of Hopf algebras might be pertinent here,
however, it is too cumbersome [12, 13]).

It follows from (20) that, on Fz
(+ ), the operators

aα
a  satisfy the commutation relations

[ aα
a ,  aα′

a′  ]  =  δαα′ ε
aa′, (22)

and by that set some representation of the Heisenberg
algebra h4 on Fz

(+ )
, which, as will be shown further,

is not equivalent to the Fock representation of this
algebra.

Let’s assume 
1
2

 z2 =  ζ. Then the operators ϕα,

(p)ϕ
__

α can be written down in the form

ϕα =  




d/ d  ζ
1





,    (p)ϕ
__

α =  


ζ,  −  ζ 
d

d  ζ +  p +  
1
2





. (23)

In this realization, the space of the representation is
written down as

Fζ =   ⊕
p∈ Z

  F−  
1
4

+ p
2

(24)

where F−  
1
4

+ p
2
 are classes of holomorphic functions of

a complex variable ζ.

Points −  
1
4

 +  
p
2

 of a complex plane of a spin variable

λ have an unpleasant property that, between two points

−  
1
4

 and −  
3
4

, the cycling still possible. To exclude

this phenomenon forever, we replace −  
1
4

 by a point

of the general position λ ≠  −  
1
4

, 0, 
1
2

, assuming a spin

value in formulae (23), (24), to be equal to λ +  
p
2

.

We write down these formulae as

ϕα =  




d/ d  ζ
1





,    (p)ϕ
__

α =  


ζ,  −  ζ 
d

d  ζ +  2 λ +  p +  1



,

Fζ
(λ)

 =   ⊕
p∈ Z

  Fλ+ p
2 (25)
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((25) transits into (23) at λ =  −  
1
4

). Thus, we have

ϕα : Fλ+ p
2
 → Fλ+

p− 1
2

;    (p)ϕ
__

α : Fλ+ p
2
 → Fλ+

p+ 1
2

. (26)

4. Comparison of Representations

Statement 3. A representation of the algebra h4 in the
space Fζ is not equivalent to the Fock representation
of this algebra, which is realized in the space FF.

To see this, at first we give basic formulae of the
Fock representation of the algebra h4.

1) This representation is given by the operators

aα
1  =  

∂
∂zα

 =  ϕα,    aα
2  =  zα =  ϕ

__
α,    α =  1,  2;   zα ∈  C (27)

(see Section 2) acting on the Fock space FF formed
by functions of two complex variables z1,  z2. A
canonical basis in FF consists of own functions of the

operator N  =  ∑ 
α= 1,2

  aα
2  aα

1 , which are written down as

f 
m 1

m 2  =  
z1

m 1  z2
m 2

√m 1 ! m 2 !
,    m 1,  m 2 =  0,  1,  2, ...

In this basis, we have

ϕ(1) f 
m 1

m 2  =  √m 1  f 
m 1− 1
m 2 ,    ϕ

__
1 f m 1

m 2  =  √m 1 +  1  f 
m 1+ 1
m 2 ,

ϕ(2) f 
m 1

m 2  =  √m 2  f 
m 1

m 2− 1
,    ϕ

__
2 f m 1

m 2  =  √m 2 +  1  f 
m 1

m 2+ 1
,

(28)

whence it follows that the Fock representation describes
a pair of standard oscillators having the same ground
state f 0

0. The representation is denoted as T 0 (h4).
An important characteristic of a representation of

the algebra h4 is which representation of the algebra

su (2) giving by the operators L
→

 =  
1
2

 a2 σ→ a1 is realized

in the representation space of the algebra h4. In the
Fock representation, the operators L

→
 are of the

following form:

L3 =  
1
2

 


z1 
∂

∂z1
 −  z2 

∂
∂z2





,
    

L+  =  z1 
∂

∂z2
,    L−  =  z2 

∂
∂z1

.

In FF, they result in a representation of the algebra
su(2) of the form

    ⊕
p∈ Z+

   D (p/ 2). (29)

Here, D (p/ 2) is a finite-dimensional representation
with spin p/ 2, which is realized in the subspace of
homogeneous polynomials of a degree p in the form

∑ 
k= 0

p

  ak z1
k  z2

p− k. The Casimir operator L
→

 2 =

=  L0 (L0 +  1), where L0 =  
1
2

 a2 a1 =  
1
2

 




z1 
∂

∂z1
 +

+  z2 
 ∂
∂z2





, takes the values 
1
2

 p 




1
2

 p +  1




 on such

polynomials. Hence, on FF, the representation of
su (2) is completely reducible to its finite-dimensional
representations.

A representation of the wider, Lorentz algebra
sl (2, C) giving by the operators L

→
,  N

→
, where

N
→

 =  
i
2

 (a2 σ→ ε a2 +  a1 ε σ→ a1), is characterized by the

following values of the Casimir operators:

C =  L
→

2 −  N
→

2 =  −  
3
4

, C′  =  L
→

 N
→

 =  0. On FF, these

operators set the representation [
1
2

, 0]  ⊕ [ 0,  
1
2

]   2 ,

where [
1
2

, 0] ,  [ 0, 
1
2

]  are the well-known infinite-

dimensional Majorana representations of the group
SL (2, C) [14].

2) The representation of the algebra h4 we
considered (25) first differs from the Fock one by being
given in the space of functions of one complex variable
ζ instead of two. Moreover, it differs by the repre-
sentation space Fζ

(λ), on which a representation of the

algebra su (2) (given by the operators L
→

 =  
1
2

 a2 σ→ a1)

is splitted into infinite-dimensional semispinor repre-
sentations D+  (λ) of the algebra su (2) according to
the following formula [9]:

  ⊕
p∈ Z

  D+  (λ +  p/ 2).
(30)

2
A weight of the representation [ λ0 ,  c]  is connected with C and C′  by

the formulae C =  λ0
2
 +  c

2
 −  1, C′  =  i λ0  c, thus, the Pauli pair (λ,  λ′) is

expressed by [ λ0 ,  c]   by the formulae λ =  
1
2

 (λ0  +  c −  1),  λ′  =

=  
1
2

 (c −  λ0  −  1).
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The representation D+  (λ +  p/ 2) is realized in the
subspace Fλ+ p

2
 and is given by the operators

L
→

 (λ+ p
2

) being a restriction of the operators L
→

 on the

subspace Fλ+ p
2
: L

→
 (λ+ p

2
) =  L

→
 Fλ+

p

2

 =  
1
2

 (p)ϕ
__

 σ→ ϕ, where

ϕ,  (p)ϕ
__

 are defined by formulae (25), (26), whence it
follows that

L
3
(λ+ p

2
)
 =  ζ 

d
d  ζ −  


λ +  

p
2





,    L+
(λ+ p

2
)
 =  ζ,

L−
(λ+ p

2
)
 =  −  ζ 

d2

d  ζ 2
 +  2 


λ +  

p
2





 
d

d  ζ (31)

being 
 L

→
 (λ+ p

2
)


2
 =  λ (λ +  1). As is seen, we deal here

with a non-Lie realization (differential operators of the
second order; compare with the Fock realization,
formulae (27) ¯ (29)). The Cartan ¯ Weyl basis in
Fλ+ p

2
 is formed by functions

f 
m

(λ+ p
2

)
(ζ) =  (i ζ)m  /  √m  ! Γ (m  −  2λ −  p) ,

m  =  Z+  ,    p ∈  Z, (32)

where Γ is the Euler function normalized by the
condition

〈 f m
(λ
_
)
,  f m ′

(λ)
 〉λ =  (− 1)m  δmm ′,

where

〈 f,  g 〉λ =  ∫  f (ζ)
____

 Ig (ζ) dµλ (ζ), (33)

Ig (ζ) =  g (− ζ), and

d  µ (ζ) =  
i
π  

1

| ζ| 2λ+ 1  K2λ+ 1 (2 | ζ| ) d  ζ ∧  d  ζ
_

(34)

(Ka is the Macdonald function, this measure is a
generalization of the Gauss (8) measure on the case
of any spin λ) is an su (2)-invariant sesquilinear form
on Fλ+ p

2
 determined in [13, 15]:

〈 f (λ
_
),  L

→
 (λ) g(λ) 〉λ =  〈L→ (λ

_
) f (λ

_
),  g(λ) 〉λ. Thus, the

operators L
→

 (λ
_
), answering a complex conjugate spin λ

_
,

set a conjugate representation D+  (λ
_
 ) in the dual space

Fλ
_
. It is necessary to notice that form (33) is not

invariant under transformations suc (2) =  su (2) +
+  i su (2).

On the whole space Fζ
(λ)

, the sesquilinear form is
given by the sum

〈 f,  g 〉 =  ∑ 
p= − ∞

∞
  〈 f (λ

_
+ p

2
),  g(λ+ p

2
) 〉λ+ p

2
, (35)

where g(λ+ p
2

) is a projection of g onto the space
Fλ+ p

2
. Thus, it is obvious that 〈 f,  L→g 〉 =  〈L→ f,  g〉.

Moreover, form (35) is invariant under the wider
algebra sp (2, R), generators of which are

Iµν =  (L
→

,  N
→

 ),  Γµ =  (Γ→,  Γ0) where N
→

 =  
i
4

 (a1 ε σ→ a1 +

+  a2 σ→ ε a2), Γ→ =  
1
4

 (a1 ε σ→ a1 −  a2 σ→ ε a2), Γ0 =  L0 +  
1
2

,

and L0 =  
1
2

 a2 a1 =  
1
2

 N   such that L
→

 2 =  L0 (L0 +  1).

In the given representation, the Casimir operators have

the same values C =  L
→

 2 −  N
→

 2 =  −  
3
4

, C′  =  L
→

 N
→

 =  0,

Γµ
2 =  Γ→ 2 −  Γ0

2 =  
1
2

, as in the Fock representation,

though the representations, as we see, are different.
The point is that values of the Casimir operators do
not define a representation of the algebra sl (2, R)
completely. The spectrum of the operator L0 is also

important. It consists of points Spec L0 =  {λ +  
p
2

}p∈ Z

on the space Fζ
(λ)

, while, on the space FF, it is formed

by points Spec L0 =  {
p
2

}p∈ Z+
. The representation of

the algebra sl (2, C) on Fζ
(λ)

 is denoted as

[
1
2

, 0] +  ⊕ [ 0,  
1
2

] + , where [
1
2

, 0] +  is an infinite-

dimensional 'tail“ of the Majorana representation

[
1
2

, 0]  unequivalent to the Majorana representation. By

the restriction sl (2, C) ⊃  su (2), the given repre-
sentation decays into irreducible semispinor repre-
sentations of su (2) under formula (30).

At last, we mention one more remark. Let us denote

f m
µ  =  f m

(λ+ p
2

), putting µ =  2 λ +  p −  m . In this basis, the

operators aα
a  are given by the formulae [9]:

a1
1 f m

µ  =  √m  f m− 1
µ ,    a1

2 f m
µ  =  √m+ 1  f m+ 1

µ ,

a2
1 f m

µ  =  √µ  f m
µ− 1,    a2

2 f m
µ  =  √µ +  1  f m

µ+ 1, (36)

whence it follows that the operators (a1
1,  a1

2) are related
to the standard oscillator (there is a ground state, as
m  =  0,  1,  2, ...), while (a2

1,  a2
2) apply to the non-stan-
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dard oscillator (a ground state is not present, as
p =  0,  ±  1,  ± 2,...). Such a representation of h4 is
denoted as T 1 (h4) and called non-Fock one. A re-
presentation, in which both oscillators are non-stan-
dard, is denoted by T 2 (h4).

Now it is possible to say definitely that the repre-
sentations T 0 (h4) and T 1 (h4) are not equivalent
(Statement 3).

In general, the algebra h2n has n  +  1 representations
T k (h2n) (unequivalent among themselves, where
k (0 ≤  k ≤  n) is the number of non-standard
oscillators.

We give yet a precise definition of decycling for the
Fock representation T 0 (h2n). The maximal decycling
is understood to be a transit from the Fock repre-
sentation T 0 (h2n) of the algebra h2n to the non-Fock
representation T n (h4n) of the algebra h4n in a twice
greater dimension.

3) At the end of this section, we stop on the
description of semispinor representations of the algebra
su (2), its complex expansions suc (2), and also the

group SUc (2) as a whole. As we have already noticed,
in the direct sum (25), each of subspace Fλ is invariant

under the envelope algebra U [ L
→

 (λ)]  and, hence,
suc (2)-invariantly (in Fλ generators of suc (2) are the

operators (L
→

 (λ), iL
→

 (λ)), and as the semispinor repre-

sentation (λ,  0)+  =  [ λ,  λ +  1] +  of the algebra suc (2),
called analytical one, is realized in Fλ, so we have

the representation ⊕
p∈ Z

  [ λ +  
p
2

, λ +  
p
2

 +  1] +  in Fζ). A

complexification of the algebra su (2) is important in
the connection with the problem of relativization of
spin 3 . Semispinor representations (λ,  0)+  of the algebra

suc (2) are representations spontaneously breaking the

symmetry of the group SUc (2) as a whole. Indeed,
we shall now see that the Lie algebra (L

→
 (λ),  iL

→
 (λ))

generates no representations of the group SUc (2), but
only ones of its open subgroups connected with the
Gauss decomposition N+  HN−  of this group.

As is known, any regular element υ =  




α   β
γ   δ





(δ ≠  0) of the group SL (2, C) allows the decomposition
υ =  n+  hn− , where

n+  =  




1   β/ δ
0       1





 =  exp 




β
δ  σ+





,

h =  




δ− 1   0
0       δ





 =  exp (−  σ3 ln δ),

n−  =  




1      0
γ/ δ   1





 =  exp 




γ
δ  σ−





,

and σ+  =  




0   1
0   0





, σ−  =  




0   0
1   0





, σ3 =  




1     0
0  − 1





. If to

remove singular elements 




α        β
− β− 1  0





 ∈  ∆′  from

SL (2, C), SL (2, C) will break up on two open Borel

subgroups B+  =  N+  H  ⊃−  




δ− 1   β
0      δ





 and

B−  =  HN−  ⊃−  




δ− 1   0
γ      δ





 which are crossed through the

subgroup H  of diagonal matrices forming the Gaussian

area B+ B− . The matrices σ+ ,  σ− ,  
1
2

 σ3 are the genera-

tors of the subgroups N+ ,  N− ,  H . The representations
in question are  given by mapping (homomorphism)

T λ: 
1
2

 σ→ → (p)ϕ
__

 
1
2

 σ→ ϕ =  L
→

 (λ+ p
2

), where ϕ,  (p)ϕ
__

 are

defined by (25), (26), and L
→

 (λ+ p
2

) are given by (31).
The operators L

→
 (λ) set the semispinor representation

D+  (λ) of the algebra su (2) (or the representation

(λ,  0)+  of the algebra suc (2)) in the space Fλ.
Consider first the subgroup B+ . As T λ is a

homomorphism, we have T λ (h+ ) =  T λ (n+ ) T λ (h),
where [9]

T λ (h) =  e− Tλ(σ3 )lnδ =  e− 2L3
( λ) lnδ,

T λ (n+ ) =  eTλ(σ+ )β/ δ =  e (β/ δ)L+
( λ)

 =  e (β/ δ) ζ. (37)

As L3
(λ) ζn =  (n  −  λ) ζn (see (31)),

T λ (b+ ) f (ζ) =  δ2λ e β ζ/ δ f 




ζ
δ2





(38)

where f (ζ) ∈  Fλ. It follows from (38) that a class of
holomorphic functions of a complex variable ζ of order
ρ ≤  1 and type 0 ≤  τ < ∞  is invariant under the action
of operators T λ (b+ ). This class allows a topologization
transforming it into the space of generalized functions
of the exponential type Φ′  (see a definition of the
space Φ′  in [16]). By definition, we have

Φ′  =  U [ L+
(λ)]  f 0

(λ)
___________

 
τΦ ′

, where f 0
(λ) =  1 is the lowest

Cartan ¯ Weyl vector of the representation D+  (λ)

3
The algebra su

c
 (2) ≈  sl (2, C) should not be mixed up with another

algebra sl (2, C) represented in Fλ by the operators (L
→

,  N
→

 ), see above.
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(a cyclic vector for U (L +
(λ)

] ), and τΦ′ is a topology
of the space Φ′  determined in [16].

The space Φ′  is determined so that an B+ -orbit of
any vector f ∈  Φ′  (including any vector of the Cartan
¯ Weyl basis f n

(λ)) wholly lies in Φ′ , as

eτL+
( λ)

 f (ζ) =  eτ ζ f (ζ) ∈  Φ′  (| τ|  < ∞ ). In Φ′ , a repre-
sentation of the (solvable) group B+  is incompletely
reducible, as there exists a compositional series
Φ′  =  Φ′0 ⊃  Φ′1 ⊃  `  ⊃  Φ′N  ⊃  `  ⊃  0 in Φ′ , where

Φ′N  =  ⊕
n= N

∞
 f n

(λ)

______

 

τΦ ′

 are B+ -invariant subspaces. The

operators T λ (b+ ) set ( in Fλ) the exact representation

of the universal covering B
__

+  =  N+  H
__

, where H
__

 is an
universal covering for H .

We now consider the subgroup B− . As

eτL−
( λ)

 ζn =  n  ! 


−  
τ
2





n

 Ln
(− 2λ− 1) 





ζ
τ





(39)

(Ln
(λ) is Laguerre polynomials [17]), in the linear

system (l.s.) { f n
(λ)}, there is a flag from finite-

dimensional subspaces: 0 ⊂  Φ0 ⊂  Φ1 ⊂  `  ⊂  ΦN  ⊂

⊂  `  ⊂  U [ L+
(λ)]  Φ0, where ΦN  =  ⊕

n= 0

N
 f n

(λ) are B− -

invariant subspaces. Hence, an incompletely reducible
representation B−  → T λ (b− ) of the group B−  is realized

in l.s. { f n
(λ)}. It is not difficult to show that l.s.

{ f n
(λ)} allows a B− -invariant closure up to the space

Φ of trial functions of the exponential type containing
holomorphic functions of a complex variable ζ of order
ρ < 1 and type 0 ≤  τ < ∞  (see a definition of space
Φ in [16]). Indeed, from the definition of Φ′  as a
space of linear continuous functionals on the space
Φ

f (ϕ) =  〈 f,  ϕ 〉λ, (40)

where 〈., .〉λ is defined by formula (33), and from

properties of L
→

 (λ)-invariance of this functional, it

follows that 〈Φ′ ,  eτL−
( λ)

 Φ〉 =  〈eτ
_
L+

( λ
_

)
 Φ′ ,  Φ〉. As we have

eτ
_
L+

( λ
_

)
 Φ′  ⊂  Φ′  for any finite τ, so eτL−

( λ)
 Φ ⊂  Φ.

It is interesting to observe that so-called coherent
states f σ

(λ) (ζ) =  0F1 (−  2λ; σ ζ) satisfying the equation

L−
(λ) f σ

(λ) (ζ) =  σ f σ
(λ) (ζ), σ ∈  C belong to the space Φ.

On Φ, the operators T λ (b− ) set the exact repre-
sentation of the universal covering B

__
−  =  H

__
N− .

Further, it is clear that the operators T λ (N+ ) are
not determined on the space Φ: each vector f ∈  Φ is
removed at once by the operator
T λ (n+ ) =  eζβ/ δ (β ≠  0) from Φ. In particular, (39) and
(38) imply the formula

T λ (υ) ζn =  n  ! δ2λ 


−  
γ

2δ




n

 Ln
(− 2λ− 1) 





ζ
γδ





 e βζ/ δ.

On the other hand, each vector from Φ′  not belonging
to the subset Φ ⊂  Φ′  may be removed by the operator
T λ (n− ) from Φ′ . Indeed, it follows from the formula

T λ (n− ) eζτ =  (γτ +  1)2λ e
ζ 

τ
τγ+ 1

or from the more general formula

T λ (n− ) Φ eζτ =  ΦT λ (n− ) eζτ that, for γ =  −  
1
τ , the

vector T λ (n− ) eζτ ∉  Φ′ . Thus, on Φ′ , there is no re-
presentation (as a linear one) of the group N−  in the
usual sence.

Actually, a non-Neumann representation (see its
definition in [18]) of the group N

~
−  of one-dimensional

chains (and also the 1-chain group SL
~

 (2, C), see its
definition in [18]) which certainly is not any manifold
(group N+

__ as well as SL (2, C) is simply connected)
is realized in Φ′ . Thus, remaining in the framework
of the topological vector space Φ′ , it will be impossible
to close the area B+  B−  to obtain the group
SL (2, C) and its representation in Φ′ . It follows from
the formula

T λ (υ) eζτ =  (γτ +  δ)2λ e
ζ 

ατ+ β
γτ+ δ ,

υ =  




α   β
γ   δ





 ∈  SL (2, C) (41)

that, in Φ′ , we have representations of the 1-chain
group SL

~
 (2, C) not satisfying the von Neumann axiom

about the existence of a common (dense in Φ′) domain
of definition for all the operators T λ (υ). It follows from
(41) that such a domain is trivial, i.e.,
       ∩
υ∈ SL(2, C)

     DTλ(υ) =  0; therefore, the corresponding re-

presentations were called by non-Neumann ones [18].
Non-Neumann representations of topological groups
are a subject of the special discussion which we shall
not touch upon here.

So, the non-Fock representation of the algebra h4
built in the dual pair of topological vector spaces
(Φ′ ,  Φ),  generates  such a representation of its
automorphisms group Sp (2, R) which breaks this group
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symmetry: the nature of the representation is such
that the complete symmetry is spontaneously lowered
up to the symmetry of open subgroups B+  and B−
connected with the Gauss decomposition. The group
B+  =  N+  H  can be represented only in the space
Φ′ , and B−  =  HN−  only in the space Φ. (It is
interesting to note that the existence of open subgroups
in Lie’s group was always a mystery, that is disclosed
in semispinor theory only, describing a new physical

entity). The operators L±  =  L1 ±  iL2 and Γ→ ±  i N
→

 are
the generators of the subgroups N± , and L3 and Γ0
are the generators of H. Thus, semispinors are objects
with a restricted symmetry. And there are two kinds
of semispinors: semispinors having the symmetry of
the group B+  (associated with the Gauss decomposition
N+ HN−  and the pair of spaces (Φ′ ,  Φ)) and
semispinors having the symmetry of the group B−
(associated with another Gauss decomposition
N− HN+  and another pair of spaces (Φ,  Φ′)). Both the
pairs of spaces and both the Gauss decompositions
are connected by the time reflection operator T  for
which formulae are read from the right on the left.
So, only at the level of semispinors, we have an
opportunity to break both T -symmetry and CP-
symmetry which are impossible to break at a level of
spinors and spinor fields (see [9]): the theory with
fixed pair of spaces is asymmetric.

1. Sannikov S.S., Uvarov I.I.//Izvestiya Vysshikh Uchebnykh
Zavedenii, seriya Fizika, N10, 5 (1990); Sannikov S.S.//Ukrain. J.
Phys. 40 , N7, 650 (1995).

2. Sannikov S.S.//Ukrain. J. Phys. 9, N10, 1139 (1964).
3. Von Neumann J. Mathematical Foundations of Quantum

Mechanics.¯ Princeton, NJ: Princeton University, 1955.
4. Bargmann V.//Ann. of Math. 48 , N3, 568 (1947).
5. Sannikov S.S.//Preprint Phys. Tech. Inst. Acad. Scien. of

Ukr.SSR-N030/T-002 (Kharkov, 1964).
6. Sannikov S.S.//Ukrain. J. Phys. 10 , N6, 684 (1965); Dokl. Acad.

Nauk SSSR, 172 , 37 (1967).
7. Sannikov S.S.//Bul. Inst. Pol. Iasi XII (XVI), Fasc. 3 ¯ 4, 121

(1966); Yad. Fiz. 1, N9, 570 (1965); Yad. Fiz. 6, N6, 1294 (1967);
Yad. Fiz. 4, N3, 587 (1966); Nucl. Phys. B. 1, 594 (1967).

8. Sannikov S.S.//Nucl. Phys. B. 1, 686 (1967).
9. Sannikov S.S.//Preprint ITP-89-45R (Kiev, 1989).

10. Sannikov S.S., Uvarov I.I. Problems of Nuclear Physics and Cosmic
Rays, N32, 31 (Kharkov, 1989); Sannikov S.S. Preprint ITP-89-
45R (Kiev, 1989).

11. Sannikov S.S.//Teor. Math. Phys. 34 , N1, 34 (1978); Ukrain. J.
Phys. 12 , N5, 872 (1967).

12. Sannikov S.S.//Dokl. Akad. Nauk SSSR 209 , 324 (1973).
13. Sannikov S.S.//Preprint ITP-73-6R (Kiev, 1973).
14. Majorana E.// Nuovo cim. 9, 335 (1932).
15. Sannikov S.S.//Dokl. Acad. Nauk SSSR 176 , 801 (1967).
16. Sannikov S.S.//Ibid. 178 , 800 (1968).
17. Granshtein I.S., Ryzhik I.M. Tables of Integrals, Series and

Products (4th ed).¯ New York: Academic, 1965.
18. Sannikov S.S.//Dokl. Akad. Nauk SSSR 177 , 1285 (1967); 198 ,

297 (1971); D. Phys.-Math. Sc. Thesis (Institute for Theoretical
Physics, Kiev, 1991).

19. Ryder L.H. Quantum Field Theory.¯ Cambridge: Cambridge
University Press, 1985.

Received 13.04.99

NON-UNITARY  QUANTUM  THEORY

ISSN 0503-1265. Ukr. J. Phys. 2001. V. 46, N 2 147


